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A minha amada mae,

Léia.



“Viver e nao ter a vergonha de ser feliz,
Cantar, a beleza de ser um eterno aprendiz
FEu sei que a vida devia ser bem melhor e serd,
Mas isso nao impede que eu repita:

E bonita, € bonita e € bonita!

E a vida? E a vida o que é, diga ld, meu irmdo?
Ela € a batida de um coracdo?

Ela € uma doce ilusdo?

Mas e a vida? Ela é maravilha ou € sofrimento?
Ela € alegria ou lamento?

O que é? O que €, meu irmao?

Hd quem fale que a vida da gente € um nada no mundo,
E uma gota, € um tempo. Que nem dd um sequndo,
Hd quem fale que € um divino mistério profundo,
Eo sopro do criador numa atitude repleta de amor.
Vocé diz que € luta e prazer,

Ele diz que a vida € viver,

FEla diz que melhor € morrer
Pois amada nao €, e o verbo € sofrer.

FEu so sei que confio na moca
E na mocga eu ponho a forga da fé,

Somos nds que fazemos a vida
Como der, ou puder, ou quiser,

Sempre desejada por mais que esteja errada,
Ninguém quer a morte, so saude e sorte,

E a pergunta roda, e a cabega agita.

Fico com a pureza das respostas das criancas:

FE a vida! E bonita e ¢ bonita!”

Gonzaguinha

Ao meu saudoso pai,

mn memorian.
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Abstract

In this thesis, we study the topology of real and complex varieties with non-isolated
singularity, by means of the study of the topology of its Milnor fibre and its degeneration to
the singular variety. When the variety is a line singularity, we describe such degeneration
in terms of the Lé Polyhedra. When the singularity is given by a real analytic map-germ
of the type fg: (C",0) — (C,0), with some hypothesis, we describe the degeneration of
the boundary of its Milnor fibre to the link of the singularity. Moreover, when n is 3, we

prove that this boundary, which is a 3-manifold, is actually a Waldhausen manifold.



Resumen

En la presente tesis, estudiamos la topologia de variedades reales y complejas con sin-
gularidad no-aislada, por medio del estudio de la topologia de su fibra de Milnor y su
degeneracién a la variedad singular. Cuando la variedad es una line singularity, describi-
mos tal degeneracién en terminos de los Poliedros de Lé. Cuando la singularidad es dada
por un germen real analitico del tipo fg : (C",0) — (C,0), con ciertas hipétesis, des-
cribimos la degeneracion de la frontera de su fibra de Milnor al link de la singularidad.
Ademas, cuando n es 3, probamos que esta frontera, que es una 3-variedad, es en realidad

una variedad de Waldhausen.



Resumo

Na presente tese, estudamos a topologia de variedades reais e complexas com singularidade
nao-isolada, por meio do estudo da topologia de sua fibra de Milnor e sua degeneracao
a variedade singular. Quando a variedade é uma line singularity, descrevemos tal dege-
neracao em termos dos Poliedros de Lé. Quando a singularidade é dada por um germe real
analitico do tipo fg: (C™,0) — (C,0), com certas hipdteses, descrevemos a degeneragao
da fronteira de sua fibra de Milnor ao link da singularidade. Além disso, quando n é 3,
provamos que essa fronteira, que é uma 3-variedade, em realidade é uma variedade de
Waldhausen.
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Introduction

The topology of complex varieties with an isolated singularity has been widely studied
by many important mathematicians, inspired mainly by the work [28] of Milnor, in 1968.
Since then much progress has been obtained in this field. However, the topology of real and
complex varieties with non-isolated singularity is still not well understood, and recently it
has been object of study of important mathematicians like Fernandez de Bobadilla, Kato,

Lé, Mastumoto, Massey, Nemethi, Pichon, Seade, Siersma, Teissier and many others.

A classical point of view in Singularity Theory is the study of the topology of the Milnor
fibre of a hypersurface. The idea of studying the critical level of a complex function
by studying the non-critical level was used by many authors like Milnor, Hirzebruch,
Brieskorn, Pham and others. This lead to the classical Fibration Theorem of Milnor and

the study of the degeneration of the Milnor fibre to the singular one.

For a complex hypersurface in C" with an isolated singularity, Lé Dung Trang described
in [22] such degeneration through the Lé Polyhedron. In this thesis, we extend these
concepts to the non-isolated singularities, describing the degeneration of the Milnor fibre
of a line singularity to the singular fibre. We also describe the degeneration of the boundary
of the Milnor fibre to the link of the singularity, for certain classes of real and complex

non-isolated singularities.

We are going to consider mainly two kinds of map-germs; the first one is a holomorphic

germ of function defined on the n-dimensional complex affine space, that is,
f+(C"0)—(C,0)

and the second one is a real analytic map-germ given by the product of a a complex

function f as above and the complex conjugated of another complex function g, that is,

fg:(C"0) — (C,0)



supposing that such real analytic map-germ has an isolated critical value at 0 € C. A.
Pichon and J. Seade proved in [36] that such map-germ fg has the Thom ag-property,

and therefore it has a Milnor fibration
f:N(B,D) - D,

where B, is a sufficiently small closed ball around 0 in C", D,, is a disk in C centered at

0 and with a sufficiently small radius n with respect to €, and D:} is the punctured disk
D, \{0}.

In the first chapter, we fix our notation and recall some basic results which are used
through the thesis.

In the second chapter, we study the degeneration of the Milnor fibre of a holomorphic
germ of function f : (C",0) — (C,0) to the singular one. In the case of an isolated
singularity, Lé Dung Trang refined in [22] the idea of the vanishing homology and proved
that there exists a polyhedron in the Milnor fibre such that the Milnor fibre deformation
retracts to such polyhedron. He also proved that there is a continuous map from the Milnor
fibre to the singular one, which restricts to a homeomorphism outside the polyhedron and

takes the polyhedron to the singular point.

It is unlikely that there is a natural extension of this result to holomorphic functions
with arbitrary critical locus. Yet, we show that there is such theorem for an important
class of singularities called line singularities, defined by D. Siersma in [40]. These are
complex singularity germs with critical locus a complex smooth curve. The theorem we

prove is the following:

Theorem 2.2.2 If f : (C3,0) — (C,0) is a line singularity, then there exist € and 1
sufficiently small, with 0 <n << e << 1, such that for any t € Dy:

(1) There exists a polyhedron Py, of real dimension 3, in the Milnor fibre F} such that

F; deformation retracts to Py;

(ii) If f does not admit a good Milnor radius, there exists a (contractible) polyhedron Py
of real dimension 3 in the singular fibre Fy such that Fy deformation retracts to Py;
and there is a continuous map Yy : Zs't — 15'0 which sends P, to Py and such that Uy

restricts to a homeomorphism from ﬁ’t\Pt to ﬁo\Po,’

(#i) If f admits a good Milnor radius, there exists a collapsing map Uy : F, — Fob sending
P; to XN B, and such that Uy restricts to a homeomorphism from Ft\H to 15’0\(2 N
B,).
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In chapter 3, we study the topology of real analytic map-germs of the type fg :
(C2,0) — (C,0). The understanding of the topology of its Milnor fibre and its degeneration
to the singular one is essential to the two last chapters. The main new results of chapter

3 are:

Theorem 3.3.5 Let f,g : (C20) — (C,0) be two holomorphic functions such that
the real analytic map-germ fg : (C%2,0) — (C,0) has an isolated critical value. Let T :
M — C2 be an embedded resolution of the curve fg at the origin and let E = Ui B
be a decomposition of the exceptional divisor of w in irreducible components. Let a; and
b; denote the multiplicity of E; in the total transform of f and g, respectively. Set d; :=
la; — b;| and let r; be the number of double points of the total transform of fg in E;. Then
the zeta function of the monodromy of the Milnor fibration of fg is given by:

Theorem 3.4.1 Let f,g: (C2,0) — (C,0) be two holomorphic germs of function with
no common irreducible components and such that the real analytic germ given by fg :
(C2%,0) — (C,0) has an isolated critical point at 0 € C2. Suppose that g(x,y) = g(y).
Then there exist € and n sufficiently small, with 0 < n << € << 1, such that for any
te D;; there exists a polyhedron Pi, of real dimension 1, in the Milnor fibre F; of f such
that Fy deformation retracts to P.. Moreover, there exists a continuous map ¥y : Fy — Fj

which sends P, to {0} and such that W, restricts to a homeomorphism from F\P; to

Fp\{0}.

In chapter 4, we study the boundary of the Milnor fibre of complex and real analytic
map-germs by means of the so called vanishing zone. The concept of vanishing zone is well
known for holomorphic germs of functions, and we extend it for real analytic map-germs.
The goal is to construct a neighbourhood of the link of the critical locus inside the Milnor
sphere, whose properties are given by the following theorem, which combines the results

of chapter 4:

Theorem 4.3.5 Let f: (R",0) — (R™,0), with n > m, be a real analytic map-germ
such that 0 € R™ is an isolated critical value with the Thom ay-property. Suppose that
the singular set 3 of f has at most an isolated singularity. Let € be a Milnor radius for f
and set L(X) := XN B. and Ly := f~1(t) N S, for t sufficiently small. Then:
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(i) There exists a neighbourhood W of L(X) in Se, which is a fibre bundle over L(X)
with, fibre a disk, such that L\W is homeomorphic to Lo\W ;

(13) The intersection Wy = Ly N Wy is a fibre bundle over L(X) if, and only if, the
intersection Wy := Lo N Wy is a fibre bundle over L(X), which happens if, and only
if, either ¥ or X\{0} is a stratum of a Whitney stratification of f.

In chapter 5, we study the topology of the 3-manifold given by the boundary of the
Milnor fibre of a real analytic map-germ of the type fg: (C3,0) — (C,0) with an isolated
critical value. This study was motivated by the problem of finding new classes of 3-
manifolds, besides the links of isolated complex surfaces singularities, that have a rich
geometric structure. In this direction, F. Michel and A. Pichon announced in [23] an
interesting theorem stating that if f is a holomorphic map-germ (C3,0) — (C,0) with
a 1-dimensional critical locus, then the boundary of the Milnor fiber is a Waldhausen
manifold. The original proof contained a gap, and then in [26] F. Michel, A. Pichon and
C. Weber provided a proof valid for some classes of singularities. A. Nemethi and A.
Szilard provided in [32] a complete proof of the general case of the theorem. F. Michel
and A. Pichon also provided in [25] a complete proof, which is more in the spirit of the
original method they proposed. In a joint work with J. Fernandez de Bobadilla [3], we

proved the following theorem, which is the main result of chapter 5:

Theorem 5.2.3 Let f,g: (C3,0) — (C,0) be two holomorphic functions such that the
real analytic germ given by fg : (C3,0) — (C,0) has an isolated critical value at 0 € C.
Then the boundary of the Milnor fibre of fg is a Waldhausen manifold.

Although our proof has some inspiration from the method of Nemethi and Szilard, and
has some points in common with that of Michel and Pichon, it provides a shorter proof of
the theorem for the holomorphic case which generalizes to non-holomorphic real analytic

germs of the type fg. The content of [3] is explained in chapter 5 bellow.

Finally, in chapter 6 we describe the degeneration of the boundary of the Milnor fibre
to the link of a real analytic map-germ of the type fg : (C",0) — (C,0), with certain
hypothesis. The result is the following theorem:

Theorem 6.0.4 Let f,g: (C",0) — (C,0) be two holomorphic germs of function such
that f~1(0) intersects g~1(0) transversally at 0 € C", and such that the real analytic map-
germ fg: (C",0) — (C,0) has an isolated critical value. Suppose that either ¥ or ¥\{0}



is a stratum of a Whitney stratification of fg, with complex dimension k. Also suppose
that ngl = 0. Let W be a vanishing zone for fg. Then, for any t # 0 sufficiently small,

there exist:

(1) a polyhedron P, in Wy = Ly N W, of real dimension n — k, such that Wy deformation

retracts to Py,

(i) a continuous map ¥y : Wy — Wy = Lo N W which restricts to a homeomorphism
from Wi\ P, to Wo\L(X) and sends P, to L(X).



CHAPTER 1

Preliminaries

In this chapter, we establish our notation and present some concepts, definitions and
classical results that will be used in the next chapters. To see more details about the

subjects presented here, the reader should review the literature listed in the bibliography.

1.1 Basic notation

e If A and B are two sets, we denote by A\B the complement of B in A;

e If € is a real positive number and z is a point in a metric space X, then B¢(z) denotes

the closed ball in X centered at x and with radius e;

e When X is the n-dimensional real or complex affine space, B, denotes the ball in X

centered at the origin and with radius ¢;
e B!(z) denotes the punctured ball B.(x)\{z}, and B} := B.\{0};
e The sphere S(x) is the boundary of B.(z);

e When B.(x) is a 2-dimensional disk, we denote it by D.(z).

1.2 Geometric Simplicial Complex

A set of points in R™ is affinely independent if it is not contained in a hyperplane. An
affinely independent set in R™ contains at most n + 1 points. The convex hull of a finite

set X C R" is the set of all weighted averages of points in X:
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conv(X) = {Z A

zeX

ZAz:1 and 0< )\, <1 foralleX}.
zeX

The convex hull of a finite set of points is called a polytope. A hyperplane supports
a polytope if it does not intersect its interior. The intersection of a polytope and any
supporting hyperplane is a proper face of the polytope. It is easy to check that conv(X)N
h = conv(X N h) for any point set X and supporting hyperplane h; thus, proper faces of
polytopes are also polytopes. In particular, the empty set is a polytope.

A k-simplex is the convex hull of a set of k + 1 affinely independent points, called
its vertices; a simplex is a k-simplex for some integer k. For example, a tetrahedron is a
3-simplex, a triangle is a 2-simplex, a line segment is a 1-simplex, a point is a 0-simplex,
and the empty set is the unique (—1)-simplex. A face of a simplex is the convex hull of a
subset of its vertices; in particular, a facet of a k-simplex is the convex hull of all but one
of its vertices. Thus, every k-simplex has exactly k + 1 facets and exactly 2* faces. Every
face of a simplex is a simplex.

A geometric simplicial complex is a set A of simplices in some Euclidean space R"”,

satisfying two conditions:
(1) every face of a simplex in A is also in A;
(2) the intersection of any two simplices in A is a face of both.

The simplices in A are called its cells. For example, the set of faces of any simplex
define a simplicial complex. The underlying space of a simplicial complex A, denoted |A|,

is the union of its simplicies.

Definition 1.2.1 Let X be a topological space. We say that X is a polyhedron (or that X
is triangulable) if there exist a simplicial complex A and a homeomorphism h : |A| — X.

In this case, A is said to be a triangulation of X.

It is well known that topological manifolds of dimension 2 or 3, differentiable manifolds

of any dimension, analytic and semi-analytic varieties are polyhedra.

1.3 The Euler characteristic

Originally, the Euler characteristic was defined by Euler for a 2-dimensional polyhedron
P as the alternating sum

X(P) =ng —ni + na,
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where ng is the number of vertices, ny is the number of edges and ns is the number of
faces of P. He noticed that if P is homeomorphic to the sphere 82, then x(P) is always 2.
Later, Poincaré generalized this result for any finite polyhedron P of any dimension,

defining the Euler characteristic of P as the alternating sum
X(P) =Y (~1)'n;,
i
where n; is the number of i-dimensional simplices of P. We have the following important

result due to Poincaré:

Theorem 1.3.1 Let (A, h) and (A', ') be two triangulations of the same topological space
X. Then x(A) = x(A).

Then we can define the Euler-Poincaré characteristic, or simply Euler characteristic to
simplify notation, of a differentiable manifold M as the Euler characteristic of a triangu-
lation K of M; it is a topological invariant. For example, the Euler characteristic of the
sphere S™ is x(S™) = 1+ (—1)", and the Euler characteristic of the real projective space
P™ is 0, if n is odd, and 1, if n even.

Equivalently, the Euler characteristic of a topological space X can be defined purely in

terms of homology (and hence depends only on the homotopy type of X) by the formula

X(X) = Z(—l)"ranan(X).

n

Next we list some properties of the Euler characteristic, where X and Y are any two

topological spaces:

(1) The Euler characteristic of their disjoint union is the sum of their Euler character-

istics, since homology is additive under disjoint union. That is,

X(XUY) =x(X)+x(Y);

(7) If X and Y are sub-complexes of the simplicial complex X UY, then

X(XUY) =x(X) +x(Y) —x(XNY);

(7i7) For a k-sheeted covering space X — Y one has

X(X) = k().
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1.4 Compact surfaces

A closed surface is a compact 2-dimensional real differentiable manifold without bound-
ary. We should also admit compact surfaces with boundary, that is, compact 2-dimensional
real manifolds with boundary.

The genus g of a connected, orientable, closed surface is an integer representing the
maximum number of cuttings along non-intersecting closed simple curves without ren-
dering the resultant manifold disconnected. Equivalently, a connected, orientable, closed
surface of genus ¢ is the connected sum of g tori.

It can also be defined for compact orientable surfaces with boundary as the genus of the
corresponding closed surface, that is, the closed surface obtained by gluing the smoothing
of the cone over each boundary component (which are closed curves).

It is well known that closed orientable surfaces are determined, up to homeomorphism,
by its genus, and similarly that connected compact orientable surfaces with boundary are
classified by the number of boundary components and the class of the corresponding closed
surface.

Now, since the sphere and the torus have FEuler characteristics 2 and 0, respectively, it
follows that the Euler characteristic of the connected sum of g tori is 2 — 2g. Then if § is

a connected, orientable, closed surface of genus g, we get the relation
X(8)=2-2g.

Analogous, if S is a connected, orientable, compact surface of genus g with b boundary

components, the equation reads

X(S)=2—-2g—0.

1.5 Real and complex germs of singularity

Let K be either R or C. An analytic variety V over K is the set of points that satisfy
a finite number of analytic equations defined in some open set U C K™. That is, one has
analytic equations f1,...,f, : U - Kand V := ﬂlefifl(O).

If r = 1 we say that V is a hypersurface in U C K". A hypersurface V in C" has
codimension 1, that is, dim(V) =n — 1. If K = R, then one has dim(V) <n — 1.

Now consider an analytic application f = (f1,...,fr) : U C K* — K", the variety
V = f~1(0) and its Jacobian matrix D f(x). Let p(f) be the maximum rank of D f(z) for
r e K™
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Definition 1.5.1 A point xo € V is said to be regular if rank D f(xo) = p(f). Otherwise,

xg 15 said to be a singular point of V.

Definition 1.5.2 An analytic variety V is said to be singular if it has a singular point;

otherwise V' is said to be smooth.

If V is a hypersurface, the definition of singular point coincides with the definition
of critical point, that is, the singular points of V' are the points in V' where the gradient
vector V f(xg) of f:U C K" — K is zero.

Definition 1.5.3 An analytic variety V is said to be irreducible if for any analytic vari-
eties V1, Vo such that V. = V1 U Vs, one has either V.= Vi or V. = V,. Otherwise, V is

said to be reducible.

Lemma 1.5.4 An analytic variety V can always be written as an union
V=WVu-- UV,

where each V; is irreducible and is not a subset of Vj, for i # j. Moreover, Vi,---,V}, are

uniquely determined by V.
The proof of this lemma can be found in [39].

Definition 1.5.5 Consider the set of pairs (Uy, Vy), where Uy, is a neighbourhood of the
origin in K" and V, is a subset of U, that contains 0. Two pairs (Ui, V1) and (Us, Va)
are said to be equivalent if there exist a neighbourhood W C Uy NUs containing the origin
such that ViNW = VonNW. An equivalence class of such pairs is said to be a germ at the
origin of K".

Definition 1.5.6 A germ of analytic variety at the origin, denoted by (V,0), is the equiv-

alence class of an analytic set V C K".

Definition 1.5.7 The germ (V,0) is said to be singular if the origin is a singular point
of some (and therefore of every) analytic variety V' containing (V,0). Otherwise, (V,0) is

said to be regular.

1.6 Whitney stratification

The idea of Whitney stratifications is to decompose a singular analytic subset of a
smooth manifold M into smooth submanifolds that glue together in a “good” way, satis-

fying the so-called Whitney conditions.
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Definition 1.6.1 Let X be a subset of a smooth manifold M. A stratification of X is
a partition of X in smooth submanifolds S, of M, called strata, in such a way that for
each point x € X there exists a neighbourhood U of x in M that intersects at most a finite

number of strata.

Definition 1.6.2 The stratification {S,} is said to have the boundary condition if given
any two strata S, and Sg with S, ﬂgﬁ # 0, one has S, C Si/g

Definition 1.6.3 We say that a stratification {S,} of a subset X in K™ with the boundary
condition is a Whitney stratification if it satisfies the Whitney conditions, that is, if for
any pair (Sq, Sg) with Sg C S and for any y € Sg one has:

a) Given any sequence of points (x;) in S, converging to y such that the limit

lim Ty,(Sa) =T

71— 00

exists in the corresponding grassmannian, then

T,(Ss) € T.

b) Given any sequence of points (y;) in Sg converging to y such that the limit of the
secants T;y; ewists, with
A= lim 7y,
71— 00

then
ANCT.

The importance of Whitney stratifications lies in the following Whitney’s 1965 theo-

rem, proved in [44]:
Theorem 1.6.4 Any complex or real analytic variety V admits a Whitney stratification.
Later, Verdier proved in [43] the following:

Theorem 1.6.5 (Bertini-Sard) If {S,} is a Whitney stratification of X C M and let
x be a point in X. There exists a real number € := e(x) > 0 sufficiently small such that,

for any 0 < € < ¢, the sphere S is transversal to any stratum S,

The following theorem is an easy consequence of the Bertini-Sard theorem (see [28]

and [7], for example).
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Theorem 1.6.6 (Local conical structure) Let V' be an analytic variety in K™ and let
x € V. There exists a real number € := e(x) > 0 sufficiently small such that the pair
(Be(z), Be(z) N'V) is homeomorphic to the pair (cone[Se(z)], cone[S.(z) N V]).

Definition 1.6.7 If x is taken to be the origin and if € is as in the theorem above, then
any ball By of radius € < e centered in 0 € K" is said to be a Milnor ball for V.

Definition 1.6.8 The intersection V NS¢ is called the link of V.

Remark 1.6.9 The diffeomorphism type of the link is independent of the choice of the
sphere S, for € sufficiently small.

Now consider f : (K", 0) — (K,0) a germ of analytic function with 0 € K an isolated

critical value.

Definition 1.6.10 We say that f has the Thom ag-property in 0 € K if there ewist a
Whitney stratification {S,} of K* and a neighbourhood U of 0 in K™ such that f~1(0)NU

18 an union of strata satisfying the following condition:

If (pn) € U\f~1(0) is a sequence of points converging to p € f~1(0) such that the tangent
spaces Ty, f 1 (f(pn)) converge to some limit T, then one has T 2 T,(Sa(p)).

In [13] Hironaka proved the following theorem:

Theorem 1.6.11 Any holomorphic germ f : (C",0) — (C,0) has the Thom as-property.

1.7 Milnor fibration theorems

In 1947, the french mathematician Charles Ehresmann proved in [10] the famous Ehres-

mann’s fibration lemma, which turned to be very useful in differential topology:

Lemma 1.7.1 (Ehresmann fibration lemma) Let M and N be differentiable mani-

folds of dimensions n + k and k, respectively. Assume that M has no boundary and let
f:M—N

be a proper differentiable map which is a submersion everywhere, i.e., the Jacobian matriz
Df(x) has rank k for each x € M. Then f is the projection map of a locally trivial fibre
bundle.
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There exists a version of the Ehresmann fibration lemma for a map defined on a

differentiable manifold M with non-empty boundary M, as above:

Lemma 1.7.2 Let M and N be differentiable manifolds of dimensions n+ k and k, re-
spectively. Assume that M has non-empty boundary OM, and let f : M — N be a proper

differentiable map such that
f:M—N

and the restriction
fij:OM — N

are submersions. Then f is the projection map of a locally trivial fibre bundle.
The following lemma is going to be useful later, and it can be found in [29], for instance.

Lemma 1.7.3 Let f : M — N be a differentiable map and let x € M be a regular point
of f, and set y =: f(x). Then kerD(f), = Tof ' (y).

Then one has the following corollary:

Corollary 1.7.4 IfV is a submanifold of a manifold M and if f : M — N is a differen-
tiable map, then the critical points of f),, are the critical points of f which are in V' and
the reqular points x of f such that T,V C Ty f~'(y), where y := f(x).

1.7.1 Complex Milnor fibration theorems

In [20], Lé Dung Trang proved that the previous lemma together with lemma 1.6.11

above give the following classical theorem:

Theorem 1.7.5 (Milnor fibration theorem on the tube) Let f : (C",0) — (C,0)
be a holomorphic function. Then there exist positive real numbers 0 < n << € sufficiently

small such that the restrictions
fi+ f~H(D})N B, — D;
18 the projection of a locally trivial fibre bundle.

Remark 1.7.6

(1) Note that f holomorphic implies that 0 € C is either a regular value or an isolated

critical value;
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(i) € is taken sufficiently small such that B, is a Milnor ball for f and 7 is taken
sufficiently small such that f~!(t) intersects S, transversally, for any ¢ € D, (theorem

1.6.11 guarantees that such number § exists);

(44i) The topological manifold f~1(D,) N B, is usually called the Milnor tube of f and it
is denoted by N(e,n) or N(B.,Dy);

In his classical book [28], J. Milnor proved the following theorem:

Theorem 1.7.7 (Milnor fibration theorem on the sphere) Let f : (C",0) — (C,0)
be a holomorphic function and let € > 0 be a sufficiently small real number such that B,
is a Milnor ball for f. Then the map ¢ : Sc — (f~1(0)N S.) — S' given by
f(z)
¢(z) =
£ (2)]

s the projection map of a locally trivial fibre bundle.

Remark 1.7.8 The Milnor fibration in the tube (of theorem 1.7.5) is equivalent to the
Milnor fibration on the sphere (of theorem 1.7.7), in the sense that their fibres are diffeo-

morphic.

Definition 1.7.9
(i) Fy:= f~1(t) N B. is the Milnor fibre of f, for any t € Dy ;
(ii) The set Fy := f~4(0) N B, is the singular fibre of f;

(i13) The set Ly := OFy = f~1(t) N S, is the boundary of the Milnor fibre of f;

(iv) The set Lo := f~1(0) N S, is the link of f.

We saw on theorem 1.6.6 that V(f) = f~1(0) is locally a cone over Ly.

1.7.2 Real Milnor fibration theorems

In [35] A. Pichon and J. Seade observed that Lé’s arguments in [21] for holomorphic
mappings extend to every real analytic map germ f : (R™,0) — (RP,0), n > p, with
an isolated critical value, provided it has the Thom as-property and V := f71(0) has
dimension more than 0. Hence one has in that setting a Milnor fibration on the tube, that
is, the restriction

fi: f71(B;)NB. — B;
is the projection of a locally trivial fibre bundle, where B, is a Milnor ball for f in R™ and
B,, is a sufficiently small ball in RP.

If f is a real analytic germ as above, we shall use the same notations of definition 1.7.9.
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1.8 The monodromy of a function

Consider M a differentiable manifold and let p : M — S! be the projection of a locally
trivial fibre bundle. Given a C> never-zero tangent vector field on S!, one can lift it to
an integrable vector field on M which is transversal to the fibres of p. Using the flow lines
of this vector field one can define a “first return map” on the fibres, which is well defined
up to isotopy. This diffeomorphism is known as the monodromy of the corresponding fibre
bundle.

Now consider a holomorphic function f : (C",0) — (C,0). In the previous section we

saw that f defines a locally trivial fibre bundle
fio i shHnB — st

The monodromy of the fibration f) is called the geometric horizontal monodromy of f.
It is a diffeomorphism m : F; — F, where F} is the Milnor fibre of f.

For each integer ¢ > 0, it induces an isomorphism my : HI(F;, C) — H4(F;, C) on the
g-cohomology group of F; with coefficients in C. This isomorphism is called the g-algebraic
horizontal monodromy of f.

Since HY(F;,C) is a bg-dimensional vector space, where b, is the Betti number of

H1(F, C), it follows that the isomorphism mj defines a characteristic polynomial A,(t):
Ay (t) = det(tl — Ay),

where [ is the (b, x by) identity matrix and A, is the matrix defined by mj.

It is a monic polynomial (its leading coefficient is 1) of degree by, and it encodes several
important properties of the matrix A,, most notably its eigenvalues, its determinant and
its trace. In fact, the roots of A,(t) are precisely the eigenvalues of Ay; its constant
coefficient is equal to (—1)det(A,), and the coefficient of t*~1 is equal to —tr(A,), the
trace of —A,. For example, the characteristic polynomial of a 2 x 2 matrix A is therefore
given by t2 — tr(A)t + det(A).

It is well known that H4(F;,C) = 0 for ¢ > n (see [28]). The monodromy zeta function
Z(t) of f is the alternating product of all characteristic polynomials A,(%):

n—1
Z(t) =[] Aty
q=0

When 0 € C™ is an isolated singularity of f, it is well known that HY(F;,C) = 0 for
g # 0 and g # n — 1; and that Ag(t) =t — 1. Then in this case one has

An_lg)(fl)”

“0 ==
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In other worlds, if f has an isolated singularity, we can express the characteristic
polynomial of the monodromy in degree n — 1 in terms of its monodromy zeta function by
the formula

Ana(t) = [(1 -2z

1.9 Resolution of singularities

The subjects of this section are very classical and can be found in many books like [2],

[6] and [17], for example. Here we follow the presentation of the book of J. Seade [38].

1.9.1 Resolution of plane curves

Consider (C,0) a complex curve germ in some smooth complex surface germ (X,0).
Take local coordinates so that we can identify (X,0) with (C2,0). Let us take a small
neighbourhood U around 0 and consider the map « : U\{0} — CP! which associates to
each y € U\{0} the point in CP! represented by the line determined by 0 and y.

The graph of v is an analytic subset of (U\{0}) x CP!, whose closure

X = graph(y) C (U\{0}) x CP'

turns out to be a smooth complex surface. Notice that X is obtained by removing 0 from
X and replacing it by the limits of lines converging to 0. Thus, we have replaced 0 by a
copy of CP!. There is a projection map m : X — X which is biholomorphic away from
E :=771(0) ~ CP!. This transformation is called the blow-up of X at 0, sometimes also
called a o-process.

If 0 is a singular point of C, we call the closure 7=1(C\{0}) in X the strict (or proper)
transform of C under the blow-up, denoted by C. Notice that C is obtained by removing
0 from C and replacing it by the limits of lines which are tangent to C\{0}. This curve
C is analytic in X and projects to C under ; this curve may still be singular, but its
singularities are simpler.

We may now repeat the process, choosing a singular point in C , blowing up X at this
point to get 7o : X, — X and then consider the proper transform of C in X, which is the

closure of (w3 o 7)~1(C\{0}), and so on.

Theorem 1.9.1 Let X be a smooth complex surface (that is, a 2-dimensional complex
manifold) and C C X an embedded reduced curve. Then there is a smooth complex surface
Y and a proper map 7 'Y — X, obtained by a finite sequence of blow-ups, such that

the strict transform C of C in'Y is smooth and the total transform E = 771C) has



22 Preliminaries

only ordinary normal double points as singularities, that is, the singular points are locally
defined by the equation {zy = 0}.

Definition 1.9.2 The smooth complex surface Y is said to be a resolution of the curve
C at 0 and T is said to be a resolution map. The standard resolution of C is the smallest
resolution with normal crossings (in this case of curves, there is a unique “smallest”
resolution with normal crossings, namely, the one obtained when we blow-up as few times

as possible).

1.9.2 The topology of the Milnor fibre of a curve singularity

Let (C,0) C (C2,0) be a plane curve with equation f(z) = 0, and let B, be a Milnor
ball for f. Following [6], we next describe the topology of the Milnor fibre F} of C with
the help of its standard resolution 7 : X — C2.

Let Fn,...,E, denote the irreducible components of the exceptional divisor E =
710) C X, which are copies of the complex line CP!, and let Cy,...,C; denote the
irreducible components of the strict transform C ¢ X. If D; is an irreducible component
of the total pre-image (f ow)~(0) (that is, D; is either some E; or some C;), let m; be the
multiplicity of D; in (f o 7)~%(0).

Under resolution, the ball B, becomes a neighbourhood B of the exceptional divisor
E in X and the Milnor fibre F; = f~'(t) N B, is homeomorphic to F; := (f ow)~*(t) N B.

In a neighbourhood of a regular point xy of D; and in suitable coordinates, the com-

position (f o) has the equation
(21,22) = 21",
and the fibre F} is locally homeomorphic to the set
{(21,22) | 5" =t}

Hence, around xzg, Ft is locally an my-fold covering of the component D; through xg
of the total pre-image of 0.
At a crossing point 1 of two components D; and D; of the total pre-image of 0, fonw

looks, in suitable coordinates, like
(21,22) > 22y 7.
Around x; we construct the polydisk

A= {(z1,22) | |71] <1, 22| <1}
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Then F, N A consists of the disjoint union of ged(m;, mj)-many cylinders.

Now we want to put together F, from the pieces just described. Around each of the
double points of (f o7)~1(0), we choose a small polydisk as above. Let K be the union of
all these polydisks. Thus if the exceptional curve F; meets exactly r; other curves of the
total pre-image, then F;\K is an r;-tuply perforated 2-sphere.

F, is made up of three kind of pieces:

e pieces of Ft\K N Ft that lie over the components F;, which are m;-fold covering of
the perforated spheres E;\ K, and hence a Riemann surface with holes; we shall call

these pieces M;;

e pieces of Ft\K N F, that lie over the components C;, which are simple coverings of

the perforated disk CNZ\K , and hence are cylinders;
e pieces of the intersection F; N K, which are unions of cylinders.

The ged(m;, m;) cylinders corresponding to the intersection point of F; with Ej; are
attached to the holes of M;, at one boundary component of the cylinders, and to the holes
of M; at the other. One proceeds analogously for the intersection of E; with a component

C;.

As a consequence, the Euler characteristic of F} is given by
N T
X(F) = x(M).
i=1

Since each M; is an m-tuple covering of the r;-tuply perforated sphere E;\ K, it follows
that
X(Ml) = ’I?’LZ(Q - Ti)'

Then the Euler characteristic of the Milnor fibre F; is given by
B T
N(ED) = x(Fr) = S mi(2 = ).
i=1

1.9.3 Normal surfaces

We say that a complex analytic variety V is normal if every bounded holomorphic
function on V\X extends to a holomorphic function on V', where ¥ denotes the singular
set of V. If V' is normal, then the codimension of ¥ is more than one (see [31] for instance).

A complex surface is a 2-dimensional complex analytic variety. When (V,0) is a com-
plex surface embedded in C3, we have that (V,0) is a normal surface singularity if, and

only if, it has an isolated singularity at 0.
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It is well known that any complex analytic variety can be normalized, in the following
sense: given a complex surface V. C C3, there exist a normal surface V and a finite
(proper and with fibre a finite set of points), surjective, analytic morphism (holomorphism)
n: V — V such that the restriction

n| : V\n () = V\D

is an isomorphism (biholomorphism). The normal surface V is called the normalization

of V, and it is unique up to analytic isomorphism.

1.9.4 Resolution of surface singularities

Following [2] for instance, consider a germ (V,0) of a normal complex surface singu-

larity.

Theorem 1.9.3 Let (V,0) be a normal complex surface singularity in C3. Then there

exrist a non-singular complex surface V and a proper analytic map m : V — V such that:

(i) E:=7"(0) is a (connected, reduced) divisor in'V , that is, a union of 1-dimensional

compact curves in V; and
(i1) the restriction of w to = (V\{0}) is a biholomorphic map between V\E and V\{0}.

The surface V is called a resolution of the singularity of V, and = : V. — V is the
resolution map. The divisor E is called the exceptional divisor.

Notice that “the” resolution of (V,0) is not unique: given a resolution V we can obtain
new resolutions by performing blow-ups at points in £. By Theorem 1.9.1 above, given
a resolution, we can make blow-ups on it, if necessary, so that the divisor £ in Theorem

1.9.3 is good, i.e.:
(7i7) each irreducible component E; of E is non-singular; and

(iv) E has normal crossings, i.e., E; intersects Ej, i # j, in at most one point, where

they meet transversally, and no three of them intersect.

Definition 1.9.4 A resolution © : V. — V is good if its exceptional divisor is good, i.e.,

if it satisfies conditions (iii) and (iv) above.

Definition 1.9.5 Given a smooth complex surface V and a complex curve S in it, the self-
intersection of S, usually denoted by S-S, or simply by S?, is the Euler class of its normal
bundle v(S) in' V (which coincides with its Chern class) evaluated in the fundamental cycle
[S]. Equivalently, S-S is the number of zeroes, counted with signs, of a generic section of
the normal bundle v(S).
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Every time we make a blow-up on a smooth complex 2-manifold, we get a copy of CP?
with self-intersection —1.

Consider now a divisor £ = U;_;F; in a complex 2-manifold X, whose irreducible
components F; are non-singular, they all meet transversally and no three of them intersect
(for example, the exceptional divisor of a good resolution as in theorem 1.9.3).

To such a divisor we can associate an r x r integral matrix A = ((El)), called the
intersection matriz of E, as follows: on the diagonal A of A we put the self-intersection
numbers Eiz; and if a curve E; meets I at E;; points, we put this number as the corre-
sponding coefficient of A.

So this is a symmetric matrix, whose coefficients away from the diagonal A are non-
negative integers and in A we have the self-intersection numbers of the FE;, called the
weights of these curves.

We have the following theorems of Mumford and Grauert (see [2]):

Theorem 1.9.6 If E is the exceptional divisor of a resolution T : V =V, where V is a
normal surface, then the intersection matriz A is negative definite (all of its eigenvalues

are negative) and the weights of the curves E; are all negative numbers.
Conversely:

Theorem 1.9.7 If the divisor E in X is such that the intersection matrix A is negative
definite, then we can blow down E analytically; we get a normal complex surface V, in
general with a singularity at the image 0 of E/, and the projection m: X — V is a resolution
of (V,0) with exceptional divisor E.

A divisor F in X as above is usually called an exceptional divisor, meaning by this
that it can be blown down.

Now we associate a weighted graph G = G(F) to a good exceptional divisor F in a
complex 2-manifold X as follows: to each irreducible component FE; of E we associate a
vertex (i), and if the curves F; and E; meet, then we join the vertices (i) and (j) by an

edge. Each vertex has two integers attached to it:
e the genus g; > 0 of the corresponding Riemann surface Ej;
e the weight w; = E? € Z, which is the self-intersection number of E; in X.

This weighted graph is called the dual graph of the exceptional divisor E, or the dual
graph of the resolution when F is regarded as the exceptional set of a good resolution of

a normal singularity.
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1.9.5 Plumbed manifolds

Given the dual graph of a resolution, one can re-build the topology of the resolution,
and hence the topology of the link of the singularity, using a tool known as plumbing, which
we shall briefly describe bellow. Plumbing was first introduced by Milnor for constructing
exotic spheres and then used systematically by Hirzebruch and others, to describe the

topology of surface singularities.

Let E be a real 2-dimensional oriented vector bundle over a Riemann surface S, and
denote by D(F) its unit disk bundle for some metric. The total space of D(FE), that we
denote by the same symbol, is a 4-dimensional smooth manifold with boundary the unit
sphere bundle S(F). Notice that, restricted to a small disk D, in S, the manifold D(F)
is a product of the form Ds x Dy, where the first disk is D, C S and the second disk is in
the fibres of E.

Now suppose we are given two such bundles E;, E;, over Riemann surfaces S;,S;. To
perform plumbing on them we consider the total spaces of the corresponding unit disk
bundles D(E;), D(E;), we choose small disks D; ¢, Dj . in §;,S;, and take the restriction
of D(E;), D(Ej) to these disks. Each of them is of the form Dy x Dy as above. We now
identify each point (z,y) € D; x Do C D(E;) with the corresponding point (y,z) €
D, x Dy C D(Ej), i.e., interchanging base points in one of them with fibre points in the

other.

The result is a 4-dimensional, oriented manifold with boundary and with corners, which
can be smoothed off in a unique way up to isotopy. We denote this manifold by P(E;, E;).
One says that P(E;, E;) is obtained by plumbing the bundles E; and E; over the Riemann
surfaces S; and ;.

The boundary S(E;, Ej) = 0P(E;, E;) of this 4-manifold is obtained by plumbing the
corresponding sphere bundles S;(E) and S;(E): we remove from S;(E) the interior of
the solid tori D;. x S', and similarly we remove from S;j(E) the interior of the solid tori
Dj. x S!. Thus we get two 3-manifolds with boundary a torus S! x S! in each; we then
identify these boundaries by gluing the meridians in one torus to the parallels in the other.
The result is a 3-manifold with corners, which can be smoothed off in a unique way up to

isotopy.
The surfaces S;,S; are naturally embedded in P(FE;, Ej) as the zero-sections of the

corresponding bundles, and they meet transversally in one point. Notice that the manifolds
one gets in this way are entirely described, up to diffeomorphism, by the genera of the
Riemann surfaces S;, §;, and by the Euler classes of the corresponding bundles, since these

classes determine the isomorphism class of the bundles.



1.10 Waldhausen manifolds 27

Definition 1.9.8 A plumbing graph is a triple (X, w,g) consisting of a finite graph X
with vertices (1),...,(r), r > 1, with no loops; a vector w of weights , w = (w1, ..., w,),

w; € Z, and a vector g = (g1,...,9r) of genera, g; € N.

So the dual graph of a good resolution of a normal singularity is a plumbing graph
with negative definite intersection matrix . In this definition, by a loop we mean an arrow
that begins and ends at the same vertex, and we do not allow this (geometrically this
means a singular curve in the exceptional divisor that has a double crossing). There can
be cycles, i.e., a chain of vertices and edges that returns to itself after a certain time.

Now, given a plumbing graph we may perform plumbing according to the graph: for
each vertex (i) take a Riemann surface S; of genus g; and an oriented 2-plane bundle FE;
over §; with Euler class w;. If there is an edge between the vertices (i) and (j), we plumb
the corresponding bundles as above. If a vertex (i) is joined with other vertices, we choose
pairwise disjoint small disks in each surface, as many as one has adjacent vertices, and
perform plumbing by pairs as above. The result is a 4-dimensional manifold P(E) with
boundary S(E). It follows from the construction that the manifold P(E) contains the
union F = US; as a deformation retract, and these surfaces are contained in P(FE) with
self-intersection w;. Hence the homology of P(E) is that of E.

A manifold obtained in this way is known as a plumbed manifold (or graph manifold),
and this term may refer either to the 4-manifold P(E) with boundary, or to its boundary,

which is a 3-manifold.

Remark 1.9.9 Notice that if the plumbing graph (X, w, g) is the dual graph of a resolution
7 :V — V, then the manifold P(E) is diffeomorphic to a reqular neighborhood of the
exceptional set E in the resolution, which may be taken to be of the form ==1(V N D,),
where D, is a Milnor ball for (V,0). Since the resolution map is a biholomorphism away
from E, it follows that the boundary S(E) is diffeomorphic to the link of V.

1.10 Waldhausen manifolds

Definition 1.10.1 A standard fibered torus corresponding to a pair of coprime integers
(a,b), with a > 0, is the surface bundle of the automorphism of a disk given by rotation by
an angle of 2mb/a (with the natural fibering by circles). If a = 1, the middle fiber is called

ordinary, while if a > 1, the middle fiber is called exceptional.

Definition 1.10.2 A Seifert manifold is a closed 3-manifold together with a decompo-
sition into a disjoint union of circles (called fibers) such that each fiber has a tubular

neighborhood that forms a standard fibered torus.
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Remark 1.10.3

(1) A compact Seifert fiber space has only a finite number of exceptional fibers;
(ii) Any S'-bundle over a compact surface is a Seifert manifold;

(iii) A fibre bundle over S' with fibre a cylinder is a Seifert manifold (since any auto-

morphism of the cylinder is isotopic to a periodic one - see [16] for instance).

Definition 1.10.4 We say that a differentiable 3-manifold M is a Waldhausen manifold
if there exist a finite decomposition M = UM; such that each M; is a Seifert manifold and

or i # j, the intersection M; N M; is either empty or homeomorphic to a disjoint union
J
of tori St x S'.

Remark 1.10.5 Notice that every graph manifold is a Waldhausen manifold. The recip-
rocal was proved by Neumman in [33], where he assigns a canonical plumbing graph to
each Waldhausen manifold.



CHAPTER 2

The degeneration of the Milnor
fibre of complex singularities

In this chapter, our object of study is a holomorphic germ of function
f:(C"0)— (C,0).

We are interested in describing how the Milnor fibre of f degenerates to the singular one.
Such degeneration is described in terms of the Lé Polyhedra, as we will define later.

Let € and 1 be two small positive reals such that 0 < n << e << 1 as in theorem 1.7.5,
and set Iy := f~!(t) N B, and o= 7t n ]§E, for any ¢ € D,), where B. denotes the
interior of the ball B..

Definition 2.0.6 For anyt € D;"], we say that a polyhedron P; is a Lé Polyhedron for f
and that a polyhedron Py is the respective special polyhedron if:

(1) P; is contained in Fy and Fy deformation retracts to P;
(ii) Py is contained in Fy and Fy deformation retracts to Py;

(ii7) there exists a continuous map Uy : Ij} — }%0 which sends P; to Py and such that ¥,

restricts to a homeomorphism from ﬁ’t\Pt to .Z%()\P().

We say that f admits a Lé Polyhedron if there exist such polyhedra P; and Py in Fy and
Foy, respectively, and such continuous map V¢, which we call a collapsing map for f, for
any t € Dj.

Lé proved in [22] that any complex isolated singularity germ of function f : (C",0) —

(C,0) admits a Lé Polyhedron P, which has real dimension n — 1, with corresponding
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special polyhedron Py being the origin 0 € C. We reproduce his proof in section 2.1.1,
when n = 2, and then in section 2.1.2 we generalize his construction to a more “global”
situation.

In section 2.2 we prove that any germ of line singularity f : (C3,0) — (C,0) (that is, a
holomorphic germ of function with critical locus a complex line) admits a Lé Polyhedron
P, which has real dimension 3, with corresponding special polyhedron Py having real

dimension either 2 or 3.

2.1 Isolated singularities

In this section we consider f : C"™ — C a holomorphic function such that 0 € C" is an
isolated singularity (that is, there exists a small ball B, in C™ such that the restriction of
f to B} is a submersion). To simplify notation, we also suppose that f(0) = 0.

In 2.1.1 we study the problem in a local sense, that is, we describe how the Milnor fibre
F, := f~1(t) N B, for t # 0 small, degenerates to the singular fibre Fy := f~1(0) N B,
where € is a Milnor radius for f (see 1.7). This is equivalent to considering the germ of
function f: (C",0) — (C,0) (see 1.5).

In 2.1.2 we study the problem in a more global sense, that is, we describe how the
smooth manifold F; := f~!(t) N B, for t # 0 small, degenerates to the singular hyper-
surface given by Fy := f~1(0) N B, when ¢ is not a Milnor radius for f and n = 2. This
is equivalent to considering the restriction f| : B — C when € is big enough not to be a

Milnor radius, but small enough for B, to contain only one singular point of f.

2.1.1 Isolated singularity germ
In this section we shall prove the following theorem:
Theorem 2.1.1 Let f: (C",0) — (C,0) be a complez isolated singularity germ of func-

tion. Then there exist sufficiently small real numbers € and n with 0 < n << e << 1 such
that for any t € Dy, there exist:

1) a polyhedron P; in Fy, of real dimension n — 1, such that F; deformation retracts to
(7) a poly ,
Pt;

(13) a continuous map ¥y : Fy — Fy which sends Py to {0} and such that Uy restricts to
a diffeomorphism from F,\P; to Fy\{0}.
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This is done using the concept of polar curves, which can be defined thanks to the
following lemma of Lé Dung Trang (see [20]). Since its proof is quite technical and leaves
the context of this thesis, we do not show it here.

For any linear form (transformation)
[:C"—C
taking 0 € C” to 0 € C, we define the analytic morphism
¢ : C" — C?
defined by ¢;(z) = (I(z), f(2)), for any z € C"

Lemma 2.1.2 There exists a non-empty Zariski open set 2 in the space of mon-zero
linear forms of C™ to C that take 0 € C" to 0 € C (that is, considering the dual space, the
closed subsets are the algebraic subsets), such that for any | € , the analytic morphism

¢ : C* — C? satisfies:

(1) if C is the critical locus of ¢; and Ty C C™ is the union of the irreducible components
of C which are not contained in f~1(0), then Ty is either empty or a reduced complex

CUTve;

(ii) the restriction of ¢y to the germ (I';,0) defines an analytic morphism (1 — 1) from
(T'1,0) to its image (A, 0) := (¢(I'),0).

If [ € , we say that [ is a good linear form relative to f, and we say that the curve I';
is the polar curve of f relative to [ and that the curve A; is the polar image of f relative
to [. From now on, we shall fix a good linear form [, and in order to simplify notation, we
shall denote I' :=I'; and A := A,.

If €, »1 and 79 are small positive reals with 0 < 75 << 11 << €, where € is a Milnor

radius for f, consider the restriction
¢ : ¢ (Dy, x Dy,) NBe — Dy, x Dy,

which induces a topological fibre bundle of ¢~1(D,, x D,,\A) N B, over (D,, x D;,)\A,
whose composition with the projection on D,, induces a fibre bundle isomorphic to that of
theorem 1.7.5. Then the Milnor fibre f~!(¢)NBe is homeomorphic to f~!(t)NB.NI~}(Dy,),
and we shall denote both of them by F;.
Set
D, :=D,, x {t}.



32 The degeneration of the Milnor fibre of complex singularities

Then ¢ induces a projection

o+ Fy — Dy,

which is a fibre bundle over D;\(A N Dy).
We now prove theorem 2.1.1 when n = 2. The proof for n > 2 is done by induction on
n (see [22]).

The construction of the Lé Polyhedron

Note that
Sot‘ . Ft\gOt_I(A N Dt) — Dt\(A N Dt)

is a topological covering, and let m be the degree of this covering.

Now fix ¢ € Dy, and let y1(t),...,yx(t) be the points of the intersection AN Dy. Let
At be the barycenter of the set of points {y1(t),...,yx(t)} in D;. For each j = 1,...,k,
let 6(y;(t)) be a simple path (differentiable and with no double points) starting at A\; and
ending at y;(t), such that two of them intersect only at \;.

Set .
Qi == d(y;(1))
j=1
and
Py = o, (Qu),

which is clearly a polyhedron. See figure 2.1 bellow.

Figure 2.1:
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Now, let v; be a vector field in D; such that v, is:
o U
e null over Qy;
e transversal to dD; and pointing inwards.
Then the associated flow ¢; : [0,00] x (D{\Q:) — D, defines a map

ft : 0Dy — Qt

u  —  lim g (7, u)
T—00

such that & is continuous, surjective and differentiable.
Since ¢y is a differentiable covering over D;\@Qy, we can lift v; to a vector field E; in
F; such that E; is:

e continuous over Fj;

e differentiable over F}\P;

null over P;;

integrable;

transversal to 0F; and points inwards.

Then the associated flow ¢ : [0, 00] x (F}\FP;) — F} defines a map

§& @ OFy — P

z +— lim G(7,2)
T—00

such that ét is continuous, surjective and differentiable.
So now we have to show that F; is homeomorphic to the mapping cylinder of &. In

fact, the integration of the vector field E; gives a surjective continuous map
a:[0,00] x OFy — Fy
that restricts to a diffeomorphism
| :[0,00[ x OF; — F\P;.

Since the restriction oo : {00} X 9F; — P, is equal to 5}, which is differentiable and

surjective, it follows that the induced map

(o] (({oo} X OFt)/ N) — P,
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is a homeomorphism, where ~ is the equivalence relation given by the identification

(00,2) ~ (00,2") if aeo(2) = aso(2’). Hence the map
[a] : (([0,00] X aFt)/ N) — F

induced by « defines a homeomorphism between F; and the mapping cylinder of g}.

This proves (i) of theorem 2.1.1, when n = 2.

The collapse along a path

We can do the construction of the vector field E; simultaneously for all ¢ in a simple
path v in D,, joining 0 and some typ € 0D,,, such that v is transverse to 9D,,. To
simplify, we shall assume that v is the closed segment of line in D,, joining 0 and t.

The natural projection 7 : D, xD,,, — D, restricted to A induces a ramified covering
m A — Dy,

whose ramification locus is {0}.

Hence the inverse image of v\{0} by this covering defines k disjoint simple paths in A,
and each one of them is diffeomorphic to 7\{0}. Moreover, the set A = J,, A¢ defines a
simple path in D, x v such that AN A = {0}.

We can choose the paths §(y;(t)) in such a way that

Ty =8y (1)
tey

forms a triangle differentially embedded in

U -Dt = Dnl X,

tey
outside {0}. For any j,7" € {1,...,k} with j # j/, note that T; N Tj; = A. Set

k
Q = U T;.

J=1

See figure 2.2 above.

Now, let V' be a vector field in D,,, x v such that V is:
e continuous;

e null over Q;
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Figure 2.2:

e differentiable over (D,, x v)\Q;
e transversal to 0D, X 7; and such that
e the projection of V' on 7 is null.

Then the associated flow w : [0,00 x ((Dy, x 7)\Q) — Dy, x 7 defines a map

5 : aDm Xy — Q
z —  lim w(r, 2)

T—00

such that £ is continuous, surjective and differentiable. It is easy to see that D, X v is
the mapping cylinder of &.
Set

and
P’Y = ¢_1(Q)7

which we call the collapse polyhedron of f along ~.
Lemma 2.1.3 P, constructed above is a polyhedron.

Proof: The flow w induces a surjective analytic map

a:[0,00] x (0D, x7v)— Dy, xv
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that restricts to an analytic isomorphism
Q) : [0, 00 x (0Dy, X 7y) — (Dm x Y\Q-

Since the restriction ao : {00} X (0D, x 7) — @ is equal to &, which is analytic and

surjective, it follows that the induced map

[ose] + [({00} X (0D, x 7))/ ~] = Q

is an analytic isomorphism, where ~ is the equivalence relation given by the identification

(00, 2) ~ (00,2") if (ieo(2) = oo(2'). Hence the map
[a] : [([07 OO] X (aDm X '7))/ N] - D771 Xy

induced by « defines an analytic isomorphism.

Now define 7 : [([0, 00] x (9Dy,, X))/ ~ | — [0, 00] the natural projection. Then we have
the analytic map (o [a]™!) : D,, x v — [0,00] and Q = (7o [a]™})~!(cc). Hence Q is an
analytic set.

Moreover, since ¢ : C2 — C? is analytic and P, = ¢~ (Q), it follows that P = (7ro[a] !0
#)"!(c0) and that P is an analytic set. Since any analytic set is a polyhedron ([14]), it
follows that both P and ) are polyhedra.

Now, for any real A > 0, set
VA(Q) = (DTil X 7)\w([07A[XaDT]1 X ’Y)a

a closed neighbourhood of @ in D, x v. Note that 0V4(Q) is a differentiable manifold
that fibres over v with fibre a circle, by the restriction of the projection .

Since
¢| t FA\Py — (Dy, x v)\Q
is a fibre bundle, it follows that ¢~1(0V4(Q)) is a differentiable submanifold of F, which

is a fibre bundle over ~y. Set
Z = F\P,.

Now we will construct a vector field on Z as follows. Let 6 be a vector field in v that

goes from ty to 0 in time a > 0. Since

Z=¢ (D x N\Q) -2 Dy, x V\Q 7

and
67 (OVa(Q)) 5 OVA(Q)
are (differentiable) fibre bundles, we can lift 6 to obtain a vector field E on Z such that:
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o [ is differentiable and
e F is tangent to qb_l(aVA(Q)), for any A > 0.

Then the associated flow g : [0,a] x Z — Z defines a C*°-diffeomorphism ¥ from
F;,)\ Py, to Fp\{0} that extends to a continuous map from Fy, to Fy and that sends P, to

{0}.

This proves (i7) of theorem 2.1.1 when n = 2. We can also prove the following lemma:
Lemma 2.1.4 F, deformation retracts to P,.

Proof: We can lift the vector field V' to a vector field V on ¢~'(D,, x 7), which is
e continuous;
e null over P;
e differentiable over Z;
e transversal to ¢~1(0D,, x v) = OF, and points inwards.

Then the associated flow G : [0,00[ X Z — Z defines a map ¢ O0F, — P,. Then just as

before we have that F’, is homeomorphic to the mapping cylinder of €.

2.1.2 Isolated singularity defined on a (not necessarily Milnor) ball

Let f : C> — C be a holomorphic function that takes 0 € C? to 0 € C and consider
the restriction f| : B — C, where € > 0 is not necessarily a Milnor radius for f and B
contains exactly one critical point of f (at 0 € B.). We will describe how the smooth
manifold F; := f~1(¢)NB,, for ¢ # 0 small, degenerates to the singular hypersurface given
by Fy := f~1(0)NB,, in the same fashion of the last section. In other words, we will prove

the following theorem:

Theorem 2.1.5 Let f : C2 — C be a holomorphic function that takes 0 € C? to 0 € C.
Then for any positive real € such that the restriction f|: B — C has exactly one critical
point (at 0 € Bc), there exists a sufficiently small real number n with 0 < n << e << 1
such that:

(i) for anyt € D;, there exist a polyhedron P in Fy = fl_l(t) of real dimension 1 such

that Fy deformation retracts to Py;

(ii) if € is a Milnor radius for f, there exists a continuous map ¥y : Fy — Fy which sends
P, to {0} and such that U, restricts to a homeomorphism from F\P; to Fy\{0};
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(ii3) if € is not a Milnor radius for f, there is a polyhedron Py in Fy := fl_l(()) of
real dimension 1 such that Fy deformation retracts to Py and a continuous map

W, : F; — Fy which sends P; to Py and such that V; restricts to a homeomorphism
from Ft\Pt to FO\P().

For any linear form

1:C?—=C
taking 0 € C? to 0 € C, the restriction of both f and I to B, induces an analytic morphism
¢l :Be — (CQ

defined by ¢;(z) = (I(z), f(z)), for any z € B.. We have the following lemma, which is

analogous to lemma 2.1.2 (see [20] for the proof):

Lemma 2.1.6 There exists a non-empty Zariski open set £ in the space of non-zero linear
forms of C? to C that take 0 € C? to 0 € C, such that for any | € Q, the analytic morphism
¢+ B. — C? satisfies:

(1) if C is the critical locus of ¢; and T'y C Be is the union of the irreducible components
of C which are not contained in f~1(0), then I'; is either empty or a reduced complex

curve;

(ii) If TN f720) = {p1,...,pr}, then for each p; there exists a small neighbourhood V;
of pi in B such that the restriction of ¢; to I't N'V; defines an analytic morphism
(1-=1) of ' NV to its image Ay; := ¢(I'y N V).

As before, we say that [ € Q is a good linear form relative to f. From now on, we shall
fix a good linear form [, and in order to simplify notation, we shall denote I' := I'; and
A=A

Also as before, if €, 171 and 79 are small positive reals with 0 < 79 << 171 << €, consider
the restriction

¢ : ¢ (Dy, x Dy,) = Dy, x Dy,

which induces a topological fibre bundle of ¢~(D,, x D,,\A) N B, over D,, x D,,\A,
whose composition with the projection on D,, induces a fibre bundle isomorphic to that of
theorem 1.7.5. Then the Milnor fibre f~!(¢)NB. is homeomorphic to f~!(t)NB.NI~}(Dy,),
and we shall denote both of them by Fj.
Now set
F.p, =B fHDy,).
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If we choose 72 > 0 sufficiently small, we can suppose that IV := I' N F,, is contained
in the union U]_,V;. For just a moment, we shall denote by f’ the restriction of f to
F.n,, and consider ¢’ defined on F,,, by setting ¢/(z) := (I(z), f'(z)). Without lost of
generality, we can also suppose that I(p;) # {(p;), for any ¢ # j, i,j € {1,...,r}, and then
it follows from the previous lemma that the restriction of ¢’ to I' is finite and it defines
an analytic morphism (1 — 1) of TV to its image A’ := ¢(I"). In fact, if 79 is sufficiently
small, then I has exactly r-connected components I'(p;), which are curves in p;, that is,

I is the disjoint union
,
I =] |,
i=1

and A’ is the disjoint union

T

A= oM@) = | A (i)
i=1

i=1
In order to simplify notation, from now on we shall denote f := f’ (defined on F,),

I':=TI" and so on. See figure 2.3.

F710)
| pi
L'(pi) — vV
1
T ~— 11— Qb
\\_>
Fan \ 1D
B.
Figure 2.3:

Now fix [ € 2 and for any t € D,,, set
D, :=D,, x {t}.
Then ¢ : F,, — Dy, x D,, induces a projection
pr 2 Fy — Dy,
which is a fibre bundle over D;\(A N Dy).
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The polyhedron

We have seen that, for each t € D,,,
¢t F\py (AN Dy) — DA\(ANDy)

is a topological fibre bundle, and therefore it is a topological covering of degree m;.

Let y1(%),...,yx(t) be the points of the intersection A N D;. Note that each y;(t), for
j=1,...,k, is contained in some A(p;), for some i =1,... 7.

Let A\; be the barycenter of the set of points {yi(¢),...,yx(t)} in D; and for each
J = 1,...,k, let §(y;(t)) be a simple path (differentiable and with no double points)
starting at A\; and ending at y;(t), such that two of them intersect only at A;.

Set

k
Qe = 6(y;(1))
j=1
and
P = SDt_l(Qt)-

See figure 2.1.

Now, let v; be a vector field in D; such that vy is:
o C°%
e null over Qy;
e transversal to 0D; and points inwards.
Then the associated flow ¢; : [0,00] X (D:\Q¢) — D; defines a map
& 0Dy — Qt

u s lim q(r,u)’
T—00

such that & is continuous, surjective and differentiable.
Since ¢, is a covering over D;\Q;, which is differentiable in this case of dimension

n = 2, we can lift v; to a vector field E; in F; such that Ej is:
e continuous over Fi;
e differentiable over F;\ P;
e null over F;;

e integrable;
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e transversal to 0F; and points inwards.

Then the associated flow g : [0,00] x (F;\P;) — F} defines a map

& . 8Ft — Pt
z > lim g(r,2)’
T—00
such that & is continuous, surjective and differentiable.
Then proceeding as in the previous section we show that F; is homeomorphic to the

mapping cylinder of ét.

The collapse along a path

Now we do the construction of the vector field F; simultaneously for all ¢ in a simple
path v in D, joining 0 and some ¢y € 0D, such that v is transverse to dD,,. To simplify,
we shall assume that v is the closed segment of line in D,, joining 0 and .

The natural projection 7 : D, xD,,, — D, restricted to A induces a ramified covering

m A — Dy,

whose ramification locus is Do N A = {¢(p1),...,¢(pr)}-

Hence the inverse image of v\{0} by this covering defines k disjoint simple paths in
A, and each one of them is diffeomorphic to v\{0}. Each of these paths have ¢(p;) in its
closure, for some ¢ = 1,...,r, and it contains the points y;(t), for some j =1,...,k and
any t € y\{0}. We shall denote by ¢; ; the respective path that has ¢(p;) in its closure
and contains y;(t). In particular, we have that » < k. See figure 2.4.

Moreover, the set A = [J;c, A defines a simple path in Dy, x Dy, such that either
ANA=¢(p),ifr=1,or ANA=0,if r > 1.

We can choose the paths d(y;(t)) in such a way that

Ty = J 6(y;(#))
tey
forms either a triangle, if » = 1, or a square, if » > 1, differentiably immersed in
U Dt = D,,71 Xy

tey

outside 0(y;(0)). For any 7,5 € {1,...,k} with j # j/, note that either T;NT}; = A, if both
Gi,j and ¢y j» are defined for some 7,7" € {1,...,r} with i # ¢'; or T; N T = AU~(y;(0)) =
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A U~(y;7(0)), if both ¢; ; and ¢; j» are defined for some i € {1,...,7}. See figure 2.5. Set

k
Q::UTj.

J=1

yj(t) D,

Figure 2.4:

Figure 2.5:

Now, let V' be a vector field in D,;; x v such that V is:

e continuous;
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null over Q;

differentiable over (D, x 7)\Q;

transversal to 0D, x ~; and such that

the projection of V on + is null.

Then the associated flow w : [0,00[ X ((Dy, X 7)\Q) — Dy, x v defines a map

f:&Dmxv—> Q

z —  lim w(7,2) ’
T—00

such that £ is continuous, surjective and differentiable.

For any real A > 0, set
VA(Q) = (DTil X ’Y)\U)([O,A[X(?Dnl X 7)7

a closed neighbourhood of @ in D, x v. Note that 0V4(Q) is a differentiable manifold
that fibres over v with fibre a circle, by the restriction of the projection 7. Moreover,
D,,, x v is clearly the mapping cylinder of §.
Set
E, = ¢ YD, xv)NB..

Since
¢ B\¢TH(Q) — (Dyy x v)\Q
is a fibre bundle, it follows that ¢~1(0V4(Q)) is a differentiable submanifold of F, which

is a fibre bundle over 7.

Now, set
P’Y = ¢71(Q)7
which we call the collapse polyhedron of f along . It is a polyhedron in F, of real

dimension 2. Let 6 be a vector field in v that goes from ¢y to 0 in time a > 0.

Set

Z = F\P,.
Since
Z =97 ((Dy x \Q) = Dy x 7\Q 7
and
67 (VA(Q)) % OVA(Q) - 4

are (differentiable) fibre bundles, we can lift 6 to obtain a vector field E such that:
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e [ is differentiable;
e F is tangent to ¢_1(8VA(Q)), for any A > 0.

Then the associated flow g : [0,a] x Z — Z defines a C*°-diffeomorphism ¥ from
M, \P;, to Mo\ Py that extends to a continuous map from M, to My and that sends P,
to P().

2.2 Line singularities

When one wishes to generalize a property of isolated singularities for non-isolated
singularities, the most natural class to be studied is that of line singularities, which were
first defined by Siersma in [40] as the class of holomorphic germs of function f : (C**! 0) —
(C,0) with critical locus a smooth germ of curve (X,0). In this section we show that any

line singularity f : (C3,0) — (C,0) admits a Lé Polyhedron, in the following sense:

Definition 2.2.1 Let f be a line singularity as above and let Hg be a family of hyperplane
sections of C transversal to ¥ at s. We say that a real number € > 0 is a good Milnor
radius for f and that B, is a good Milnor ball for f if, for any s € ¥, := ¥ N Be, the
intersection B, N Hy is a Milnor ball for the restriction of f to Hs. We say that f admits
a good Milnor radius if there is € > 0 which is a good Milnor radius for f.

Theorem 2.2.2 If f : (C3,0) — (C,0) is a line singularity, then there exist ¢ and 7
sufficiently small, with 0 < n << e << 1, such that for any t € D;; :

(1) There exists a polyhedron Py, of real dimension 3, in the Milnor fibre F} such that

F; deformation retracts to Py;

(13) If f does not admit a good Milnor radius, there exists a (contractible) polyhedron Py
of real dimension 3 in the singular fibre Fy such that Fy deformation retracts to Py;
and there is a continuous map Wy : ﬁ’t — }5’0 which sends P; to Py and such that Uy

restricts to a homeomorphism from I%t\Pt to ﬁ’o\Po;

(¢it) If f admits a good Milnor radius, there exists a collapsing map ¥y : ﬁ’t — }%0 sending
P; to XN B, and such that V; restricts to a homeomorphism from ﬁ’t\Pt to ]5’0\(2 N
B,).

The proof of this theorem is presented in subsection 2.2.1, and it is based on lemmas
2.2.3, 2.2.4, 2.2.5 and 2.2.6 of that subsection. Lemmas 2.2.3 and 2.2.4 are particular

cases of propositions 2.2.8 and 2.2.9, respectively, presented in subsection 2.2.2, and which
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concern the construction of a Lé Polyhedron for complex analytic singularities f : M — C
defined on a compact n-dimensional complex manifold with boundary 0M, such that the
critical locus of f is the whole special fibre My := f~1(0). Here, by a compact complex
manifold with boundary we mean that M is compact, smooth and its interior is a complex
manifold.

We prove propositions 2.2.8 and 2.2.9 in subsection 2.2.3. Finally, in subsection 2.2.4
we prove lemmas 2.2.3, 2.2.4, 2.2.5 and 2.2.6.

2.2.1 Lé Polyhedron for line singularities

Let f: (C3,0) — (C,0) be a line singularity, that is, a holomorphic germ of function
whose critical locus ¥ is a complex line. Without lost of generality, we can suppose that
> is the z3-axis, that is,

¥ ={z1 = 22 =0},

Consider a generic family of parallel hyperplane sections Hy C C? transversal to X at
each s € ¥ such that the each H; is transversal to the smooth part of the hypersurface
defined by f.

Then considering the restrictions

Js:=fig, 1 Hs = C
we obtain a family, in the parameter s € X Aff- C, of holomorphic functions with isolated
singularity.
It is well known that one can define the Milnor fibration of f using polydisks (see
section 5.1 for instance), that is, if €; and ey are sufficiently small positive reals with
0 < €1 < €2 << 1, one has that the restriction

fi: 71 D) N (B, x Be,) — Dy
is a fibre bundle and f~!(¢) N B, is homeomorphic to f~1(t) N (B, x B.,), where
— D;, denotes the disk in C centered at zero and with radius n > 0 sufficiently small;
— Dj is the punctured disk D,\{0};
— B, denotes the ball in X U ¢ centered at zero and with radius €1;

— B, denotes the ball in Hy U 2 centered at zero and with radius €2, and {s} x B,

is the ball in H, parallel to B,,, for any s € X;
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— B, C C? is an usual Milnor ball for f.

Now, since either ¥ or ¥\{0} is a stratum of a Whitney stratification for f, we can

take €1 and eg sufficiently small such that:

° (f—l(O)\fo_l(O)) N (B, xBe,) is a fibre bundle over (XNB,, )\{0} with fibre f;1(0)N
({s} x B,,), for some s € 3\{0};

e ({0} x B,) is a Milnor ball for fj.

Then for any t € D;;, let F; denote the Milnor fibre of f, that is,
Fy:= f7H(t) N (B, x Bey),
which is a compact smooth manifold of dimension 2 with boundary
OF = f~1(t) N 9(B., x B,),
and let Fy denote the singular fibre of f, that is,
Fy:= f71(0) N (B, x Be,).

To simplify notation, from now on we shall denote by f, the restriction of f to {s} xBk,.
Also, set ¥ := XN B,,.
Now, for any ¢ € Dy, let
Ty ﬁ’t — D

be the analytic function given by the projection of C3 on ¥ induced by the hyperplane
sections Hy, restricted to F,. There are two possibilities, considering €1 and €9 sufficiently

small:

(a) m is a (trivial) topological fibre bundle over ¥, (for example, if 3 is a stratum of a
Whitney stratification of f);

(b) m is not a topological fibre bundle over ¥.. Then ¥.\{0} is a stratum of a Whitney
stratification of f, and hence 7 is a topological fibre bundle over ¥.\{0} and 0 € C
is a critical value for my; there are two cases to consider:

(b1) Sing(m) € m;71(0) and therefore 7, 1(0) is singular;

(ba) Sing(m;) = m; *(0) and therefore 7; 1 (0) is smooth.
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Note that, for any t € Df] and s € X, we have
m H(s) = int[f (1)),

the interior of f;(t). But then 7; *(0) = int[f, *(¢)], the interior of the Milnor fibre of
the isolated singularity given by fy, and therefore it is smooth. So case (b1) cannot occur.

One can also check that case (a) happens only if f admits a good Milnor radius.

Case (a)

In this case, if o > 0 is sufficiently small, clearly {s} x B, is a Milnor ball for any
any fs with s € 3¢, and then we can construct a Lé Polyhedron P, C ﬁ’t as follows:

For each s € X, let By C f, L(t) be a Lé Polyhedron for the isolated singularity
function fs as in [20]. Then the fibre bundle

int[f1 (1) —F,

lm

induces a fibre bundle

where the total space P, is a Lé Polyhedron for f.
In fact, since f; 1 (t) deformation retracts to P, 4, it follows that F} deformation retracts

to P;. Moreover, we know that for each s € ¥, there exists a collapsing map

L e (O A (1)

which restricts to a homeomorphism f; 1 (t)\P:s — f;1(0)\{s} and such that ¥, ((P; ;) =

{s}. Then we can define a continuous collapsing map
\Ilt : F‘t — Fob

for f setting
W(2) = Wy ry(2) (2)-

Hence ¥, restricts to a homeomorphism Ft\Pt — }%O\Ee and that U,(FP;) = X..
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Case (b2)

In this case we have to understand how

int[fH(t)] = 7 (s)

degenerates to
int{ (1)) = 774(0)
as s € X \{0} goes to 0 € ¥, for any t € D, fixed. To do that, we use lemmas 2.2.3

and 2.2.4 bellow, which give a Lé Polyhedron for the projection 7, and lemmas 2.2.5 and

2.2.6. We shall prove these lemmas in the next sections.

Lemma 2.2.3 For any t € D, and s € X, there exists a polyhedron Py s in 77;1(8), of

real dimension 1, such that 7rt_1(s) deformation retracts to P .

Lemma 2.2.4 For any t € D; and s € ¥ \{0}, there exists a continuous map \ilm :
7 (s) — w7 H0) such that Wy, restricts to a homeomorphism m; *(s)\Pr.s — 7; *(0)\Pro
and takes P s to Ppg.

Lemma 2.2.5 The construction of the polyhedra Py s and of the collapses \i't,s : ﬂ[l(s) —
7{1(0) can be done simultaneously for any s € 3. Then we obtain a polyhedron P; in F,
of real dimension 3, such that F; deformation retracts to P; and such that, for any s € X,

the fibre w;*(s) deformation retracts to the intersection Py N w; ' (s).

Lemma 2.2.6 For anyt € D,*7 and s € X, the polyhedron P is also a Lé Polyhedron
for fs, in the global sense of section 2.1.2.

Now we will show that the polyhedron P; is a Lé Polyhedron for f. Define the collapsing

map
\IJt . Ft — Fb
for f setting
\I/t(z) = \I/t,ﬂt(z) (Z),

where U, ¢ : f71(t) — f1(0) is a collapsing map for f; (in the global sense), which restricts
to a homeomorphism from f;1(t)\P.s to f;1(0)\ Py s and sends P, s to Py s (where Py s is
a special polyhedron for fs in the global sense).

Suppose that f does not admit a good Milnor radius and set

Po:= | Pos
SEY,
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which is a polyhedron in Fj containing Y. and such that Fy deformation retracts to Fj.
Then ¥y clearly restricts to a homeomorphism ﬁ’t\Pt — }%O\PO and U, (P;) = Py, and then
we have proved (ii) of Theorem 2.2.2.

Now suppose that f admits a good Milnor radius. Then f; is an isolated singularity and
we can consider W ¢ : int[f; ()] — int[f;1(0)] to be a collapsing map for fs (in the local
sense of [20]), which restricts to a homeomorphism from int[f; 1(t)]\ Prs to int[f;1(0)]\{s}
and sends P, s to {s}. Hence W restricts to a homeomorphism ﬁ’t\Pt — }%Q\Ee and
U (P) = X, so we have proved (7ii) of Theorem 2.2.2.

2.2.2 A special class of singularities

Definition 2.2.7 If M is a compact, smooth manifold with non-empty boundary whose
interior is a compler manifold, we say that M is a compact complex manifold with bound-

ary.

Let M be a compact oriented smooth 2-dimensional complex manifold in C3, with
boundary OM, and let f: M — C be a holomorphic function such that:

(i) the critical locus of f is given by ¥ = f~1(0) # 0;

(ii) f~1(t) is a connected hypersurface in M which intersects OM transversally, for any
t € C sufficiently small.

Later we will take M to be the Milnor fibre of a complex hypersurface. For any positive
real n > 0, define
My = f7H(Dy).

By Ehresmann’s fibration lemma , the restriction
f| : Mn\(fil(o) N Mn) - D;;

is a topological fibre bundle. We want to describe how M; := f~!(t) degenerates to
My := f~1(0), as t € C goes to zero. We have the following propositions, which generalize

lemmas 2.2.3 and 2.2.4 of the previous section:

Proposition 2.2.8 For any t € D,, one has that:

(1) there exist a polyhedron P, in My, of real dimension 1, and an integrable vector field

over My, null over P;, which defines a continuous map §~t :OMy — Py

(ii) the fibre My is the mapping cylindre of &, and therefore M, deformation retracts to
P;.
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Proposition 2.2.9 For any t € D;';, there exist a continuous map Uy : My — My such
that Uy restricts to a homeomorphism M\ P, — Mo\Py and VU, takes P, to Py.

We call ¥; a collapsing map for f. To prove these propositions, we need to construct
a good projection of the Milnor fibre F; of f to a disk, denoted by ¢ : Fy — Dy. This is

what we do in the rest of this section.

For any linear form
1:C*—C
taking 0 € C3 to 0 € C, the restriction of both f and I to M induces an analytic morphism
¢r: M — C?
defined by ¢;(z) = (I(2), f(2)), for any z € M. As before, we have the following lemma:

Lemma 2.2.10 There exists a non-empty Zariski open set €} in the space of mon-zero
linear forms of C* to C that take 0 € C3 to 0 € C, such that for any | € Q, the analytic
morphism ¢ : M — C? satisfies:

(1) if C is the critical locus of ¢; and Ty C M is the union of the irreducible components
of C which are not contained in f~1(0), then I'; is either empty or a reduced complex

curve;

(ii) If Ty 0 f~1(0) = {p1,...,pr}, then for each p; there exists a small neighbourhood V;
of p; in M such that the restriction of ¢; to I'y N'V; defines an analytic morphism
(1-1) of Iy NV to its image Ay; := ¢(I'y N V).

If I € Q, we say that [ is a general linear form relative to f, and we say that the curve
I'; is the polar curve of f related to | and that the curve A; is the polar image of f related
to L.

From now on, we shall fix a good linear form [/, and in order to simplify notation, we
shall denote I' :=I'; and A := A,.

If we choose n > 0 sufficiently small, we can suppose that I := I" N M, is contained
in the union U]_,V;. For a moment, let us denote by f’ the restriction of f to M,, and
consider ¢’ defined on M, by setting ¢/(z) := (I(z), f'(z)). Without lost of generality,
we can also suppose that I(p;) # (p;), for any i # j, 4,5 € {1,...,7}, so the previous
lemma implies that the restriction of ¢’ to I' is finite and it defines an analytic morphism
(1—1) of I to its image A" := ¢(I"”). In fact, if n is sufficiently small, then I has exactly

r-connected components I'(p;), which are curves in p;, that is, I is the disjoint union

r
F/ = |_| F,(pl)a
=1
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and A’ is the disjoint union

T T

AN =| o) :=| | A (i)

i=1 i=1

In order to simplify notation, from now on we shall denote f := f’ (defined on M,), " :=T"

and so on. See figure 2.6.

J7H0)
T(p: - V;
1
T ~— 1 — ¢
\\>
M
Figure 2.6:

Now fix [ € Q such that the set D := [(M,) is diffeomorphic to a disk in C, and for
any t € Dy, set
Dt =D X {t}

Then ¢ : M,, — D x D,, induces a projection
ot My — Dy,

which is a fibre bundle over D;\(A N Dy).
2.2.3 Proof of propositions 2.2.8 and 2.2.9

The construction of the Lé Polyhedron

We have seen that, for each t € Dy,

90t| . Mt\gpt_l(A N Dt) — Dt\(A N Dt)
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is a topological covering of degree m;.

Let y1(t), ..., yk(t) be the points of the intersection A N D;. Note that each y;(t), for
j=1,...,k, is contained in some A(p;), for some i =1,... 7.

Let \; be the barycenter of the set of points {yi(¢),...,yx(t)} in D; and for each
j =1,...,k, let 6(y;(t)) be a simple path (differentiable and with no double points)
starting at A\; and ending at y;(¢), such that two of them intersect only at A;.

Set

k
Qv = J oy (1)

=1
and

P = SOt_l(Qt)-

See figure 2.1.

Now, let v; be a vector field in D; such that vy is:
o O
e null over Qy;
e transversal to 0D; and points inwards.
Then the associated flow ¢; : [0,00] x (D{\Q:) — D; defines a map

§t : 0Dy — Q¢

u o lim g(r,u)’
T—00

such that & is continuous, surjective and differentiable.
Since ¢y is a covering over D;\(@y, which is differentiable in this case of dimension

n = 2, we can lift v; to a vector field E; in M; such that E} is:

e continuous over M;;

differentiable over M\ Py;

null over F;;

integrable;

transversal to 0M; and points inwards.
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Then the associated flow g : [0, 00[ x (M\P;) — M; defines a map

gt : OMy — P
z o lim G(r,2)

T—00

such that & is continuous, surjective and differentiable.
So now we have to show that M; is homeomorphic to the mapping cylinder of &. In

fact, the integration of the vector field o; gives a surjective continuous map
a:[0,00] x OMy — M,
that restricts to a diffeomorphism
) : [0,00[ x OM; — M\ F;.

Since the restriction as : {0} X OMy — P, is equal to ét, which is differentiable and

surjective, it follows that the induced map
o] : ({00} x OMy) [ ~) — P,

is a homeomorphism, where ~ is the equivalence relation given by the identification

(00,2) ~ (00, 2") if (ieo(2) = aoo(2'). Hence the map
o] : (([0,00] x OMy)/ ~ ) — M,

induced by « defines a homeomorphism between M; and the mapping cylinder of g}.

The collapse along a path

We can do the construction of the vector field F; simultaneously for all ¢ in a simple
path v in D, joining 0 and some tg € 0D, such that v is transverse to 0D,,. To simplify,
we shall assume that v is the closed segment of line in D,, joining 0 and .

The natural projection m : D x D, — D, restricted to A induces a ramified covering
m:A— Dy

whose ramification locus is Do N A = {¢(p1), ..., ¢(pr)}-
Hence the inverse image of v\{0} by this covering defines k disjoint simple paths in
A, and each one of them is diffeomorphic to v\{0}. Each of these paths have ¢(p;) in its

closure, for some ¢ = 1,...,7, and it contains the points y;(t), for some j =1,...,k and



54 The degeneration of the Milnor fibre of complex singularities

any t € v\{0}. We shall denote by ¢; ; the respective path that has ¢(p;) in its closure
and contains y;(¢). In particular, we have that r < k. See figure 2.7 bellow.

Moreover, the set A = Ut@ A¢ defines a simple path in D x D, such that either
ANA=¢(p),ifr=1Lor ANA=0,ifr>1.

We can choose the paths §(y;(t)) in such a way that

Ty = Jé(y;(1))

tery

forms either a triangle, if » = 1, or a square, if r > 1, differentially immersed in
UUDi=Dxxy
tey

outside 6(y;(0)). For any j,j' € {1,...,k} with j # j/, note that either T;NT}» = A, if both
Gi,j and ¢y jr are defined for some ¢,7" € {1,...,r} with i # ¢/; or T; N T = AU~(y;(0)) =
A U~(y;(0)), if both ¢; ; and ; j» are defined for some ¢ € {1,...,7}. See figure 2.8. Set

k
Q:UTJ

J=1

yj(t) D,

Figure 2.7:

Now, let V' be a vector field in D x 7 such that V is:

e continuous;
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Figure 2.8:

null over Q;

differentiable over (D x v)\Q;

transversal to 0D X «y; and such that
e the projection of V' on + is null.

Then the associated flow w : [0,00[ X ((D x 7)\Q) — D x 7 defines a map

E: Dxy — Q

z —  lim w(r, 2)
T—00

I

such that £ is continuous, surjective and differentiable.

For any real A > 0, set
Va(Q) = (D x y)\w([0, A[x0D x v),

a closed neighbourhood of @ in D x v. Note that 0V4(Q) is a differentiable manifold that
fibres over v with fibre a circle, by the restriction of the projection w. Moreover, D x « is
clearly the mapping cylinder of &.

Set

Since
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is a fibre bundle, it follows that ¢~1(0V4(Q)) is a differentiable submanifold of M., which
is a fibre bundle over ~.

Now, set
P, = ¢ 1(Q),

which we call the collapse polyhedron of f along . It is a polyhedron in M., of real
dimension 2. Let 6 be a vector field in v that goes from ¢y to 0 in time a > 0.
Set
Z = M, \P,.

Since
Z=¢"((DxN\Q) % (Dx)\Q T~

and

67 (0Va(Q)) -2 AVA(Q) T ~

are (differential) fibre bundles, we can lift 6 to obtain a vector field E such that:
e F is differentiable;
e F is tangent to ¢_1(8VA(Q)), for any A > 0.

Then the associated flow g : [0,a] x Z — Z defines a C*°-diffeomorphism ¥ from
My, \P;, to Mo\ Py that extends to a continuous map from My, to My and that sends Py,
to Py. This proves proposition 2.2.9.

The collapse polyhedron

Consider the intersection of A with D x Dy. Then we obtain k punctured disks 1.
The barycenter points of these punctured disks also give a punctured disk A such that the
intersection of the closure of all this punctured disks is either ¢(p;), if » = 1, or empty, if
r>1. Fix j € {1,...,k}. The union of paths 6(y;(t)) for all ¢ € D,, gives a 3-dimensional
polyhedron T} in D x D,. Note that either T; N T = A or T; NTj = AU ~(y;(0)) =
AU~ (y;(0)).

Then we define

k
Q=T
j=1

and, as before, we construct a vector field V' in D x D,, that retracts D x D,, onto (). Now

set

P:=9¢1(Q),
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which we call the collapse polyhedron of f along a disk. 1t is a polyhedron of real dimension
n + 1, contained in M.
Also set
Z = M,\P.

Since ¢ is a submersion over (D x D,)\Q, it follows that V' lifts to a vector field E in Z

with the desired properties, exactly as we did before. Then we have:

Corollary 2.2.11 M,, deformation retracts to P.

2.2.4 Proof of lemmas 2.2.3, 2.2.4, 2.2.5 and 2.2.6

Lemma 2.2.3 and Lemma 2.2.4 follow immediately, applying propositions 2.2.8 and
2.2.9, respectively, to the projection 7. Lemma 2.2.5 follows setting P; to be the collapse
polyhedron P of m; along >, since we have showed that M, deformation retracts to P
(see corollary 2.2.11).

Now, since the construction of the Lé Polyhedron of both 7; and fs; depends only on
the projection ¢, which is the restriction of the linear form [ to the Milnor fibre of the
function, Lemma 2.2.6 is immediate: when constructing a Lé Polyhedron for f,, one just
have to consider the linear form [ to be the same of that used in the construction of P .
Note that since the set of general linear forms [, denoted by €2, is a non-empty Zariski
set in the space of all the linear forms of C™ to C, we can assume that [ is a general one

(otherwise, just take another linear form [ in the construction of P, ).
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CHAPTER 3

Real analytic map-germs of the
type fg: (C*,0) — (C,0)

In this chapter we study the topology of real analytic map-germs of the type fg :
(C2,0) — (C,0), that is, the product of a holomorphic function and the complex conju-
gated of another holomorphic function.

Real analytic map-germs of this type have been studied by J. Seade and A. Pichon
([34], [35], [36], [37]), and their importance lies mainly in the fact that they are real
analytic maps with many properties of complex functions. Hence, studying their topology
is a good way of trying to understand the topology of real analytic singularities.

Precisely, consider f : (C2,0) — (C,0) and g : (C?,0) — (C,0) two holomorphic

functions such that the real analytic map-germ given by
f3:(C*0) = (C,0)

has an isolated critical value at 0 € C.
In [36], Pichon and Seade proved that such map-germs as above has the Thom ay-
property, and hence it admits a Milnor fibration in the Milnor tube, that is, there exist

sufficient small positive reals 0 < n << € such that the restriction
fg: (f9 ' (D;) "B — D}
is a locally trivial fibre bundle.
In this chapter, we consider the Milnor fibre F} and the singular fibre Fy of the map-
germ fg as defined in section 1.7. In section 3.1, we study the topology of F; in terms of

the embedded resolution of fg. Then in section 3.2 we compare it to the Milnor fibre of
the holomorphic germ of function fg: (C2,0) — (C,0).
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In section 3.3, we generalize the A’Campo formula ([1]) to compute the zeta-function
of the monodromy of £g: (C2,0) — (C,0) in terms of its embedded resolution (see sections
1.8 and 1.9).

Finally, in section 3.4 we construct a Lé Polyhedron for the isolated real analytic
singularity fg : (C%,0) — (C,0) with the extra hypothesis that g depends only on one

variable, in a fashion very similar to section 2.1. This is theorem 3.4.1

3.1 The topology of the Milnor fibre of fg: (C% 0) — (C,0)

Let fg: (C%,0) — (C,0) be a real analytic map-germ as above, with a Milnor fibration
in the tube. Let 7 : M — B, be a good embedded resolution of Fj, as in section 1.9,

where € is a Milnor radius for f. Then consider:

e 771(0) :== E = |J;_, Ei, the exceptional divisor with its decomposition in irreducible

components;

o (fgom)~H0) = (fgom)~0) = 35, kiE; + C the total transform, where C is
the strict transform, which has a decomposition into connected components C' =
U;):1 &%

e I, :=(fgom)~*(n), the Milnor fibre of fg.

For each i, 1 <1 < s, let U; be a (closed) tubular neighbourhood of E;, and for each p,
1<p<wlet ljp be a tubular neighbourhood of C'p. Then we define the following closed
sets (see figure 3.1):

o Vij:=U;NUj;
o Vip:=U;NUp;
o Vi=U\(Uij=1Vij UU,- 1 Vi);
i#]
Vo= Up\ Uiz Vip-

We decompose the Milnor fibre F;, as follows:

m—(QJVmF> <O(%NEOU<;“%HQDU<}J(%NQD

i,j=1 <i<s
i#j 1<p<w
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~
E; E; ép
n
d K
11
€ — ))
v 3
. o
Vip _ C 1 >)
V™ T
Vij
C D)
U V; U

Figure 3.1:

Note that doing some convenient change of coordinates, each part V;; N F;, or f/ip N F,

of the Milnor fibre F;, has equation of the form
eH Ty o1ps = 1)
and each part V; N F;, or 171) N F;, of the Milnor fibre has equation of the form
a“z o1 P3 =,

where 1(x,y) and @a(z,y) are units in C{z,y}, a; is the multiplicity of f corresponding
to E; and b; is the multiplicity of g corresponding to E; (obviously either a, = 1 and

bp=0o0ra,=0and b, =1, foreachp=1,...w).

Lemma 3.1.1 The intersection of the Milnor fibre F, with each neighbourhood V;, Vi;,
V}, or Vip is homeomorphic to either a finite disjoint union of cylinders (cases (i), (iii)
and (iv) in the proof) or to a finite covering over a disk minus some disks (case (ii) in
the proof).

Proof: There are four cases to consider:

(1) F, NV;; with a; # b; and a;j # b;; and F;; N f/ip with a; # b;:

By some change of coordinates we can locally consider

(fgom) =a"zliy® g% 73,
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where

e1(z,y) = a+Yi(z,y)
) ,

pa(w,y) = B+ oz, y)
with a;, B € C* and 11(0) = ¥2(0) = 0. If we set

e1e(7,y) = o+ ti(z,y)
p2(x,y) = B+ ta(w,y)
we can define the 1-parameter family
he = figi = a“ 2" y" 5% o1 1pay,
defined on V;;, which gives a homotopy between hy = (fgor) and hg = 2% zby% g% af3.
We want to show that hy'(n) is homeomorphic to hy (7).
Consider the real analytic mapping
H: Vi x[0,1] — Cx]0,1]
(z,t) = (he(2),t)

and define
M := (Vi x [0,1]) n H(D; x [0,1]).

Then consider the restriction
H : M — D, x [0,1].
We will show that H| has three properties:
e Clearly, it is proper.

e It is a submersion on M:

The Jacobian matrix of H is given by

Ohy Ohy Ohy Ohy  Ohy Oft — 3gt Oft— B9t i), ~
or o0z OJy 0y Ot a0t i3 ay It fLafy Yy gy
Ohy Oht Ohy Ohy Oht | — i) EIA d ;) biobio F
or ox oy or ot | = | i dj;igt fear %Qt 21y s f
g gt gt gt ot 0 0 0 0 1

oz ozT oy oy ot
Then H) is a submersion in a point p if, and only if, it is not a solution of at

least one of the four following equations:

( )
DG Plgl? — 122 P12 =0

2

1)

(@) 1P lel — 15 PIAI7 =0
(3) 1P G~ a5 =0
(4)

ox Oy |gt| ox Oy

Fo(2fede _ 0500y _ g

4 oxr Oy oy Ox
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Note that f; = x%y% 1 and gy = xbigybs p2,¢. Then setting
( . Op1,e
1 =aip1t + 175,

Op1,
G2 = a1t + Y5,

B,
(3= bi(pgﬂg +x gxt

1s]
Ca = bjpas +ygt

we have that
Ot = gaimlyaigy
Gar — gbi~lybicy

Ogr _ biy b1
Gy =Ty G

Substituting on equations (1) to (4), we have the equations:

2 2
(1) |a[2@tbi=1)|y[2(as+b;) Gl 1€ —0
orel? ol
2 2
(2) |x|2(ai+bi)|y|2(aj+bj—1) ‘C2| |<4| — 0
lo14® [0l
(3) Tyl |2eitbi=D)]y|2a+b—1) SICHNNE et —0
14 lp2.l?
(4) aPutbimly2a 210y 0y “ e =0
3 G
\
Since
[GLO)]* [¢3(0)) 5 12 2
= las — b7|. 0 0
‘@1,t(0>‘2 |§027t(0)’2 ’ i z’ ‘¢17t( )@2715( )’
and

1G2(0)]* [¢a(0)?
p1,6(0)] [02,6(0)[

the result follows.

= la5 = bj|.le14(0)p2 (0)7,

e It is a submersion on the boundary OM:
By corollary 1.7.4, we have to show that T,,0M intersects T, H ! (H (x)) transver-
sally, for any x € M. Then one can check that it is enough to show that T, W;
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(iii)

intersects Tph; '(h¢(z)) transversally, for any € W; and ¢t € [0,1], where
W, == dVi; N h; ' (D}).

So we just have to show that the fibres h; ! (x) intersect 0V;; transversally, for
any z € D} and t € [0,1]. But this follows immediately from the fact that
hi = fig: has the Thom a-property.

Then if follows from Ehresmann’s Fibration Lemma that the Milnor fibre of Ay =
(fg) o m is diffeomorphic to the Milnor fibre of hy = % zbiy% % a3, which is diffeo-

morphic to

{xasz yaaﬁgjbﬂ' } N (Dey, X De,),

for some small €1, €5 << €, which is a covering over an annulus, and therefore it is a

disjoint union of cylinders.

F, NV; with a; # b; and F,,; N Vp:
We can apply exactly the same proof of case (i), considering (fgom) = 2% Z% p%5.
Then we get that the Milnor fibre of fg inside V; is diffeomorphic to the set

{z“z = n},
and therefore it is an |a; — b;|-covering of V; N E;, which is a disk minus some disks.
F, NV with a; = b; and a; # b; or with a; # b; and a; = b;; and F;, N Vz-p with

a; = bi:

Consider the mapping germ
(fomgom): (C%,0) — (C2,0)
(z,y) = (@%ympr,aiybig)
We want to find a change of coordinates © = (01, 05) : (C2,0) — (C2,0) such that
(fomgom) = (z%y", a%y") 0O,

which happens if and only if (f o7, go7) = (0105, @l{"@gj). If we set ©1 = x6;
and Oy = ybo, with 6,(0) # 0 and 62(0) # 0, then our problem is to find 61,65 :
(C2%,0) — (C,0) such that

(fom gom) = (x%y® 0y 0y, xliy 7«9b 0 ).
This happens if and only if the system
xaiyaj 9(1110;% _ xaiyaj 01
b ybjellnegj = 2liybip,
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has solution (1, 6s). This is equivalent to
7oy = o
070’ = o2,
which has solution, if and only if the linear system with variables logf1, logfs
a;log 01 + ajlog Oz = log 1
b;log 01 + bj log 02 = log 2
has solution. But we have the non-vanishing of the determinant

073 aj

0,
b b 7

and so the system has solutions. Then (fgo ) = (2% z%|y|?*) 0 © and therefore its
Milnor fibre is given by the equation

b; Ui
{wl* = 53N Vi,

which is a disjoint union of cylinders (which intersect V;; transversally).

F,NV; with a; = b; and F;, N V;; with a; = b; and a; = b;:

A. Pichon and J. Seade [35] proved that a; = b; implies that E; does not represent
a rupture vertex of the dual graph G of the total transform of (fg)~!(0) by =, that
is, F; represents a vertex with only one or two incident edges.

Let S be the union of all the exceptional divisors E; such that a; = b; and consider
its decomposition in connected components S = S1U---US,. For each S, let €; be
the union of all the V;, V;; and V;p that intersect S;, excluding the V;;’s that intersect
some E; with a; # b; (there are at least one and at most two of them). There are

only two cases to consider:

(a) There is just one Vj; in S; that intersects some E; with a; # b;.

(b) There are exactly two V;;’s in S that intersect some E;’s with a; # b;.

We claim that case (a) does never occur. To show that, we shall consider the
subgraph G’ C G containing S; and the corresponding E; ¢ S; such that Ej; = 1,
for some Ej, € S;. Note that then a; # b;.
Now, we know that if M denotes the (s x s)-intersection matrix of S; U E;, that is,
B, if i=j;
mij = 1, if i # j and E; intersects Ej

0, otherwise



66

Real analytic map-germs of the type f7: (C2?,0) — (C,0)

and if u; denotes the number of intersection points between E; and the strict trans-
form of f minus the number of intersection points between F; and the strict transform
of g, then we have (see [11], Theorem 18.2):

aj — bj Uj
M + =0
as — by Us
Hence we have
E? 1 0 0 0 aj — b uj
1 E} 1 0 0 0 0
: : + =0,

0 0 E2 ., 1 0
0 0 0 1 E? Us

which implies that a; = b;, a contradiction. In fact, it follows that there cannot be

two consecutive vertices with a; = b;, that is, for each [ one has S; = E; and ; = V;.

Now, it is not difficult to see that the piece

(fgom)~'(Sy) N

of the Milnor tube (fgom)~!(S,) has the homotopy type of a torus T? (in fact, it is

a S'-bundle over a punctured disk). Since the restriction

(fgom): (fgom) " (Sy) N — 8,

is the projection of a locally trivial fibre bundle, and supposing that F, N} is

connected, we get the following induced sequence of homotopy groups:
ma(S8Y) — m(Fy N Q) — m(T?) — mi(S') — mo(Fy N ),
which is isomorphic to
0—-mFyNYy) -ZxZ—17Z—0.

Hence 1 (F;,N§Y;) is isomorphic to Z, and since F,,NY has two boundary components
(two circles), it follows that F;, N is a cylinder (see section 1.4).

If the piece of the Milnor fibre F, N ), has more than one connected component,
since the part of the Milnor tube (fgo 77)_1(877) N §; is connected, the monodromy

m must define a one-cycle permutation (Fi,..., F,) on the connected components
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of Fj, N €Y. In particular, they are all diffeomorphic. For ¢ # r, let m; denote the
diffeomorphism from F; to F;11, and let m, be the diffeomorphism from F, to F}.

Then we can construct a fibre bundle over the circle with total space

(fgom)~'(Sy) N

and with fibre I} in the following way: consider the circle given by the identification
of the boundary of the interval [0,7]. The space (fgom)~(S,) N is diffeomorphic
to the quotient of H;:OI [i,i+1] x F;_1 by the identification of (i, z) with (i+1, m;(x))

for any ¢ < r and (r,x) with (0, m,(x)). The projection to the circle is now obvious.

|
We shall need the following Remark on families of functions of the form f;g;, which is

an adaptation of the corresponding result for families of holomorphic functions.

Remark 3.1.2 Let f; : (C2,0) — C, g; : (C2,0) — C be families of holomorphic germs
depending holomorphically on a parameter t which varies in a disk D. Suppose that fig:
has an isolated singularity at the origin, whose Milnor number is independent of t. For
any tg € D, there exists a neighbourhood to € U C D, and a positive number € which is a

Milnor radius for fige, for anyt € U.

Proof: A Milnor radius for a real analytic germ of the form fg is a positive radius € such
that for any other radius ¢ < ¢, the sphere of radius € centered at the origin meets fg~!(0)
transversely. Thus € is a Milnor radius for the real analytic germ fg if and only if it is
a Milnor radius for the holomorphic germ fg. The assertion of the Remark follows from
the corresponding one for p-constant families of holomorphic germs of functions in two
variables: its well known that a p-constant family of plane curves is Whitney equisingular

and admits a uniform Milnor radius.

3.2 Comparing the Milnor fibres of fg and fg

Now we would like to compare the Milnor fibre of a real analytic map-germ with
an isolated critical value of the type fg : (C%,0) — (C,0) with the Milnor fibre of the
holomorphic germ fg: (C2,0) — (C,0), supposing that g is not constant.

In order to simplify notation, we shall denote the Milnor fibre of fg by F/9 and the
Milnor fibre of f§ by F79. When we just write F, one can read F79 or Ff9.
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Let F; denote the part of the Milnor fibre inside V;, Fj; denote the part of the Milnor
fibre inside V;; and Fis denote the part of the Milnor fibre inside V;s, as before. We know
that the Euler characteristic of F' is

ZX Z X(Fij) + ) x(Fis)

,j=1
1#]

In the holomorphic case, we know that each Fif 9is a (a; + b;)-covering of the sphere
minus 7; points, where r; is the number of double points of F on F; plus the number of
points of the intersection E; N C~', and that each Fj; and each FNis is a disjoint union of
cylinders (see [6]). Then X(FZ-J;-Q) = x(Fj) = 0 and

n

X(F19) =3 (i +b:)(2 = 7).

i=1

In the real analytic case fg, it follows from Lemma 3.1.1 that

x(F79) = Z]az bi| (2 — 7).

Since Ff9 and F/9 are surfaces with the same boundary, they are homeomorphic if,
and only if, x(F79) = x(F79), that is, if and only if

D (40 —las=bi) 2 =) + 3 (i +b:) — las = bil) = 0
7>2 ri=1
This global approach does not seem to help in the matter of deciding if the Milnor
fibres of fg and of fg are homeomorphic or not. So we should split the dual graph of the
resolution 7 into smaller parts:
For each rupture vertex (j) of the dual graph of the resolution (that is, r; > 3), denote

by A; the subgraph consisting of (j) and all the adjacent bamboos having an extremity
(k) with 7, = 1. Then

V(FI9) = ZX (4l9)

and

ng ZX

where X(Afg ) (resp. X(A;Cg )) denotes the Euler characteristic of the part of the Milnor
fibre of fg (resp. fg) that lies inside the boxes that intersect the part of the resolution
graph corresponding to A;.
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Lemma 3.2.1 For each rupture vertex (j) of the dual graph of the resolution, one has
X(A]%) < x(A]7).

Proof: Let I be the set of rupture vertex (j) such that A; is given by only one point
(which means that () does not have any adjacent bamboo with extremity (k) with r, = 1).
It is easy to see that if (j) € I, then

X(Af?) = (a; +b;)(2 = 1) < laj = bjl(2 = ;) = x(A]).

Now, if (j) ¢ I, we define

ay = Z a; and b := Z bi,
(1)e4; (i)€A,

7"1'11 Tiil
and observe that a; < a; and b, < b;. Then
A(x) = x(Al9) — x(Al9)
= —(rj —2)(aj + bj) + X(iyea, (@i + b;) + (rj — 2)|a; — bj| — > e, lai — bil
r;=1 ri=1

= (a; +b;) — (rj — 2)(a; + bj) + (rj — 2)|aj — bj[ — Yoi)ea, lai — bil.

ri=1
There are only two possibilities:

(1) Suppose there is just one bamboo in A;, that is, there is just one (k) € A; with
rr = 1. Then:

(i) If ax > by and a; > bj, then A(x) = 2(by — (r; — 2)b;) < 2(b, — b;) < 0, since
b, < bj;
(ii) If ay < by, and a; < bj, then A(x) = 2(ay — (r; — 2)a;) < 2(ar — a;) < 0;
(ZZ’L) If a; < by and a; > bj, then A(X) = 2(ak — (Tj — 2)bj) < Q(bk — (T’j — Q)bj) <
2(b, — b;) < 0;
(i’l)) If a; > b, and a; < bj, then A(X) = Q(bk — (T’j — 2)aj) < 2(ak — (Tj — 2)aj) <
2(ar — a;) < 0, since ay, < aj.

(2) Suppose there are two bamboos in A;, that is, there are Ey, , Fy, € A; with ry, =
rg, = 1. Since
’a’kl - bk1| + ‘akz - ka‘ > ’a; - buv

it follows that
_(|ak’1 - bk1| + |ak2 - bk2‘) < _’a;‘ - bﬂv
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and then
A(x) < (aj +b;) — (15 — 2)(aj +bj) + (rj — 2)|aj — bj| — |az — b,

which is < 0 by case (1).

Hence, since

ng ZXAfg +ZXAfg

jel jer
and
ng ZX Afg +ZX Afg
jel jér

we have proved the following theorem:

Theorem 3.2.2 The Milnor fibre of a real analytic germ with an isolated critical value
of the type fg : (C?,0) — (C,0) is homeomorphic to the Milnor fibre of the holomorphic
germ fg: (C2,0) — (C,0) if, and only if, g is a constant function.

3.3 The horizontal monodromy of fg: (C? 0) — (C,0)

Now we want to give a formula to calculate the zeta function (see section 1.8) of
the monodromy h of fg: (C%,0) — (C,0) with an isolated critical value, in terms of the
combinatorics of the embedded resolution of fg, in the same spirit of the work of A’Campo
[1], where he calculates the zeta function of the monodromy for holomorphic functions.

If we set Fy := (fg)~'(ne'), for n sufficiently small, then for each ¢ > 0, the mon-
odromy h : Fy — Fy defines an isomorphism between vector spaces (the homology groups)
given by h* : H1(Fy; C) — H9(Fp;C), the so called algebraic monodromy.

There is a classical way of calculating the zeta function of h in terms of the Lefschetz
numbers of h, as follows: For each k > 1, the Lefschetz number of the k-iteration of A is
defined by

A(RF) = "(=1)%race|(h*)* : HY(Fy,C) — HI(Fp,C)].

q=0
If we define the integers s, s2,... by the relations
hk) - Z Siy
ilk

then the zeta function of h is given by
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So all we have to do is to calculate the Lefschetz numbers of h. First we recall the

following lemma:

Lemma 3.3.1 Consider the following commutative chain map on an exact sequence:

0 Go -2 G, -2 ... 2L q, 0
J{‘PO l‘ﬂl Jﬁon
0 Go =2 ¢y 2 ... 2L @G, 0

Then

n

Z(—l)itrace[gpi] =0

=0

Proof: We do it by induction on n. So first we suppose n = 1, and then we have the

following exact sequence:

0 Go 2, G, —— 0
e ]
0 Go =2, G, —— 0

Since g1 0 g = g o g and since ayg is an isomorphism, it follows that ¢1 = ag o g o agy L
and therefore trace(pp) = trace(y1).

Now suppose that the result is true for n—1 and write G,,—1 = Im(a,—2)®Gn—1/Im(c,—2).
Let ¢? , be the restriction of ¢, 1 to Im(a,_2) and let ¢’ | be the restriction of ¢, 1
to the quocient (Gp—1/Im(an—2)).

Since Ker(onm—1) = Im(an—2), it follows that ¢2%_; (Im(an—2)) = (Im(an—2)) and that
¢° 1 (Gno1/Im(an—2)) = (Gn-1/Im(cy—2)). Then we can split the commutative dia-

gram in two:

0 Go -2 Gy =2 . 22 Im(an—s) —=5 0
l% lcm l%q
0 Go @0 G1 a dn—2 Im(an_g) —>an_1 0

and

Qn—1

0 —— Gn_l/Im(Ocn_z)

bl

QAn—1

0 —— Gp_1/Im(an—2)
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By the induction hypothesis, we know that

n—2

Z(—l)itrace[goz-] + (=) trace[p? 4] =0.
i=0

Moreover, one can see exactly as in the case n = 1 that trace[p? ] = trace[p,], and since

tracelpn_1] = trace[¢?® ] + traceel ], the result follows.

Lemma 3.3.2 If X is the union of the interiors of topological spaces A and B and if h
is an automorphism of X such that h(A) = A and h(B) = B, then

A(hx) = Alha) + A(hg) — A(hans).

Proof: Consider the following chain map on the Mayer-Vietoris sequence:

— HYX) —— HYA)® HYB) —— HY(ANB) —— H™*Y(X) ——

|5 i) [ #em |5

—— HYX) —— HYA)® HY(B) —— HIY(ANB) —— HI*(X) ——

Then it follows from the previous lemma that

> (=1)%race[h’ : H(X;C) — HI(X;C)] =

q>0

(Z(—l)qtrace[(hjl, 5): HY(A;C)® HY(B;C) — HY(A;C) & HY(B; (C)]> —

q>0

<Z(—1)qtmce[hme : HY(ANB;C) — HY(AN B; (C)]),
q>0
that is,
A(hx) = A((ha,hB)) — A(hanB).
But since
trace[(hy, hy) : HY(A;C) @ HY(B;C)] =

trace[h’y : H1(A;C) — HY(A;C)| + tracelhp : HY(B;C) — HY(B;C)],

it follows that
A(hx) = A(ha) + A(hs) — A(hanBb).



3.3 The horizontal monodromy of fg: (C%0) — (C,0) 73

Now let 7 : M — C2 be an embedded resolution of the curve fg at the origin and let
E = U;_, E; be the decomposition of the exceptional divisor of 7 in irreducible components.
Let a; and b; denote the multiplicity of E; in the total transform of f and g, respectively.
Applying the previous lemma to the decomposition of the Milnor fibre of fg in the
boxes V;, Vi; and ; as in Lemma 3.1.1 (here, in order to simplify notation, we do not

make distinction between V; and ‘7}, nor between V;; and V;p), we get:

Z A( hVﬂFO + ZA(hgzﬂFe Z A( hVuﬂFe ZA h8VmF9
l

i,j=1
ai;ébi i£j

Recall that we have grouped the components V; with a; = b; and V;; with a; = b; and
aj = b; in larger domains (;, and we have proved in Lemma 3.1.1 that the part of the
Milnor number contained in these components is a finite union of cylinders. Moreover,

we have seen that each of these domains ); contains only one V;, that is, ; = V;, with

a; = b;.
Lemma 3.3.3 We have:
() A(hv”m%) =0, for any i # j;
(77) A(hngg) =0, for any [;
(4i7) A(h§%ﬁF9) =0, for any i.

Proof: By Lemma 3.1.1, each piece of the Milnor fibre considered in this lemma is a finite
union of either cylinders (cases (i) and (i7)) or circles (case (i77)). The cylinders of cases ()
and (ii) have always a circle of case (7ii) as a boundary component. Since a cylinder can
be retracted to its boundary, it is enough to prove the result for case (iii). The finite union
of circles dV; N Fy is a finite covering over a circle of F; and the monodromy is compatible
with the covering projection. Since the Fuler characteristic of the circle vanishes, the

result then follows from the following lemma: L]

Lemma 3.3.4 Let m: X — B be a m-covering of a compact manifold with boundary and

let h be an automorphism of X such that the diagram

X —"sx

A

B
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commutes. For b € B, denote by hy, : 7~ 1(b) — 7~1(b) the permutation induced by h, and

suppose this permutation is cyclic and transitive. Then

x(B).m, if m|k;
0, if m1tk

A(h*) = x(B).A(hg) =

isom

Proof: Suppose that B is contractible. Then X "L B« 771(b) and then HI(X) =~
H9(m=1(b)) and therefore A(h*) = A(hY). If B is not contractible, we can write it as a
(finite) union of contractible sets B;, i € {1,...,c}, such that B; N B; is contractible, for
any 4,7 € {1,...,c}. Then we proceed by induction on c.

If the result is true for ¢ — 1, we define B := Uf;llBi, KXewp = 7T71<B) and X, := 7 }(B,.).
Then write B = B U B, and applying the Mayer-Vietoris sequence associated to this

decomposition one gets
A(h) = A(hx,,,) + Ax,) — Ahx.,nx.) =
X(B)A(hy) + x(Be)A(hy) — x(B N Bo)A(hf) =
X(B)A(hy).

Now observe that A(hF) = Zqzo(—l)qtmce[(h’g)* : Hi(m=Y(b)) — H4(mx~1(b))], which is
the trace of the induced isomorphism (h{f)* 2L X - XL — Z X - X Z, which is equal to

m—times m—times
m if m | k, or zero otherwise. n

Now, if a; # b;, then V;N Fy is a covering of degree d; := |a; — b;| over E; minus r;-disks,
where r; is the number of double points of the total transform of fg on E;. Moreover, the
monodromy h is compatible with the covering projection. Hence using the two previous

lemmas we get the following formula:

ARy =" ABL) =D di2—r).
d;|k

Moreover, since h” denotes the identity, we also have

S S

ABO) = AMng,) = D x(Vin Fp) = di(2 —14).
=1

i=1 i=1
Now, since for each k > 1 we have

S di2—r) = A =) sq,

di|k d; |k
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it follows that
Sdi = dz(2 — Ti)

and then we have the following theorem:

Theorem 3.3.5 Let f,g : (C%2,0) — (C,0) be two holomorphic functions such that the
real analytic map-germ fg : (C?,0) — (C,0) has an isolated critical value. Let w: M —
C? be an embedded resolution of the curve fg at the origin and let E = Ui E; be a
decomposition of the exceptional divisor of m in irreducible components. Let a; and b;
denote the multiplicity of E; in the total transform of f and g, respectively. Set d; :=
la; — b;| and let r; be the number of double points of the total transform of fg in E;. Then
the zeta function of the monodromy of the Milnor fibration of fg is given by

s

Z(t) =[] —th)r—2.
i=1
Example 3.3.6 Consider the holomorphic functions f(x,y) = 2% + y and g(x,y) =
23 4+ y2. Then the real analytic germ fg: (R* 0) — (R2,0) has an isolated singularity at
0 € C2. The graph of the resolution of the complex curve {fg = 0} = {fg = 0} is given

below:

Ey (3,2 Ey (2,3
f g
E1 (2,2)
E3 (6,4) Es (4,6)

In the holomorphic case fg, the part of the Milnor fibre inside each box V;; is a disjoint
union of ged(a; + b;,a; + bj) cylinders, and inside each box V; it is an (a; + b;)-covering
of a sphere minus r; disks, with Euler characteristic (a; + b;)(2 — 7;). Then the part of
the Milnor fibre inside: Vi3 and V5 are two cylinders; Vo3 and Vy5 are five cylinders; V
is two cylinders; Vo and V} are five disks; V3 and V5 are compact surfaces of genus 2 with
boundaries eight circles. So the Milnor fibre of fg is a twice-perforated surface of genus 5.

In the real analytic case fg, according to Lemma 3.1.1, the part of the Milnor fibre
inside: Vi3 and Vi5 are two cylinders; Vo3 and Vy5 are one cylinder; V; are two cylinders;

V5 and Vy are one disk; V3 and V5 are compact surfaces of genus 0, that is, spheres, with
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boundaries four circles each one. Hence the Milnor fibre of fg is a twice-perforated surface
of genus 1, that is, a torus with boundary two disjoint circles.

Moreover, by Theorem 3.3.5 the zeta function of hf9 is given by
Z(t) — (1 _ t5)_2(1 _ t10)2
and the zeta function of k9 is given by

Z(t)=(1—1t)72(1 —t?)>

3.4 The degeneration of the Milnor fibre of fj : (C%0) —
(C,0)

Consider a real analytic map-germ of the type fg : (C2,0) — (C,0) with an isolated

critical point at 0 € C2. We are going to describe the degeneration of the Milnor fibre

Fy = (fg)"'(t) N B, to Fy := (fg)~(0) N Be, where € and ¢ are sufficiently small and g is

not constant.

3.4.1 The polar curve of fg

With the same notation of the previous chapter, we define the map ¢ : (C2,0) — (C?,0)
by setting ¢(x,y) := (y, fa(x, y)) The Jacobian matrix of ¢ is given by

0 0 1 1

J(6) 0 0 1 -1
| of- 89 Of- 0g

70g Of 709 Of

f*;(i 29 fa% ay9

and the critical locus of ¢ is given by

0 0
o= {11521~ o3| =0}

Then C is a real analytic variety in R* of dimension < 3. This shows that, in the
general case, it is not possible to make an analogous construction of a Lé Polyhedron for
fg: (C?,0) — (C,0) as in [20], since the dimension of the set C' could be too big for that.

Hence, in order to be able to obtain some result, we shall ask another hypothesis:

Suppose that
9(z,y) = 9(y),
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that is, that g depends only on the variable y. Then g—g = 0 and hence

C—{g—O}U{gi—O},

that is, the set of points (wo,y0) € C? such that g(xg,yo) = 0 and %(azo,yg) = 0, which
is a complex curve in C2. Since {g = 0} C (fg)~*(0), it follows that the union of the
irreducible components of C' that are not contained in (fg)~1(0), denoted by T, is given

_Jof _
0= {2 o).

Now set A := ¢(I"), the polar image of fg. Since ¢ is not holomorphic, A in general

by the complex curve

is not a complex curve in C?, but it can be given a Puiseux parametrization, as we show

bellow.

3.4.2 Parametrizing A

By some change of coordinate, we can consider g = ¢, for some real number ¢ # 0
(the case ¢ = 0 is the holomorphic case, which we are not studying in this section). Also,

since f is holomorphic, we can write it as a convergent power series
[o¢]
_ a,b
F=>" kapa®y,
a,b=0

with kg € C. Therefore the real analytic germ fg can be write as the convergent power

series
oo
f3=") Kapr"y"y°
a,b=0
Now consider the decomposition of the complex curve I' into irreducible components

=y U---Un~q.

Then for each ¢ = 1,...,q we can give ; a Puiseux parametrization

r = oqy™ M+ By,
Jj=0

where oy, 3; ; € C, with a; # 0, and n;, m;, m; j € N*. For each i =1,...,¢q, set

7 = ¢(y;) C C2
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Then each 7; admitis a Puiseux parametrization in the complex coordinates (u,v) of
C2:

i I‘Labuu aum,/nl_’_zlg um”/nz)a]

a,b=0 7=>0

In particular, if we consider the real analytic function

9 R2 — R2

u — o)

we get that 7; N {v =t} = ¥~1(¢), for any complex number ¢, which gives a finite union of

points.

3.4.3 Constructing a Lé Polyhedron

Consider small enough positive real numbers €, 71, 1m2 with 0 < 7y << 71 << e << 1
such that the real analytic map ¢ = (y, fg) induces a real analytic map

¢ Ben ¢~ (Dy, x Dy,) — Dy, x Dy,

which restricts to a fibre bundle over (D, x Dy,)\A.

As before, we can study the topology of the real surface F; := B. N ¢~ 1(D,, x {t})
instead of studying the topology of the Milnor fibre F;, = B, N (fg)~1(t).

For any t € Dy, set

Dt = D771 X {t}

Then ¢ induces a projection
ot Fy — Dy,

which is a finite covering over D;\(A N D;). Note that A N Dy is a finite set of points, as

we have seen above, and then we denote

Ath:{yla'-'ayk}'

Let \; be the barycenter of the set of points {yi(¢),...,yx(t)} in D; and for each
J = 1,...,k, let §(y;(t)) be a simple path (differentiable and with no double points)
starting at A\; and ending at y;(t), such that two of them intersect only at A;.

Set
k

Qt = U 6(y;(t))

Jj=1
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We define the Lé Polyhedron P; to be

Py = o, (Qu).

See figure 3.2 bellow.

Figure 3.2:

Now, let v; be a vector field in D; such that v, is:
o ('
e null over Qy;
e transversal to 0D; and points inwards.
Then the associated flow q; : [0, 00] X (D;\@Q¢) — Dy defines a map

& 2 0Dy — Q¢

u o lim g(r,u)’
T—00

such that & is continuous, surjective and differentiable.
Since ¢y is a covering over D;\@;, which is differentiable (in the real sense), we can
lift v; to a vector field E; in F; such that E} is:

e continuous over F3;

e differentiable over F}\Py;
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e null over F;;

e integrable;

e transversal to 0F; and points inwards.

Then the associated flow g : [0,00] x (F;\P;) — F}; defines a map

& o oF, — Py
z +— lim g(r,2)’

T—0Q

such that ét is continuous, surjective and differentiable.
So now we show that F, is homeomorphic to the mapping cylinder of &. In fact, the

integration of the vector field ¥, gives a surjective continuous map
a:[0,00] x OF — Fy
that restricts to a diffeomorphism
a): [0,00[ X OF; — F\ P,

Since the restriction oo : {o0} X 9F; — P, is equal to 5}, which is differentiable and

surjective, it follows that the induced map

[asc] : ({0} x OF)/ ~) — P

is a homeomorphism, where ~ is the equivalent relation given by identifying (oo, z) ~

(00, 2") if (o (2) = aso(2'). Hence the map
[a] : (([0,00] x OF})/ ~ ) — F;

induced by « defines a homeomorphism between F; and the mapping cylinder of ft.

3.4.4 The collapsing map

We can do the construction of the vector field E; simultaneously for all ¢ in a simple
path v in D,, joining 0 and some ty € 0D,,, such that v is transverse to dD,,. The

natural projection 7 : D, x D,, — D,, restricted to A induces a ramified covering
m A — Dy,

whose ramification locus is {0} C A.
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Hence the inverse image of v\{0} by this covering defines k disjoint simple paths in
A, and each one of them is diffeomorphic to v\{0}. Moreover, the set

A:U&
tey

defines a simple path in D,, x v such that ANA = {0}. We can choose the paths 6(y;(t))

in such a way that

Ty = J d(y;(1))

tey

forms a triangle differentially immersed in

D =Dy, x~
tey

outside {0}. The triangles T}, for j = 1,...,k, have exactly the path A in common. Set

k
Q = U T;.
j=1
Now, let V' be a vector field in D,;, x v such that V' is:
e continuous;
e null over Q;
e differentiable over (D, x v)\Q;
e transversal to 0D, X 7; and such that
e the projection of V' on 7 is null.

Then the associated flow w : [0,00[ X ((Dy, X 7)\Q) — Dy, x 7 defines a map

f:aDmX’y—> Q

z s lim w(7,2)
T—00

such that £ is continuous, surjective and differentiable.

For any real A > 0, set

Va(Q) == (Dy, x y)\w([0, A[xODy, x ),

a closed neighbourhood of @ in D, x v. Note that 0V4(Q) is a differentiable manifold
that fibres over v with fibre a circle, by the restriction of the projection w. Moreover,

D,,, x v is clearly the mapping cylinder of .
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Set
E, = ¢ YD, xv)NB..

Since
¢ B\¢THQ) — (Dyy x 7)\Q
is a fibre bundle, it follows that ¢~1(0V4(Q)) is a differentiable submanifold of F. which

is a fibre bundle over ~.

Now, set
Py = 67(Q),

which we call the collapse polyhedron of fg along . It is a polyhedron in F, of real
dimension 2. Let 6 be a vector field in v that goes from ¢y to 0 in time a > 0.
Set
Z = F\P,.

Since
Z=¢"((Dy, x N\Q) % (D, x YN\Q =

and
¢ (OVA(Q)) —L AVA(Q) T

are differential fibre bundles, we can lift # to obtain a vector field E such that:
e F is differentiable;
e F is tangent to ¢*1(8VA(Q)), for any A > 0.

Then the associated flow g : [0,a] x Z — Z defines a C*°-diffeomorphism ¥ from
X\ Py, to Fp\{0} that extends to a continuous map from Xy, to Fj and that sends P,

to {0}. Hence we have proved:

Theorem 3.4.1 Let f,g : (C%,0) — (C,0) be two holomorphic germs of function with
no common irreducible components and such that the real analytic germ given by fg :
(C2%,0) — (C,0) has an isolated singularity 0 € C2. Suppose that g(z,y) = g(y). Then
there exist € and n sufficiently small, with 0 < n << € << 1, such that for any t € D;k7
there exists a polyhedron P;, of real dimension 1, in the Milnor fibre F; of f such that F}
deformation retracts to P,. Moreover, there exists a continuous map ¥y : Fy — Fy which
sends P; to {0} and such that Uy restricts to a homeomorphism from F,\P, to Fy\{0}.



CHAPTER 4

The vanishing zone

If f:(C"0) — (C,0) is a holomorphic map-germ with 0 € C™ an isolated critical
point, Milnor proved in [28] that the boundary of the Milnor fibre L; of f is diffeomorphic
to the link Ly of f. But if f has a non-isolated singularity, that is, if the critical locus X
of f has non-zero dimension, it follows that Lg is no longer a differentiable manifold, as it

contains a non-empty singular locus
L(Y):=XNS,

which we call the link of the critical locus of f. So we would like to understand how the
smooth manifold L; degenerates to the singular variety L.

It turns out that, when ¥ is a complex curve, such degeneration happens only inside
a small neighbourhood of the link of the critical locus in the Milnor sphere S.. Such
neighbourhood is called the vanishing zone of f and is denoted by W. In other words, there
exists a small neighbourhood W of L(X) in S, such that L;\W (which is a smooth manifold
with boundary, called the trunk of f) is diffeomorphic to LO\W, where W denotes the
interior of W. So the degeneration of L; to L is given by the degeneration of W, := WNL,
to Wy :=W N Lyg.

The idea of the vanishing zone was developed by Siersma in [40] and it is very nicely
described by Michel and Pichon in [23] for f : (C3,0) — (C,0) with critical locus ¥ a
complex curve. We present this description in section 4.1.

One can also think about the problem of understanding the degeneration of L; to Lg

for a real analytic map-germ

[+ (R",0) — (R™,0)



84 The vanishing zone

with n > m, such that 0 € R™ is an isolated critical value with the Thom as-property
(which admits a Milnor fibration in the tube - see section 1.7.2).

In section 4.2, we define the vanishing zone for such real analytic map-germs f :
(R™,0) — (R™,0), supposing that the critical locus ¥ of f is either a smooth manifold
or an isolated singularity in R™. As in the holomorphic case, the vanishing zone is a
neighbourhood W of the link of the critical locus L(X) in the Milnor sphere S, such that
L \W is diffeomorphic to Lo\W.

When f is holomorphic and ¥ is a complex curve, Siersma also showed in [40] that
each connected component Wi[i] of W, : W N L, is a fibre bundle over a circle S! with fibre
the so called transversal type Milnor fibre, which is the Milnor fibre of the restriction of f
to a hyperplane section Hg of C" passing through a point s € £\{0} and transversal to
3. The monodromy h; of such fibre bundle is called the vertical monodromy of f relative
to Wil

In section 4.3, we investigate if this result can be generalized for real analytic map-
germs f : (R™,0) — (R™,0) as above, allowing ¥ to be either a smooth manifold or an
isolated singularity in R™ of any dimension. Then we obtain the following result, which
gives a necessary and sufficient condition for Wi := W N L; and Wy := W N Ly to be fibre
bundles over a sphere with fibre the transversal type Milnor fibre of f:

Theorem 4.0.2 Let f : (R",0) — (R™,0), with n > m, be a real analytic map-germ
such that 0 € R™ s an isolated critical value with the Thom a¢-property and such that the
critical locus X of f is either a smooth manifold or an isolated singularity in R™. Then
Wy and Wy are fibre bundles over L(X) with fibre the transversal type Milnor fibre of f if,
and only if, one has that either ¥ or X\{0} is a stratum of a Whitney stratification of f.

4.1 The vanishing zone of f: (C3 0) — (C,0)

Let f : (C3,0) — (C,0) be a reduced holomorphic germ whose critical locus ¥ is a
complex curve. We know that the link Ly, the Milnor fibre F} and its boundary L; can
also be defined up to homeomorphism by using the ball with corners

B; x B; = {(z,y.2) € C* / x € B}, (y,2) € B}

Then for 0 < |t| <n << a << ¢, we have that

diffeo

F FH) N (B x BY)

and

L= 0F, "T° ;-11) n o(B2 x BY).
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For a generic choice of the z-axis, one has that

of
{5, =0n{f=0}
is a germ of curve such that ¥ C I'" and {% = 0} is a reduced germ of hypersurface in

(C3,0).

Conventions 4.1.1 Let H, be the hyperplane {z = a} in C3. We choose the x-axis in
such a way that for any a € B2, the planes H, are transversal to the curve I' in the ball

B2 x B!. Then we can take o and ¢, 0 < o < ¢, small enough such that:

1. {0} x B is a Milnor ball for the germ of curve defined by the equation f(0,y,z) =0

in Hy (with k irreducible components);
2. The link L(T) = ' N (B2 x B?) is contained in S}, x B%;

3. For each a, 0 < |a| < «, the hyperplane section {f(a,y,z) = 0} has only isolated

singular points in {a} x BZ.

Proposition 4.1.2 For n small enough and t € B%, the intersections Ly N (B2 x 8%) are

disjoint union of k solid tori.

Proof: Since L(X) ¢ L(T') C SL x B2, the function f restricted to {a} x 83, a € B2, is

a proper submersion. Then by Ehresmann’s fibration lemma,
fa: ({a} x 83N f71(B;) - B

is a fibre bundle. Besides, since f,!(¢) is an 1-dimensional compact real manifold, it is a
disjoint union of (k) circles, Ya € B2, Vt € B727. Then if we set f(a, ) := fa(z), it follows
that
f:(BLxSHnf (B — B}
is a fibre bundle and

LeN (BE x S7) = f71(t) = {(a. f'(t)/a € B2}

is a disjoint union of (k) solid tori.

Set

9= (00~ (o)

and
P (C*,0) — (C%,0),
the holomorphic germ defined by ¢ = (g, f).
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Definition 4.1.3 Denoted by W the union of the connected components of
(B3 % B2) N (S x BY)
which intersect the link L(X). W is called the vanishing zone of f. Also define
OW =W ng(Sy)

and for 0 < |t| <n, define
Wt - W N Lt.

Now consider the germ (x,7) : (C3,0) — (C,0) and let h be the reduction of the germ
9fdg 9f dyg

Oydz 0z0y

We define (V,0) the germ in (C?,0) with equation h = 0, which is the reduced critical

locus of (z,1)), since

1 0 O
JCLC(ZL','(/)):JQC(xagaf) = % %z %
of of of
ox Oy Oz

For a general choice of the coordinates, (V,0) is a germ of normal surface. If o and e

are small enough, then B2 x B is also a Milnor ball for h.

Lemma 4.1.4 For sufficiently small €,a,0,mn with 0 < n << 6 << «a < €, one has
VNow =0.

Proof: Let o1, ,0; be the irreducible components of ¥ C V' and consider
™ (V,0) = (V,0)

a good resolution of (V,0) and of oy, for all i € {1,---,1}. Then for each i, 7=!(0;) is a
normal crossing curve, which intersects 7=1(0) at p;.

We know that (g, )~'(0) and (f},,)~'(0) are complex curves in V that contain X(f). For
each o, let V; be a small neighborhood of ¢; N (S}, x BY) in S x BZ.

Taking local coordinates (x,y) around the point p; in the resolution graph , we get

(f om)(z,y) = y™ z"u(z,y)

and

(gom)(z,y) =y atv(z,y),
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where u(x,y) and v(z,y) are unities in C{x, y}.
By some suitable change of coordinates, we can consider v(z,y) = 1. Then for 6 small

enough we have that

(9,) "' BF) NVir (gom) ' (BF) Na~ (Vi) = {(z,y) € Vi/|z#| < %, ly| = o},

a solid torus.
In the same way we see that for 1 small enough, ( f|v)_1(B$]) NV; is a solid torus.
Since u(0,0) # 0, we can take o and € small enough such that for all (z,y) € 7—1(B2 x BY)
one has 0 < C < |u(z,y)|, for some constant C' € R. Then if we take
a™f (50

a™yg

we get
[/ (By) NV C [int(g™" (Bo)) N Vi] = [g7"(By) N V.

Therefore V N OW = 0.

Theorem 4.1.5 There exist sufficiently small positive real numbers €,a,0,n with 0 <
N << 6 << a<esuch that f induces an isotopy Li\W; — Lo\Wj.

Proof: Set
M = f7(B2) N [(Sh x BYO\W,

a manifold with boundary
OM = [f7H(S7) N (Sy, x BH] U [f1(B2) now].
By Ehresmann’s fibration lemma for manifolds with boundary, the restriction
fi: M — B}

is a fibre bundle if one has the following conditions:

(1) Vp=(z,y,2) € M, D(f|,,)p: T,(S: x BY) — T'4()C is a surjection;

(2) Vp € OM, D(fi,,,)p : Tp(OM) — T}, C is a surjection.
By corollary 1.7.4, this conditions are equivalent to the following:

(1) the fibres of f are transversal to S} x BZ;
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(2) the fibres of f are transversal to OW.

Milnor theory (see [28]) asserts that (1) holds. So we just have to examine how the fibres
of f intersect the boundary of W. Note that

oW = g7} (Sh) h (S, x BY),

Then its normal space is the 3-vector subspace of R generated by n; and ns, where n; is
a normal vector to g~1(S}) in C? and ny = (1, 2,0,0,0,0) is a normal vector to S, x B2
in RS.

Since g~1(Sj) is the inverse image of 6 by the composition
c L c g
we can set ny = grad(||g||). But

D(HgH)(LB,y,z) = g(x, Y, Z)D(g)(x,y,z)

and since g(z,y,2) # 0 for (x,y,2) € OW, we can set n; = (%, ng;’ %).

Therefore, (2) holds if for any p € 9W we have

aof of o dg 0Og 0O
(G o ) # (52 52, 50 (.0,0),
which is true by lemma 2.2.5.
|
Unfortunately, when one tries to extend the definition of a vanishing zone for the real
analytic case f : (R",0) — (R?,0) with isolated critical value and Thom a p-property,
it becomes too complicate mainly because of the lack of control on the dimension and
structure of the set V. Then a new (but quite equivalent) definition of vanishing zone, as

we do in the next section, becomes very useful.

4.2 The vanishing zone of real analytic map-germs

Let f: (R™ 0) — (R™,0), with n > m, be a real analytic map-germ such that 0 € R™
is an isolated critical value with the Thom as-property. Suppose that ¥ has at most an
isolated singularity (that is, 3 is either a smooth manifold or it has an isolated singularity).

In this section, we construct a vanishing zone for such real analytic map-germ, using
the idea of the cellular tube of a submanifold S of a manifold M, defined by Brasselet in

[4], which generalizes the concept of tubular neighborhoods.
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Lemma 4.2.1 There exists a regular neighbourhood W of L(X) in Se such that its bound-
ary OW intersects Lo transversally. Moreover, W is a fibre bundle over L(X) with fibre a

(n — k)-dimensional disk in S, where k is the dimension of X.

Proof: Let us consider a Whitney stratification of S, such that Ly is a union of strata.
Now let us consider a triangulation (K) of S¢ such that each strata of the Whitney strat-
ification is an union of simplices. Let (K') be the barycentric decomposition of (K).

Using (K') one constructs the associated cellular dual decomposition (D) of S.: given a
simplex o in (K) of dimension s, its dual d(o) is the union of all simplices 7 in (K’) whose

closure meets o exactly at its barycenter &, that is,
TNo=56.

It is a cell of dimension (n — s — 1). Taking the union of all these dual cells we get
the dual decomposition (D) of (K). By construction, each cell o intersects its dual d(o)
transversally.

We let W be the union of cells in (D) which are dual of simplices in L(X); it provides a

cellular tube around L(X) in S, which means it satisfies the following properties:

(i) W is a compact neighbourhood of L(X) containing L(X) in its interior and W is a
retract of W\L(X);

(17) W retracts to L(X);

(797) For any neighbourhood U of L(X) in S, if the triangulation of S is sufficiently

“fine” then we can assume W C U.

Now consider
e A:={o € (K) /oisa (1)-simplex of Ly whose closure intersects W} and

e B:={o € (K')/oisa(n—2)simplex in 9W whose closure intersects Lg}.

Then one can see that
B = U d(o).
ocA

Therefore OW intersects Lo transversally. Moreover, since L(X) is a smooth manifold
without boundary, it follows that W is a bundle on L(X) whose fibres are disks (see [5]).
u
Note that in such construction, W results to be a non-smooth manifold, since its
boundary OW has corners. But in fact we can consider a smoothing of W as in the

following lemma (see [15] for the proof):
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Lemma 4.2.2 For any arbitrarily small neighbourhood U of OW in S, there exist a

€

smooth manifold C differentially imbedded in U and a homeomorphism h : OW — C.

Moreover, C' intersects Ly transversally.

So from now on, when we mention the boundary OW we actually refer to the smoothing

C.
Definition 4.2.3 We say that W is a vanishing zone of f.

Corollary 4.2.4 For t sufficiently small, one has that Ly t OW, that is, L; intersects
OW transversally. As a consequence, OWy := OW N Ly is a differentiable manifold.

Proof: Suppose it is not true, that is, suppose that there exists a sequence of points (p;)
in f_l(B;k]) NOW, with p, € Ly N OW, which converges to py € Lo N OW, such that T}, L,

intersects T, OW not transversally, for each p;. Set
T:=1lim T, L
fp Tpet

and let Reg(Lg) denote the regular part of Ly. Since f has the Thom ag-property, it
follows that T),,(RegLo) C T, and since T}, (RegLo) M T,,0W by the previous lemma, it
follows that 7' th T},,0W. Consider d a metric in the correspondent grassmannian. Since
transversality is an open property, it happens that if d(T,Tp,L;) and d(T,,0W,T,,0W)
are sufficiently small, then T}, L; th T),,0W, a contradiction.

Therefore, if 7 is sufficiently small, one has that T}, L; th T,,0W, for any t € D, and
pr € (Ly NOW).

Lemma 4.2.5 For any t € B, the smooth manifold Lt\ﬁ/ is diffeomorphic to LO\W.

Proof: Set M =S.N f _1(Bn)\ﬁ/. By Ehresmann’s fibration lemma for manifolds with
boundary, f|,, : ScNf _1(Bn)\W — B, is a fibre bundle if one has the following conditions:

(1) Yp e M, D(f),,)p : Tp(Se) — Ty C is a surjection;
(2) Vp € OM, D(f|,,,)p : Tp(OM) — T, C is a surjection.
By corollary 1.7.4, this conditions are equivalent to the following:
(1’) the fibres of f are transversal to S;
(2’) the fibres of f are transversal to dM.

But (1’) follows from Milnor theory (see [28] or chapter 1) and (2') follows from lemma
2.2.4. L]
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4.3 The topology of f inside the vanishing zone

We want to describe the topology of Ly inside Wy = W N Ly, and the topology of L;
inside Wy = W N L;. By construction, we know that W is a fibre bundle over L(X), with
projection p and fibre the (n — k)-dimensional ball B(s), centered at s € L(X).

B(s) (—)T
L(%)

For each s € L(X), consider the restriction
fs : B(s) = R™.

Clearly, f:1(0) is a compact real variety in B(s) with dimension < n — k — 1, for any

s € L(X). Moreover, by lemma 4.2.1, it has an isolated singularity at 0 € B(s). Also, for

*
’n?
since t is a regular value of f,.

any t € B¥, one has that f;!(¢) is a differentiable manifold of real dimension n — k — 1,

Lemma 4.3.1 There exists § sufficiently small such that if W is taken to be a fibre bundle
with fibre the ball By(s) centered at s € L(X), then Wy := W N L; intersects Bs(s)
transversally, for any s € L(X) and t € By,.

Proof:

(a) Consider ¢t = 0.
We know that Lo O L(X) and that L(X) intersects Bs(s) transversally for any
s € L(X), that is,
To(L(X)) + Ts(Bs(s)) = Ts(Se).

We want to show that Ty(Vf/o) + Ty (Bs(s)) = Ty(Se), for any y € [Wo N Bs(s)]. Let
(Sa) be a Whitney stratification of Wy induced by a Whitney stratification of f.

There are two possibilities:

Case I: Suppose that s belongs to a stratum of dimension k& — 1. Then by the (a)-
condition of the Whitney stratification, we have that for y sufficiently close to s
the tangent space Ty (RegLg) is very close to a plane P that contains T(L(X))
and so it is transversal to Bs(s). Since transversality is an open property, it
follows that Wy intersects Bs(s) in y transversally. So if § is sufficiently small,

we have that W, intersects Bs(s) transversally.
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Case II: Suppose that s belongs to a stratum of dimension < k — 1. We can consider
s’ € L(X) as close to s as we want such that s’ belongs to a stratum of dimension
k —1. Then for y € Bs(s) sufficiently close to s, the tangent T} (RegLg) is very
close to a plane P that contains Ty (L(X)) and so it is transversal to Bgs(s').
But since By (s) is very close to Bs(s'), it follows that P is transversal to By(s).
Therefore Wy intersects Bs(s) in y transversally. So if § is sufficiently small,

we have that W, intersects Bs(s) transversally.

If we take 4 sufficiently small such that W, intersects Bs(s) transversally, then clearly
Wy intersects Bg(s') transversally, for any s’ € L(X) sufficiently close to s. Since

L(Y) is compact, we are done.
(b) Consider ¢t # 0 and let § be as above. We know that
Ty (Wo) + Ty (Bs(s)) = Ty (Se).
for any 3/ € [Wo N Bs(s)]. We want to show that
Ty (We) +T,(Bs(s)) = T(Se),

for any y € [Wt NB;(s)]. Since f has the Thom a¢-property, we know that for ¢ > 0
sufficiently small, Ty(Wt) is very close to a plane P that contains T,/ (Reg(Lo)),
for some y' € Reg(Lo) N Bs(s) very close to y. But then P intersects T,/ (Bs(s))
transversally and therefore T}, (W;) intersects Ty, (B (s)) transversally.

Proposition 4.3.2 The following conditions are equivalent:
(i) Wo is a fibre bundle over L(X) with projection po = p| : Wo — L(X) and fibre f71(0);

(1) OWo = OW N Lo is a fibre bundle over L(X) with projection p| : OWy — L(X) and
fibre O(f;1(0)), the link of fs;

(iii) OWy = OW N Ly is a fibre bundle over L(X) with projection p| : OW; — L(¥) and
fibre 8(f8_1(t)), the boundary of the Milnor fibre of fs;

(iv) Wy is a fibre bundle over L(X) with projection py = py : Wy — L(X) and fibre f71(t).
Proof: The implications (i) = (i¢) and (iv) = (4i7) are immediate. So we shall prove:

(i1) = (i) First we show that f;(0) is homeomorphic to f;'(0), for any s,s’' € L(%):
Fix s € L(X) and let the ball By(s) C Bgs(s) centered at s be a Milnor ball for f;.
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Claim: There exists a neighborhood Vj of s in L(X) such that for any s’ € V, one has
that By(s") C Bs(s’) is a Milnor ball for fy. To prove this claim, suppose it is
not true, that is, that there exist s’ as close to s as one whishes, and 6’ with
0 < 6" < 6 such that f;,l(()) intersects Sy not transversally. Set § = 6’. Since
s" is close to s and since f is continuous, if f;1(0) intersects (transversally) Sy
in ¢ connected components, then fs_,l(O) intersects Sy transversally in at least
q connected components, and not transversally in at least one. Then OWj is

not a fibre bundle over L(X), a contradiction.

n—k—1
Sé

£74(0)

Figure 4.1:

Then we have that f;1(0)NBy ~ Cone(f;1(0)NSg) and f,' (0)NBg ~ Cone(f, " (0)N
Sy), for any s’ € V5, and since we are supposing W) is a fibre bundle, we have that
FH0)N'Sp ~ £,1(0) NSy. Setting & = 0, it follows that f;1(0) ~ f,'(0), for any
s’ € Vs. Since L(Y) is compact, we can choose § > 0 sufficiently small so that Wy is
a fibre bundle.

Now we just have to show the locally triviality of p. Given s € L(X), let Vj
be a neighborhood of s in L(X) such that p is trivial in Vs, that is, there ex-
ists a homeomorphism ¥ = (U, ¥y) : p~ (V) — Vi x Bs(s). We have to show
that p|_1(VS) is homeomorphic to Vs x prl(s), and then its enough to show that
p*(Vs) N Ly ~ Vs x (Bgs(s) N Lp). This homeomorphism is given by the map
¢ :p7 (Vs) N Lo — Vi x (Bs(s) N Lo) given by p(w) := (V1(w), hy, o, (w)), with
¢ (r1,r2) = hyy (12)

(ii) < (ii7) It follows from lemma 4.2.5.
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(iii) = (iv) By lemma 4.3.1, we know that W, intersects B(s) transversally, for any s € L(X).
Since p; : OW; — L(X) is the projection of a fibre bundle, it follows that it is a
surjective submersion. Therefore, OW; intersects Bs(s) transversally, for any s €
L(X). Then it follows from the Ehresmann’s fibration lemma that p| : Wi — L(X)

is the projection of a fibre bundle.

Proposition 4.3.3 The following conditions are equivalent:
(i) Wy is a fibre bundle over L(X) with projection py : Wo — L(X) and fibre f71(0);
(ii) L(X) is a stratum of a stratification of Wy induced by a Whitney stratification of f;

(tit) Either ¥ or YX\{0} is a stratum of a Whitney stratification of f;

Proof: It is easy to see that (i7) and (ii7) are equivalent. So we shall prove:

(i) = (i4) Suppose that f;1(0) ~ f5*(0), for any s,s' € L(%).
For any point p € Wy, let p’'denote the vector in C" defined by p. For any p1,ps € Wy,
set p1ps = P1 + P2 and denote pips the line in C" given by pips.
Let (z;) be a sequence of points in Reg(Wpy) and (y;) a sequence of points in L(X)
such that
lim z; =s € L(¥), limy; =s, 211)1%10 Ty, (RegWy) =T and lim T;y; = \.

71— 00 1— 00 71— 00

We have to show that 7' D A. If we set s; := p(z;), we claim that:

e lim Z;z; C lim Ty, (RegWy) if, and only if, lim Z;5; C lim T, (5 1(0)):

In fact, for any s € L(X) set V5 a neighborhood of s in L(X) such that p‘_l(VS) o~
f50) x Vi. Then

Ty, (RegWo) = Ty, (f5,1(0)) x Ty, (Vi)

and therefore

lim T, (RegWo) = lim Ty, (f51(0)) x lim Ty, (V3,).
71— 00 71— 00

v 1—00

Note that z;y; = Z;5; + s;u; and therefore

lim 7.0 = lim 7.5 lim 5.4
Im z;y; = llm x;s; + llm s;y;.
71— 00 1—00 1—00
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Then
lim 7Z;y; C lim Ty, (RegWy)

71— 00
if, and only if,

lim Z;5; + lim s9; C lim T, (f;1(0)) x lim Ty, (Vs,),

. 2
71— 00 1— 00

which happens if, and only if,

lim z;5; C lim Ty, (f5.1(0)).
Now consider h; : Bj(s;) — Bs(s) the homeomorphism such that hi(f;1(0)) =
f-50). We claim that:

s

o lim 755 = lim (hy(x;))s:
ZS_(;EO R = 'li;; % Then for each p € R, there exists a sequence of points (p;)
in C" sucirtoﬁat p; € T;5; and p; — p.

Define p; := pr(hi(p;)), where pr is the orthogonal projection of Bs(s) into
(hi(z;))s.

Since p; — p, it happens that for any arbitrarily small ball B(p) in C™ centered
at p there exists a some p; in B(p), which implies that h;(p;) € B(p) N Bs(s),
and then p; € B(p) N Bs(s). Therefore p; — p.

Then Vp € R there exists a sequence of points (p;) in C™ such that p; € m
and p; — p, and hence zllglom =R.

o lim T, (f(0) = lim Ty (/5 (0))
Set S = lim Ty, (fs, 1(0)). Then for each p € S, there exists a sequence of
points (pi)l inoo(C” such that p; € Txi(f;il(O)) and p; — p.
Consider H; : T, (f5,1(0)) — T,z (f5 1(0)) a homeomorphism between these
two hyperplanes and define p; := H;(p;).
Since p; — p, it happens that for any arbitrarily small ball B(p) in C™ centered
at p there exists some p; in B(p), which implies that H;(p;) € B(p) N Bs(s),
and therefore p; — p.
Then Vp € S there exists a sequence of points (p;) in C" such that p; €

Thy(x0)(f51(0)) and p; — p, and hence lim T}, (f5 '(0)) = S.
Then we have proved that

ACT < lim (hi(z)s € lim Ty, (., (fs 1 (0)).

i—00 i—00
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But since f;1(0) has an isolated singularity, it follows that Reg(f;1(0)) and {s}
are the two strata of a Whitney stratification of f;1(0). Hence lim (h;(z;))s C

Hm Ty, (2 (f 71(0)), by the (b)-Whitney condition, and then we are done.
1—00

S

(74) = (i) By the properties of Whitney stratifications, we know that for each s € L(X) there
exists a neighborhood Uy of s in Wy such that Us ~ Vi x [f71(0) N U], where V; :=
Us N L(X). Since L(X) is compact, we can choose § > 0 sufficiently small such that
fH0)NUs = £71(0), for any s € L(X). Then we have that p‘_l(Vs) ~ Vi x f71(0).
In particular, f;1(0) ~ f5*(0), for any s’ € V;.

s

Corollary 4.3.4 In particular, Wy is a fibre bundle over L(X) for the following map-

germs:

(a) f:(C™0)— (C,0) holomorphic with critical locus ¥ a complex curve;

(b) fg: (C3,0) — (C,0) real analytic germ such that f,g : (C3,0) — (C,0) are holo-
morphic and have no common irreducible components and such that fg has an
isolated critical value (because then one clearly has that ¥ is a complex curve in
(f9)71(0) = (fg)~1(0), as we will see later in chapter 6);

Combining all the results of this chapter, we obtain the following theorem:

Theorem 4.3.5 Let f: (R™,0) — (R™,0), with n > m, be a real analytic map-germ such
that 0 € R™ is an isolated critical value with the Thom ay-property. Suppose that ¥ has

at most an isolated singularity. Then:

(1) There exists a neighbourhood W of L(X) in S, which is a fibre bundle over L(X)
with fibre a disk, such that Lt\W is homeomorphic to LO\W;

(ii) The intersection W; := Ly 0N W, is a fibre bundle over L(X) if, and only if, the
intersection Wy := Lo N Wy is a fibre bundle over L(X), which happens if, and only
if, either ¥ or ¥\{0} is a stratum of a Whitney stratification of f.



CHAPTER 5

The boundary of the Milnor fibre
of fg: (C%0)— (C,0)

With the tools developed in the previous chapters, we can finally describe the topology
of the boundary of the Milnor fibre of a real analytic map-germ fg: (C3,0) — (C,0) as a
Waldhausen manifold.

Let f,g : (C3,0) — (C,0) be two holomorphic functions such that the real analytic
map-germ fg : (C3,0) — (C,0) has an isolated critical value at 0 € C. Seade and Pichon
proved in [36] that such a real analytic function fg as above has the Thom ag-property.
Hence there exist ¢, € R sufficiently small, 0 < n << ¢, such that fg can be given a

Milnor-Lé fibration in the tube as follows:
£+ (f5)~'(D;) N B — Dj,
We will prove that the boundary of the Milnor fibre
L= (fg)'(t)n S,

for t € D;;, is a Waldhausen manifold.

5.1 Systems of neighbourhoods

In the holomorphic case, it is well known that it is possible to define the Milnor fibration
using different systems of neighbourhoods at the origin. Balls and polydisks are the most
widely used systems of neighbourhoods. In the proof of Theorem 5.2.3 we need to work

with a Milnor fibration defined using a polydisk instead of a ball. We shall prove now that
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the boundary of the Milnor fibre defined for polydisks is homeomorphic to the boundary
of the Milnor fibre defined for balls.
Let 3 be the critical locus of {fg = 0}. It is easy to see (as we will show in the next

chapter) that ¥ is the complex curve given by

£ = S(/) US() U (F7(0) ng™(0) = 5(f9).

Choose a coordinate system (z,vy, z) of C3 such that there exists € such that for any ¢ <,

the boundary of the polydisk
A ={(z,y,2) € C*: max{|z], |y|, 2]} < €}
meets Y transversely at the open face
{(z,y,2) € C?: max{|z|,|y|} <e|z| =€}
Consider the family of norms in C3
1@y, 2)ls == (2 /* + [y "/* + |2 /%),

H(%y, Z)HO = max{\x], ’y‘7 |Z’}

for s € [0,1/2], which depends continuously on the parameter s.

A positive number e is a Milnor radius for the function {fg = 0} with respect to the
norm || . ||s if for any positive € < e the hypersurface fg = 0 is transverse in the stratified
sense to the sphere ||(z,y, 2)||s = €/. It is well known that for any s € [0,1/2] there is a
Milnor radius for {fg = 0} with respect to the norm || . ||s. Moreover, by the continuity
of the norms in the parameter s, if € is a Milnor radius for {fg = 0} with respect to the
norm || .||, then there exists a neighbourhood U of s € [0,1/2] such that € is a Milnor
radius for {fg = 0} with respect to the norm ||.||¢ for any s’ € U. Using the compactness
of [0,1/2] we find a radius e which is a Milnor radius for {fg = 0} with respect to the
norm ||.||s for any s € [0,1/2].

Given any U C [0,1/2] we define the set

Bg ={(z,y,2,8) € C3xU: I|(z,y, 2)||s < €}.

It should be viewed as a family of Milnor balls for varying norms.
Since the function fg satisfies the Thom as-property, for any s € [0,1/2] there exists
a neighbourhood U of s € [0,1/2] and a positive n such that the mapping

FY:BUn(f9)~(D;) — D x U
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defined by FY(z,v,z,5) := (f(x,y,2)g(x,y, 2),s) is a topological fibre bundle.
By compactness of [0,1/2] there exists a positive 1 such that the mapping

F: B0 (fg)71(D5) — D} x [0,1/2]

is a fibre bundle.

Consequently, the boundaries of fibres F~1(¢,0) and F~(¢,1/2) are homeomorphic
for any ¢ € Dy, and hence the boundary of the Milnor fibre defined for polydisks is
homeomorphic to the boundary of the Milnor fibre defined for balls.

5.2 The Waldhausen structure

Our goal is to prove that the boundary of the Milnor fibre
Lt = (fg)il(t) N S?a

for t € Dy,

Milnor fibre defined using balls is homeomorphic to the boundary of the Milnor fibre using

is a Waldhausen manifold. Since we have proved that the boundary of the

polydisk, from now on we will assume that S° denotes the boundary of the ball of Milnor
radius €, with the norm ||. ||, as in the previous section.

The singular locus of

Lo=(fg)~'(0)NS2 = (fg)~'(0)NS?

is the intersection of the sphere S? with the complex curve X, that is, L(X) := XN S?. We

know that L(X) is a finite disjoint union of circles 8! contained in the open face
{(z,9,2) € C° - max{al, |yl} < [2] = ¢}.
Let
n: X — (f9)7'(0)

be the normalization of (f¢)~'(0). Set ¥ :=n~'(X) and Lo := n~!(Ly).

Let W denote the vanishing zone of fg, which is nothing but a tubular neighbourhood
of L(X) in S? such that L,\W is homeomorphic to Lo\W (see chapter 4). Set Wy := WNLg
and Wy := W N L.

Lemma 5.2.1 L,\W; is a Waldhausen manifold.
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Proof: Consider n : (Fp,0) — (Fp,0) a normalization of (Fy,0). Then X := n=1(X) is
a complex curve in (Fp,0). So we can consider 7 : (Fp,0) — (Fp,0) a good resolution of
both Fy and ¥. Also consider Lg := n~'(Lg), the link of (Fp,0), and L(X) := n~ Y (L(X)),
which is diffeomorphic to L(X), the link of 3 in L.
Then the pair (7~ (Lg), 7~ (L(X)) is diffcomorphic to the pair (Lo, L(X)).
So we can consider a Waldhausen decomposition of F such that the link L(X) is a union
of Seifert fibres and such the set Wy := n~1(W}), which is a tubular neighborhood of the
link L(X) in Lo, is saturated with Seifert fibres (see remark 1.9.9). Then we can restrict
this Waldhausen decomposition to a Waldhausen decomposition of Lo\ Wj.
Since the restriction n; : Lo\Wy — Lo\Wp is an homeomorphism, it happens that Ly\Wj
is also a Waldhausen manifold, and then it follows from theorem 4.2.5 that L,\W; is a
Waldhausen manifold.

u

Now, since 0W; is a finite disjoint union of tori, all we have to prove is that W; is a
Waldhausen manifold. If ¥ = 7 U .- U X is the decomposition of ¥ into irreducible
components, we get the decomposition of W into disjoint connected components W =
W1]u- - -UW[k], where W[I] is a small tubular neighbourhood of the circle L(%;) := %;NS?
in S?, forl=1,...,k.

We have already seen in chapter 4 that W is a fibre bundle over L(X). In this particular
case of dimension n = 3, there is an easier way of showing this fact, as follows:

Fix a component ¥;. Given p € ¥;\{0} let H, be the 2-dimensional affine hyperplane
of C3 passing through p and parallel to {z = 0}. Choosing € small enough we may assume
that the Milnor number of the germ (fg|m,,p) is independent of p (since either ¥ or
Y\{0} is a stratum of a Whitney stratification of fg). Therefore, by Remark 3.1.2 and the
compactness of L(3;) we deduce the existence of a positive d such that for any p € L(%;)
the ball in H), centered at p and of radius ¢ is a Milnor ball for (fg)|n, at p. We may
choose W[I] to be the union of those balls when p varies in L(%;). With this definition,
there is a natural fibration

op: Wl — L(%)

with fibre a complex 2-ball.
Since fg satisfies the Thom as-property, there exists a positive 1 such that the mapping

U W(nN (fg)il(Dn) — Dy X L(%)

defined by ¥; := (fg, 0;) has only the circle {0} x L(X;) as critical values. Therefore, for
t € Dy, the restriction
O'” . Wt[l] — L(Zl)
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is a fibre bundle, where W[l] := Ly N W{l]. Its fibre is called the Transversal Milnor fibre
of fg at ¥; and its monodromy h the vertical monodromy along ¥; (see [40] or chapter 1).

To prove that W; is a Waldhausen manifold, we have to show that each connected
component Wi[l], for I = 1,...,k, is a Waldhausen manifold. To do that, it is sufficient
to give a decomposition of each transversal Milnor fibre which is invariant under the
corresponding vertical monodromy h := h; and such that the corresponding pieces of W[l
are Seifert manifolds. We will prove that they are Seifert manifolds either by proving that
they are fibre bundles over a circle and with fibre a cylinder, or by showing directly that
the restriction of h to the corresponding piece of the transversal Milnor fibre is periodic.

Let us fix on an irreducible component ¥; of ¥, which by an easy argument can be
assumed, without loosing generality, to be the z-axis (see [25], Lemma 4.4). Let D be
the disk of radius € around the origin of ¥;, with boundary S'. This coincides with the
intersection of ¥; with the polydisk of size e. The region W{l] coincides now with the
product S! x Bs, where Bs is the ball of radius ¢ in the (,%)-complex 2-plane, and the
mapping o; coincides with the projection on the first factor.

We can look at the restriction (fg); : S! xC? — C as a family in the parameter S'. For
each s € S, we denote by f,g, the restriction f g|{syxcz- The corresponding holomorphic
family fg, : S! x C? — C is p-constant over S'. Then it is well known that we can consider

a minimal embedded resolution in family
7: M —S'xC?,
which is an analytic morphism 7 where:

e F:= 71 1(S! x {0}) is the exceptional divisor, with a decomposition in irreducible
components £ = U;_, F;, where an irreducible component is defined as the closure

of a connected component of E\Sing(E);
e for each s € S!, define X, := 7~!({s} x B;). Then
e 1 Xy — C?

is the minimal embedded resolution of the plane curve singularity defined by the
restriction of fg to H,. We denote by E® the exceptional divisor of 7, and by E?

the set of irreducible components of E* contained in F;.

Note that if p; : S' x C2 — S! is the projection on the first factor, then pjor : M — S!
is a fibre bundle with monodromy H:X s — X,.
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Now, for each s € S, define the boxes V;# and V[; in X as in section 3.1 (in order to
simplify notation, we shall make no distinction between boxes of the type V; and V,, nor
between boxes of the type Vj; and f/ip).

From now on, fix s € S! and let V; (resp. V;;) be the union of orbits of H that intersect
V;® (resp. V;%). Note that one can have V; = V; for some i # j (resp. V;; = Vjs; for some
i # i and j # j'). Also note that each V; (resp. V;;) is a fibre bundle over S! with fibre a
finite disjoint union of boxes of the type V;* (resp. sz), since H takes each box V# (resp.
V;3) to some box V° (resp. V7).

Clearly, the transversal Milnor fibre (fg)~*(t) No; ' (s) is diffeomorphic to

Fy(s) := (fsgs o WS)_l(t)a

and the vertical monodromy of fg can be taken to be the automorphism h = ﬁ| : Fi(s) —

Fy(s). Moreover, Fi(s) can be decomposed as follows:

R = (UEen) o (UEenv) ).

( 2
Clearly, this decomposition is preserved by the vertical monodromy.
Moreover, if we set W;[l] := 71 ((fg) 1 (t) N Be) = =1 (W;[l]), which is diffeomorphic

to Wi[l], we have the decomposition

il = (U v v ) u (U 0t v )
i i
and clearly each W;[I] N'V; (resp. Wi[l] NV;;) is a fibre bundle over S' with fibre a finite
number of disjoint copies of Fy(s) N V;® (resp. Fi(s) NV;3).

In Lemma 3.1.1, we showed that each part of the Milnor fibre of type Fy(s) NV;7 is a
finite disjoint union of cylinders. Hence W;[l] N Vi; is a fibre bundle over S* with fibre a
finite disjoint union of cylinders. The classification of such kind of fibrations yields that
Wi[l] N Vj; is a Seifert manifold (see Remark 1.10.3).

Now, if V;* C X is such that a; = b;, by (iv) of Lemma 3.1.1 we have that Fy(s)NV;?* is
a disjoint union of cylinders. As before, we conclude that the corresponding piece W, [INV;
is a Seifert manifold.

If V? C X is such that a; # b;, by (i) of Lemma 3.1.1 we have that F;(s) NV, is a
finite covering of E NV = P'\disks, and hence the corresponding piece Wi[l] NV is a
finite covering of F; N'V;.

If E} does not represent a rupture vertex of the dual graph of the total transform of

the transversal singularity by 7, then Fy(s) NV, is a finite disjoint union of either disks
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or cylinders, and therefore W;[l] N'V; is a fibre bundle over 8! with fibre a finite disjoint
union of either disks or cylinders, and therefore it is a Seifert manifold.
So now we shall see what happens in V; if F represents a rupture vertex. Consider
the restriction
h; == IjI‘ B — E]5

We know that there exists an integer m; > 0 such that the iterated (h;)™ is an automor-
phism of E}. Consider E7 , E7 , ES C X, such that B NE; = {z1}, B}, N E} = {2} and
ES N E; = {z3}. Then we must have that (hi)6™ is an automorphism of E$ that fixes
x1, T2 and x3. Since any automorphism of P! that fixes three points is the identity, we
conclude that le is periodic, and hence E; NV, is a Seifert manifold. Then the following

proposition finishes our proof.

Proposition 5.2.2 (i) A finite covering of a Seifert manifold is a Seifert manifold;

(ii) A finite covering of a Waldhausen manifold is a Waldhausen manifold.

Proof: Let 7 : M’ — M be a finite covering of a Waldhausen manifold. Write M = UM,
where each Seifert piece M; is a fibre bundle over a compact surface with boundary F;
and fibre 8! (with finitely many multiple special fibres), and projection p; : M; — Fj. It

is enough to prove that each piece M/ := 7~1(M;) is a Seifert manifold. The composition
piom: M/ — F,

is a bundle (with finitely many multiple special fibres) with fibre a finite covering of St If
such fibre is connected, then we have expressed M/ as a bundle over a surface with fibre
S!, and therefore it is a Seifert manifold.

If the fibre is not connected, we define the following equivalence relation in M/: two points
are identified if they belong to the same connected component of the same fibre of p; o 7.
The quotient of M/ by this equivalence relation is a surface F] that covers F;, and the

quotient application ¢ : M/ — F/ expresses M as a bundle over F/ with fibre S'. "

Then we have proved:

Theorem 5.2.3 Let f,g : (C3,0) — (C,0) be two holomorphic functions such that the
real analytic germ given by fg : (C3,0) — (C,0) has an isolated critical value at 0 € C.
Then the boundary of the Milnor fibre of fg is a Waldhausen manifold.



104 The boundary of the Milnor fibre of fg: (C3,0) — (C,0)




CHAPTER 6

The degeneration of the boundary
of the Milnor fibre

In this chapter, we finally describe the degeneration of the boundary of the Milnor
fibre to the link of a real analytic map-germ fg: (C",0) — (C,0), with n > 3, given by
two holomorphic germs f, g : (C",0) — (C,0) satisfying the following hypothesis:

(A) fg has an isolated critical value at 0 € C;

(B) Either ¥ or ¥\{0} is a stratum of a Whitney stratification of fg, with dimension
kE<n-—2

(C) 5% =0;

(D) Either g is constant (and hence fg is holomorphic) or the map (f,g) : (C*,0) —
(C2,0) is a complete intersection, that is, the intersection f~!(0)Ng~!(0) has complex

dimension n — 2.

For example, consider

f:(C"0)— (C,0)

holomorphic with critical locus ¥ a complex curve. Then we shall prove the following

theorem:

Theorem 6.0.4 Let f,g : (C™",0) — (C,0) be two holomorphic germs of function such
that the real analytic map-germ fg : (C",0) — (C,0) satisfies the hypothesis (A), (B),
(C) and (D) as above. Then, for any t # 0 sufficiently small, there exist:
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(1) a small neighbourhood W of the link of the critical locus L(X) in the boundary of the
Milnor ball S¢ such that the part of Ly (the boundary of the Milnor fibre of fg) that
is not inside W is diffeomorphic to the part of Lo (the link of fg) that is not inside
W;

(ii) a polyhedron P, in Wy = LiNW, of real dimension n+k—2, such that W; deformation

retracts to Py;

(#i7) a continuous map V; : Wy — Wy = Lo N W which restricts to a homeomorphism

from WA\ P, to Wo\L(X) and sends P; to L(X).

The hypothesis (A) implies that:
e There exist sufficient small positive reals 0 < 1 << € such that the restriction
f9,: (fg)"'(D;) N B — D
is a fibre bundle (as we have already seen before);
e X =3(fg) =XS(f)US(9) U (f~1(0)Ng~'(0)); in particular, ¥ is a complex variety.

In fact, if we consider the complex coordinates z1, 21, ..., zn, Zn, then
_ e 1/, - 1, . -
fg=fg.3f9) =5\ fa+ f9,-(fg - f9)
and the Jacobian matrix of the function fg is isomorphic by

df - , F7Og dg df O8f - , Fog dg of df - , FOg dg
(azl9+fazl fom v 95z 05,9t faz, oz, 992, a0t fao fa,
of = 7 Og Jg of of = 7 Og Jg of of — r o Jg
9= fao Tom — 95 99 Ton Jom 95 99— Jonr o

So the points of 3. are the points that satisfy all the following equations:

of dg _ Of L
a fg(TiTi_T;TZ):0, for any @ # j;

) o .

- |fa79i|:|ga*£|,f0r any i =0,...,n;
dg O« af 9 L,
- |f|282T,5j: |g|237£37£, for anyz;é].

Since fg has an isolated critical value, then X(fg) C (fg)~'(0). Define v =
(f71(0) N g=%(0)), a complex variety in C™ of codimension 2.
From the equations above, we know that v C ¥. If x € X(f), then f(z) = 0 and

% =0, for any ¢ = 1,...,n, and hence x € ¥, by those equations. Therefore

5
+ 95

of
~ 9%,

)
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%(f) € E. In the same way, X(g) € X. So X 2 v U X(f) UX(g).

Now, if x € ¥ and = ¢ =, let’s say f(x) = 0 and g(x) # 0, then by the third
equation above we see that % =0, for any i = 1,...,n, and hence z € %(f)
(or if f(x) # 0 and g(x) = 0, then z € ¥(g)). Therefore, ¥ =y U X(f) U X(g).
Note that X(fg) = {(ZLg+ f32,..., ZLg+ f£2) = 0}. Then 3(f) C X(fg),
¥(g9) € X(fg) and v C X(fg). So it follows from the arguments above that
X C 3(f9).

On the other hand, if z € ¥(fg) and = ¢ ~, then either f(z) =0 or g(z) = 0.
Suppose f(z) = 0. Then g—i(ac) =0, for any i = 1,...,n, and hence = € X(f).
In the same way, if g(z) = 0, then z € X(g). So X(fg) C . So X = X(fg).

Hypothesis (B) implies that the critical locus ¥ of fg is either a smooth or an isolated
singularity complex analytic variety of dimension k£ < n — 2, and therefore the vanishing
zone W, defined as in section 4.2, is a fibre bundle over L(X) with fibre a (2n — 2k)-

dimensional disk in S.. Hence, for any t € D;;, we can define the sets Fy, Fy, L, Lo,

Wy and Wy as before. Moreover, it implies that W; and Wy are fibre bundles over L(X)
(theorem 4.3.4).

Now let
YX=X1U---uUd,

be the decomposition of ¥ into irreducible components. Then L(X) has a decomposition

into disjoin components components given by
L(X)=L(Z)U---UL(%,).
Hence W has a decomposition into disjoint connected components given by
W =W[1ju---uWwjr]
and W; and Wy have decompositions into disjoint connected components given by
Wy =W 1] U - U Wyr]

and
Wy = Wo[l] U---u Wo[r].

Then each connected component Wyli] is a fibre bundle over the (2k — 1)-manifold
L(%;) and each connected component W;[i] is a fibre bundle over L(%;):
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(f9)'(t) & WIM (f9):1(0) —— WI [i]
L(%) L(%;)

where the ball By(s)?"~2¢ ¢ 827! can be taken to be a Milnor ball for (fg)s (see the
claim of the proof of theorem 4.3.2), and (fg)s : Bo(s) — C has an isolated singularity at
0 € By(s).

From now on, we should consider the Milnor fibration of fg defined on a polydisk

instead of a ball, that is, considering the polydisk
Ac:={(z1,...,2n) € C" : max{|z1],...,|2n|} <€}

instead of the ball B, (see section 5.1). Then we can choose a coordinate system (z1, ..., zp)
of C™ such that there exists € > 0 such that for any ¢ < e the boundary of the polydisk

A, intersects X transversally at the open face
{(z1,...y2n) € C" : max{|z1|,. .., |zn-1|} <€ |2n] = €},

which contains L(X).
Then for each s € L(X), we can consider (fg)s to be the real analytic isolated singu-

larity function germ
(f3)s : (Hs,5) — (C,0)

given by the restriction of fg to Hs, where H, is the (n — k)-dimensional affine hyperplane
of C™ passing through s and parallel to {z,_k+1 = 2n_gt+2--- = 2, = 0}.
Note that (¢) of theorem 6.0.4 was proved in chapter 4. Now we shall prove (ii) and (4i7)

of that theorem. First we need to construct a Lé Polyhedron for each isolated singularity

(fg)s:

e If g is constant and hence fg is holomorphic, the construction of a Lé polyhedron

for (fg)s is given by Theorem 2.1.1;

e If g is not constant, by hypothesis (D) we have that (f~*(0) N g~'(0)) has complex
dimension (n — 2). Since (f~'(0) N g~*(0)) is contained in ¥, we must have k >
n — 2. But clearly one has £ < n — 2, and therefore k¥ = n — 2. Then H; is a
2-dimensional affine hyperplane. Since 887% = 0, by hypothesis (C'), we can assume,
taking appropriate coordinates, that for each s € L(X) one has g—‘;’j = (0. Then the

construction of a Lé polyhedron for (fg)s is given by Theorem 3.4.1.



109

Then we obtain:

e a polyhedron P; s of real dimension n — k — 1 in the compact real surface (fg);(t)
such that (fg); () deformation retracts to Ps.

e a continuous map W : (fg);1(t) — (fg);*(0) which sends P, to {0} and such
that W, s restricts to a homeomorphism from (fg);*(t)\P:s to (fg)51(0)\{0}.

Now fix s; € L(%;) and t € D;. Consider P, a Lé Polyhedron for (fg)s, and Wy
a collapsing map as in the previous lemma. Since W,[i] is a fibre bundle over L(%;), it

follows that for any s € L(3;)\{s;} there exists a homeomorphism

hes : (Bo(s), (f9)51(1)) — (Bo(si), (f9)5, (1))

and a homeomorphism

ho,s = (Bo(s), (£9)51(0)) — (Bo(s:), (£9)5,'(0)),

where By(s;) C Hy, is a Milnor ball for (fg)s;, (and therefore By(s) C Hy is a Milnor ball
for fs). Then for each s € L(3;)\{s;} we define

Pis:=h"Y(P,).

Lemma 6.0.5 For each s € L(X;)\{si}, the polyhedron P, defined as above is a Lé
Polyhedron for (fg)s.

Proof: We have to show that:

(i) (fg);1(t) deformation retracts to P :
Since (fg);.'(t) deformation retracts to Py, there exists a family of maps « :
(f9)5,1(t) = (f3)5,} (t) in the real parameter & € I, where I denotes the unit interval,
such that aq is the identity, ozl((fg)s_il(t)) = P, 5, and the restriction of o, to P g,
is the identity, for any s € I.
Then for each k € I, define the map B, : (fg);1(t) — (fg)5'(t) by setting 3, =
h~Yoa,oh. This family of maps clearly defines a deformation retraction of (fg);*(¢)

onto P ;.

(i4) there exists a continuous map Wy, : (fg);1(t) — (fg);1(0) such that W, ; restricts
to a homeomorphism from (fg);(t)\Prs to (fg); *(0)\{s} and such that ¥, s sends
P, ¢ to {s}:

Setting Wy , := ha i oW, o hy s we clearly obtain the desired map.
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(f9)s'(t) —= (f9)5," (1)

\I’t,sl \L\pmi

(£9)7(0) 25 (£3)51(0)

If we set P;[i] to be the union of P, with the union of all the P; s for s € L(3;)\{s;}

defined as above, that is,

Pt[Z} = U Pt,37

SEL(Ei)
then clearly P;[i] is a fibre bundle over L(X;) with fibre P; 5, and W;[i] deformation retracts
to Pt [Z]

Py s, & Pyi]

g

L(%)
Now define the continuous map W.[i] : Wi[i] — Wpli] by setting

Wili] () := Wy pa) i) (@)

Clearly, W[i] restricts to a homeomorphism from W;[i]\P;[i] to Wy[i]\L(2;) and sends
Rl to L(S)).



Bibliography

1]

2]

N. A’Campo, La fonction zéta d’une monodromie, Comment. Math. Helvetici 50
(1975), 233-248.

W. Barth, C. Peters and A. Van de Ven, Compact complex surfaces, Springer Verlag,
1984.

J. F. de Bobadilla and A. Menegon, The boundary of the Milnor fibre of complex and
real analytic non-isolated singularities, Preprint arXiv: 1106.4956, 2011.

J.-P. Brasselet, Définition combinatoire des homomorphismes de Poincaré, Alexander
et Thom pour une pseudo-variété in “Caractéristique d’Euler-Poincaré”, Astérisque
82-83, Société Mathématique de France (1981), 71-91.

J.-P. Brasselet, J. Seade and T. Suwa, Vector fields on singular varieties, Lecture
Notes in Mathematics , Vol. 1987, Springer Verlag, 2010.

E. Brieskorn and H. Knoérrer, Plane Algebraic Curves, Birkhauser Verlag, 1981.

D. Burghelea and A. Verona, Local homological properties of analytic sets,
Manuscripta Math., 7:55-66, 1972.

J. Cisneros, J. Seade and J. Snoussi, Milnor fibrations and d-regularity, International
Journal of Mathematics (2010), 419-434.

A H. Durfee, Neighbourhoods of algebraic sets Trans. Am. Math. Soc., 276 (1983),
517-530.

C. Ehresmann, Sur les spaces fibrés différentiables, Compt. Rend. Acad. Sci. Paris,
224:1611-1612, 1947.



112 BIBLIOGRAPHY

[11] D. Eisenbud, W. Neumann, Three-dimensional link theory and invariants of plane

curve singularities, Ann. of Math. Studies, Princeton, 1985.

[12] H. Grauert, Uber Modifikationen und exzeptionelle analytische Mengen, Ann. of
Math., 146: 331-368, 1962.

[13] H. Hironaka, Stratification and flatness, in “Real and Complex Singularities”, Pro-
ceedings of the Nordic Summer School, Oslo 1976; edited by P. Holm, Publ. Sijthoff
and Noordhoff Int. Publishers (1977), 199-265.

[14] H. Hironaka, Triangulations of algebraic sets, Algebraic geometry (Proc. Sympos.
Pure Math., Vol. 29, Humboldt State Univ., Arcata, Calif., 1974), Amer. Math. Soc.,
Providence, R.1., 1975, pp. 165-185.

[15] M.W. Hirsch, Smooth regular neighborhoods, Ann. of Math. 76 (1962), 524-530.
[16] M.W. Hirsch, Differential Topology, Graduate Texts in Math. 33, 1976.

[17] F. Hirzebruch, W.D. Neumann and S.S. Koh, Differentiable manifolds and quadratic
forms, Marcel Dekker, Inc., New York, 197.

[18] A. Horvéath and A. Némethi, On the Milnor fiber of non-isolated singularities, Studia
Sci. Math. Hungar. 43 (2006), no. 1, 131-136.

[19] M. Kato and Y. Matsumoto, On the connectivity of the Milnor fiber of a holomorphic
function at a critical point, Manifolds-Tokyo 1973 (Proc. Internat. Conf., Tokyo,
1973), 131-136. Univ. Tokyo Press, Tokyo, 1975.

[20] D.T. L¢, Calcul du nombre de cycles évanouissants d’une hypersurface complexe, Ann.
Inst. Fourier 23 (1973), 261-270, Grenoble, France.

[21] D.T. Lé, Some remarks on relative monodromy, P. Holm, editor, Real and complex
singularities, Proc. Nordic Summer School, 397-403, Sijthoff and Noordhoff, 1977.

[22] D.T. Lé, Polyédres évanescents et effondrements, A féte of topology, 293-329, Aca-
demic Press, Boston, MA, 1988.

[23] F. Michel and A. Pichon, On the boundary of the Milnor fibre of non-isolated singu-
larities, Int. Math. Res. Not. 43 (2003), 2305-2311.

[24] F. Michel and A. Pichon, On the boundary of the Milnor fibre of non-isolated singu-
larities (Erratum), Int. Math. Res. Not. 6 (2004), 309-310.



BIBLIOGRAPHY 113

[25]

[26]

[27]

28]

F. Michel and A. Pichon, Carrousel in family and non-isolated hypersurface singular-
ities in C3, to be published.

F. Michel, A. Pichon and C. Weber, The boundary of the Milnor fiber of Hirzebruch
surface singularities, in Singularity Theory, World Sci. Publ., Hackensack, NJ (2007),
745-760.

F. Michel, A. Pichon and C. Weber, The boundary of the Milnor fiber for some non-
isolated singularities of complex surfaces, Osaka J. Math. 46 (2009), 1-26.

J.W. Milnor, Singular points of complex hypersurfaces, Ann. of Math. Studies 61,
Princeton, 1968.

J.W. Milnor, Topology from the differentiable viewpoint, Univ. Press of Virginia, Char-
lottesville, 1965.

D. Mumford, The topology of normal singularities of an algebraic surface and a cri-
terion for simplicity, Publ. Math. LH.E.S., 9, 1961.

R. Narasimhan, Introduction to the theory of analytic spaces. Springer Verlag, 1966.

A. Nemethi and A. Szilard, Milnor fibre boundary of a non-isolated surface singularity,
Preprint arXiv: 0909.0354, 2009.

W.D. Neumann, A calculus for plumbing applied to the topology of complex surface
singularities and degenerating complex curves, Tran. Amer. Math. Soc. 268 (1981)
299-343.

A. Pichon, Real analytic germs fg and open-book decomposition of the 3-sphere, Int.
J. Math. 16 (2005), 1-12.

A. Pichon and J. Seade, Fibred multilinks and singularities fg, Mathematische An-
nalen Vol. 342, Number 3 (2008), 487-514.

A. Pichon and J. Seade, Milnor Fibrations and the Thom Property for maps fg,
Preprint arXiv: 1103.3236, 2011.

A. Pichon and J. Seade, Real singularities and open-book decompositions of the 3-
sphere, Ann. Fac. Sci. Toulouse Math. (6) 12 (2003), no. 2, 245-265.

J. Seade, On the topology of isolated singularities in analytic spaces, Progress in
Mathematics Vol. 241, Birkhauser Verlag, 2006.



114 BIBLIOGRAPHY

[39] M. Sebastiani, Introdu¢ao a geometria analitica complexa, IMPA (Rio de Janeiro),
2004.

[40] D. Siersma, Isolated line singularities, Singularities, Part 2 (Arcata, Calif., 1981),
485-496, Proc. Sympos. Pure Math., 40, Amer. Math. Soc., Providence, RI, 1983.

[41] D. Siersma, Variation mappings on singularities with a 1-dimensional critical locus,
Topology 30 (1991), 445-469.

[42] E. Spanier, Algebraic Topology, McGraw-Hill, 1966.

[43] J.L. Verdier, Stratifications de Whitney et théorém de Bertini-Sard, Inv. Math. 36
(1976), 295-312.

[44] H. Whitney, Local properties of analytic varieties, Symposium in honor of M. Morse,
Princeton Univ. Press, edited by S. Cairns, 1965.



	Portada

	Abstract
	Table of Contents
	Introduction
	Chapter 1. Preliminaries

	Chapter 2. The Degeneration of the Milnor Fibre of Complex Singularities

	Chapter 3.  Real Analytic Map-germs of the Type fg : (C2, 0) ! (C, 0) 
	Chapter 4. The Vanishing Zone

	Chapter 5. The Boundary of the Milnor Fibre of fg : (C3, 0) ! (C, 0)

	Chapter 6. The Degeneration of the Boundary of the Milnor Fibre

	Bibliography



