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Chapter 1

Introduction

1.0.1 Introduction

This thesis includes two topics. The first topic is about binary expan-
sions of prime reciprocals. We seek to obtain information about the prime
numbers based on the binary expansion of their reciprocals. We obtained
interesting results that are related to the Fermat numbers.

Prime numbers have been studied since the beginning of mathematics.
Euclid in his work Elements circa 300 BC, showed that there are an infi-
nite number of them. Many great mathematicians have worked with them,
such as Euclid, Bertran, Legendre, Riemann see [12], Fermat, Leibnitz,
Wiles see [9], Wilson, Lagrange see [31], Oppermann [29], Rosser [34],
among others. And also, there are many conjectures about these num-
bers, such as the conjecture that there are an infinite number of Mersenne
primes. A Mersenne Prime is a prime number of the form M,, = 2" — 1 for
some integer n. They are named after Marin Mersenne, a French Minim
friar, who studied them in the early 17th century. There are many more
open conjectures, such as Andrica’s conjecture [1], Goldbach’s conjec-
ture, Brocard’s conjecture see [32], [31], Artin’s conjecture see [2] and
[19], among others. See also [16], [18], [21], [25] and [33].

In Section 2.1 we provide some tools to prove Zsigmondy’s Theorem,
see [42]. This Theorem proves that for every positive integer n # 6, there
exists at least one prime divisor of 2" — 1 that does not divide 2° — 1 for
every s < n.
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In Section 2.2 we explore binary expansion for reciprocal primes. In
addition, we work with the sieve given by Zsigmondy’s Theorem.

In Section 2.3 we work with the last digit of the new prime numbers
that appear using the binary sieve. We find an interesting distribution in
the last digit.

In Section 2.4 we worked with antisymmetric numbers. Let r be a
positive integer, then r is called an antisymmetric number of size m € N
if 1/r has a binary expansion with period 2m and for each i € {1,2,...,m}
the terms i and the i + m of the binary expansion add up to 1. Furthermore,
we relate these numbers to the Fermat numbers.

In Section 2.5 we include the tables that helped us in our analysis.
The new results are Theorem 2.3.1, Lemma 2.4.1, and Lemma 2.4.1.1,
which we published in article Binary expansions of prime reciprocals, see
[26].

The second topic is about the supremum metric and the total variation
metric. We use a modification of the Skorohod metric to define a new
metric. Our metric preserves the fractal properties of the functions and the
concept of independence. In another section we study the different defini-
tions of total variation for higher dimensions and we propose an alternative
that we consider more appropriate to the unvaried definition.

In Section 3.1 we put the definitions and well-known results about the
total variation.

In Section 3.2, we introduce the simplest metric generated by the total
variation, dpy». We prove that (BV([a, b]),dyy Hb) is not a separable space.
Additionally, we provide some relevant examples that motivate us to work
with a metric involving total variation.

In Section 3.3, we introduce the concept of Absolutely Continuous
functions and we add some important properties of these functions.

In Section 3.4, we propose a modification for the metric seen in Section
3.2. This modification is similar to the one suggested by Skorohod. Using
these new metric we do not obtain a complete space.

Section 3.5 presents our final version of the metric.

In Section 3.6, we prove that the metric in 3.5 is a complete metric.

Section 3.7 we prove also separability to obtain a Polish Space.
Finally, in Section 3.8 we discuss the different definitions of total variation
in larger dimensions. Furthermore, we propose a definition that seems to
be an adequate extension of the definition in dimension 1.



1.0.2 Introduccion

Esta tesis incluye dos temas. El primer tema es sobre las expansiones bina-
rias de reciprocos de primos. Obtuvimos informacién sobre los nimeros
primos basandonos en la expansién binaria de sus reciprocos. Ademads,
obtuvimos resultados muy interesantes relacionados con los nimeros de
Fermat.

Los nimeros primos han sido estudiados desde el comienzo de las
matematicas. Euclides en su obra Elementos alrededor del 300 a.C. de-
mostré que hay una cantidad infinita de ellos. Muchos grandes matemati-
cos han trabajado con ellos, como Euclides, Bertran, Legendre, Riemann
ver [12], Fermat, Leibnitz, Wiles ver [9], Wilson, Lagrange ver [31], Op-
permann [29], Rosser [34], entre otros. También hay muchas conjeturas
acerca de estos niimeros, como la conjetura de que hay una cantidad in-
finita de primos de Mersenne, un primo de Mersenne es un nimero primo
de la forma M,, = 2" — 1 para alguin entero n. Reciben su nombre en honor
a Marin Mersenne, un fraile francés, que los estudi6 a principios del siglo
XVII. Hay muchas otras conjeturas abiertas, como la conjetura de An-
drica [1], la conjetura de Goldbach, la conjetura de Brocard ver [32], [31],
la conjetura de Artin ver [2] y [19], entre otras. Ver también [16], [18],
[21], [25] y [33].

En la Seccién 2.1 proporcionamos algunas herramientas para la de-
mostracion del Teorema de Zsigmondy, ver [42]. Este teorema demuestra
que para cada entero positivo n # 6, existe al menos un divisor primo de
2" — 1 que no divide a 2* — 1 para cada s < n.

En la Seccién 2.2 exploramos la expansion binaria para los recipro-
cos de primos. Ademds, trabajamos con la criba dada por el Teorema de
Zsigmondy.

En la Seccién 2.3 trabajamos con el dltimo digito de los nuevos niimeros
primos utilizando la criba binaria. Encontramos una distribucién intere-
sante en el ultimo digito.

En la Seccién 2.4 trabajamos con niimeros antisimétricos. Sea r un
entero positivo, entonces r se llama un niimero antisimétrico de tamafio
m € N si 1/r tiene una expansion binaria con periodo 2m y para cada
ief{l,2,...,m}los términos i y i + m de la expansién binaria suman 1.
Ademas, relacionamos estos nimeros con los nimeros de Fermat.

En la Seccién 2.5 incluimos las tablas que nos ayudaron en nuestro
andlisis.
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Los resultados nuevos son el Teorema 2.3.1, Lema 2.4.1, y Lema 2.4.1.1,
los cuales publicamos en el articulo Binary expansions of prime recipro-
cals, ver [26].

El segundo tema trata sobre la métrica supremo y la métrica de variacién
total. Utilizamos una modificacién de la métrica de Skorohod para definir
una nueva métrica. Nuestra métrica conserva las propiedades fractales de
las funciones y el concepto de independencia. En la dltima seccion es-
tudiamos las diferentes definiciones de variacién total para dimensiones
superiores y proponemos una alternativa que consideramos mas apropiada
a la definicion univariada.

En la Seccidén 3.1 presentamos las definiciones y resultados conocidos
sobre la variacién total.

En la Seccién 3.2, introducimos la métrica mas simple generada por la
variacion total, dva. Demostramos que (BV([a, b)), dva) no es un espa-
cio separable. Ademads, proporcionamos algunos ejemplos relevantes que
nos motivan a trabajar con una métrica que involucra variacion total.

En la Seccién 3.3, introducimos el concepto de funciones absoluta-
mente continuas y agregamos algunas propiedades importantes de estas
funciones.

En la Seccién 3.4, proponemos una modificacién para la métrica vista
en la Seccion 3.2. Esta modificacién es similar a la sugerida por Skorohod.
Usando esta nueva métrica no obtenemos un espacio completo.

La Seccioén 3.5 presenta nuestra version final de la métrica.

En la Seccién 3.6, demostramos que la métrica en 3.5 es una métrica
completa.

La Seccién 3.7 demuestra también la separabilidad obteniendo un Es-
pacio Polaco.

Finalmente, en la Seccién 3.8 discutimos las diferentes definiciones de
variacion total en dimensiones mayores. Ademads, proponemos una defini-
cién que parece ser una extension adecuada de la definicién en dimensién
1.



Chapter 2

Primes

2.1 Zsigmondy’s Theorem

We want to prove that for every n € N \ {6}, where N is the set of that all
positive integers, 2" — 1 has a prime divisor p such that p does not divide
2% — 1 with 1 < k < n, except for n = 6. The first person to prove this
result was A. S. Bang in 1886 [5], [6]. In 1892 Zsigmondy proved a more
general result [42] which we present below. The proofs of this section are
based on [8].

Definition 2.1.1 Let @ > b > 1 be positive integers. And let us consider
{x,}n>1 the sequence of integers such that x; = a — b for every i € N. Let
n € N, if p is a prime number such that p is a divisor of a" —b" and p does
not divide a — b* for every 1 < k < n then we call p a primitive prime
divisor of a" — b", see [40].

Remark 2.1.2 Recall that if a,b are integers, we say that a and b are
coprime integers if and only if the greatest common divisor of a and b is
1. That is, if the only positive common divisor of @ and b is 1. The greatest
common divisor of @ and b is denoted by gcd(a, b).

Zsigmondy’s Theorem 2.1.3 (1892) Let a > b > 1 be coprime integers
and let n > 2. Then there exists a primitive prime divisor of a" — b", except
when:

e n=2anda+ bisapowerof2; or

ea=2b=1andn = 6.
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Observe that the case n = 2 is easy to prove. In fact, if a> — b* =
(a + b)(a — b) has no primitive prime divisors then every prime p that
divides a + b must divide a®> — b? and thus must divide a — b (otherwise it
would be a primitive prime divisor). Then if p is a prime that pla + b we
have that p|(a + b) — (a — b) = 2b and p|(a + b) + (a — b) = 2a.
Thus, p = 2 because a and b are coprime. This result tells us that the only
prime number that divides a + b is 2. Hence, a + b is a power of 2.

Lifting the Exponent Lemma

For p a prime number, let v,: N — N U {0} the function such that v,(n)
denotes the exponent of p in the prime factorization of n. For example,
v2(1) = 0, v2(2) = 1, v2(3) = 0 and v2(4) = 2.

Remark 2.1.4 Let us remember that for r € N we consider the equiv-
alence relation ~, on Z given by: x ~, y if and only if 7[x — y. Then
z, = {[0],,[1],,...,[r — 1],} are all different equivalence classes. Also
(z,,+,-) with

[x], + Y], := [x +y], and [x], - [y], := [x -y,

is a field if and only if  is a prime number, see Proposition 3.19 [35].
When x ~, y then we say that x is congruent with y module r and we
denote it by x = y( mod r).

The following is the Lifting The Exponent (LTE) lemma, for the
proof see [30].
Lemma 2.1.5 (LTE) Let p be a prime number and let x,y € Z and m € N
such that x = y( mod p) and y, x £ 0( mod p).

1. If p > 3, then

Vp(xm -y") = vp(x =) + vp(m). 2.1
2. If p=2, then
Vo (X" — ") = V2(x2 _ y2) + v (%) lf m l:S even, 2.2)
Vva(x —y) if misodd.

Remark 2.1.6 Let p be a prime number and let us consider the equivalence
classes given in Remark 2.1.4. If Z = {[1],,....[p — 1],} then (z;;, ) is
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the group of units of z, (with the product of Remark 2.1.4) and it has p—1
elements. For every [s], € Z;;, recall that if m = order([s],) then m is the
smallest natural number such that [s];," = [1], and m divides |Z;| =p-1.
See Lagrange’s Theorem 2.81 and Proposition 2.72 [35]. Also, [s]?7 =[11,
if and only if m|n, see Lemma 2.53 [35].

2.2 Binary Expansions

We start this subsection with a Lemma which may be known, but we have
not found its proof, so we have included it. First, we will introduce some
notation. For every n € N, let D, be the set

D,={re N|rjnand r # 1,n}.

We observe that D, is the empty set if n = 1 or n is a prime number.
For every n,m € N such that 1 < m < n and n is not a prime number, let
us consider

Lal-1
YV = 2™ and T, = {{ € N | y,, does not divide [ for every m € D,}.
i=0

31z

The next Lemma should be known but we could not find any reference
for it.
Lemma 2.2.1 Let g be a rational number in the unit closed interval I =
[0, 1]. Then the binary expansion of q takes the form

q=0.aiay---a,b1by--- b, (2.3)

where ay,...,ay,b1,...,b, € {0,1}, m € NU{0}andn € N. The over-
lined terms is the periodic part of the number g, which includes zeros and
ones if n > 1, and n is the size of the shortest period. Then

i) m=0andn=1ifand onlyifg=0o0rq=1.

ii) m=0andn > 1ifand only if g = ﬁforsome integer 1 <[ <
2" =2 such thatl € T',,.

l

iii) m>1landn=1ifandonly if g = 5

2" - 1.

for some odd integer 1 <1 <
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iv) Ifm > 1andn > 1 then q = %forsomeintegerl <<

"1
2mn — 1) - 1.

Proof. Assume that g € I is a rational number with binary expansion given
in equation (2.3).
i) If m = 0 and n = 1, then from (2.3) and using geometric series, we have

thatg=00=00rg=0.1 = 32, 2% = % = 1. The converse is clear.

ii) If m = 0 and n > 1 then from (2.3) we have that ¢ = 0.b1b,---b,,
first we observe that b1b, ---b,, # 11---1and b1b,--- b, # 00---0, since
we assumed the the periodic part is always the shortest possible. There-
fore, the smallest periodic part would be ¢ = 0.00--- 01, where the ones
are located at the position n,2n,3n,...,kn,... and the largest periodic
part would be ¢ = 11---10, where the zeros are located at the positions
n,2n,3n,...kn,...In the first case

— &1 > 1
‘1—0-00"'01—Zzn.k—j—ﬁ- (2.4)
k=1 2
In the second case, using a finite number of geometric series we have that

the largest value of ¢ is

-1 2
2" -2
= 57 2.5)

In general, for 0.b;b, ---b, with § C {1,2,...n} such that b; = 1 for
every i € S and b; = O for every i € {1,2,...,n} \ S. We can write
S ={u,up,...,u; withuy <up, <---<u,and 1 <t < n. Then
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B N 1
= ;W ﬁ-’-ﬁ*_.“-‘-ﬁ

1 |: 2n—u1 2n—uz 2n—u, ]

+ oot
1= 2_1n on on on
i
o2 2n
Zt‘—l =i
= = 2.6
] (2.6)
Take [ = Y/_, 2" note that
t n—1
Z ot < Z 2 = =2"—1. 2.7)
=1 i=0
Thus, 1 <[ < 2" -2 and by equation (2.27), g = . If I ¢ T',, then there
exists gln, g # n, 1 such that
g . .
Z 2% = y,|I 2.8)
i=0

with \_ﬂJ = g = w for some w € N. We have that

[%J_l w-1

ygzzzig — Zzlg_Z(zg)_ — ;Z:i 2.9

i=0

And by equation (2.8), [ = y,z for some z € N, then

l Vg2 Z
= = < 1
2" —1  ye(26-1) 28-1

g= (2.10)
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Also, 2= Yy 2/ such that J ¢ {0, 1,. .. ,g& — 1}, because

pary 1-2
We can write J = {r(,7,...,rs} such that r, < r, < --- < ry;. Take
C1,...,¢g € {0,1} such that ¢; = 1if i = g — jfor j € J and c}s zero in
other case,
0 1 [oe)
O.crerce = kZ Sekre—r + kZ 2gk+(g v Z 2gk+<g "
> 1 1 1 1
= ZW T TR v
k=0 L
SR I 2”]
- _k — PP -
o 28k | 28 ¢ g
B i 1 [27 271 4. 4 2m i 1 [Z,-EJZ’]
e 28 | 28 = 28 28
_ilz]_zil_z[l]_z[zg]
- ek [2g| T o Hgk  og L]~ _
pe 28k [ 28 28 pa 28 28 1-5 28128 -1
z
= n_T 2.11)

Then n is not the smallest period of ¢, which is a contradiction. Therefore,
leT,.

Now let!e{1,2,...,2" =3,2" =2}, then | = Y,y 2 for some H &
{0,1, ,n — 1}. We can write the elements of H in the following form
H = {rl,rz,...,rw} with ry < rp < --- < r,. Let us define b; = 1 for
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i = n—r;jforevery rj € H and for the rest b;.s zZero.

00 (e 00

1 1 1
Z Qnk+(n—ry) + Z Qnek+(n—ry-1) oot Z Qnk+(n—ry)

k=0 k=0

0.b1b2b3 - - by

=~
(=}

L[, L]
. »2n—rw DN=ry-1 on—ry

on k
1 [2m 2lw-1 27
= — + +.. .+ —
ok | on on on

L o[2% + 2%t 4. 420

Z 2ik [ZzeHz ]

NIERYNSERINSEBINSE

n-k
2k | 20 £
B 1| ] S 1[ 1 }
= wk |9 |~ An = on 1
Laonk|on] " 2 Z 21—k
[ 2 !
oo 2n—1}_2n—1' @12

We need to see that n is the shortest period of g. We known that g =
0.by---byby---b,--- thus m = 0. If k is the shortest period of g with
k < n, then

g=0.21Cr=0bybyby - -byby - =0.by - by. (2.13)

Therefore c; - - - ¢ is part of by - - - b, and kln. Also, k € D,. By the first
section of the proof part ii) we have that there exists 1 < r < 2¥ — 2 such

that g = . Note that using that k|n and n = sk for some s € N,
L2]-1 ‘ s—1 ;
n@-1n = | Y 2@ -n= {Z (2 } @ -1
i=0 i=0
ka Zxk -1
= 2k - 2k -1
[ 1-2¢ ]( Co2k—1 ( )
= 2"-1. (2.14)
Therefore
r l [
q= (2.15)

X1 -2 —1 2k —1)
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so,l=ryandl ¢ T,,.

iii)Ifm > 1andn = 1 then g = O.a1a2-~~amﬁ with @, = 1 or g =
0.aia; - - -amT with a,, = 0, that is, we have the two expansions of the
same number. So, we can assume that a,, = 1 and then we have a tail of
zeros. In this case we would have that

0.00---01 <g<0.11---11

where the last one is in the position m. Then

Also, g = 0.a1az - - - a,,0 with S C {1,2,...,m} such that a; = 1 for every
ieSanda; =0foreveryie{l,2,...,m}\S. Thenm € §, we can write
S ={wi,ws,...,w,} where w; < wp < --- <w, and w, = m. We have that

- w1 A I
qg = a1612"'am0 = Zﬁ = o = Z—MZZ'" Wi, (216)
i=1 i=1 j

i= i=1

Ifl =3 ,2"" thenq = zim ! is an odd integer because 2" = 1 and
the other addends are even, and

r

m—1
m-wj i_l_zm_ m
1sl=;2 szoz_ —5 =2"-1 (2.17)

For the other implication, let / an odd integer such that 1 </ < 2" — 1.
Then /= Y,y 2" withO € Hand H € {0,1,...,m — 1}. Then

m—1
Cpoom
1_1322l= —om_ 1.
i=0

1-2
We can write H = {uy, ua,...,u;} where u; < up <--- <u;,and u; = 0.
Letay,as,...,a, €{0,1} such that aq; = 1 if i = m — j for some j € H and

a; = 0 in other case. So,

| S B I
0.a1a2~--am0=; =)o Zz’zz—mzq. (2.18)

omw ~ Lagm T m

= =
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iv)If m>1andn > 1, then

g = O.aiar---awbiby---b, =0.a1as +---a,0+0.00---0b1by - -- b,
q1tq (2.19)

where g, has m zeros after the point and before the b’s. Using iii) we know
that

ok
0= 5

for some k odd such that 1 < k < 2" — 1. For b1b,---b, we take S ¢
{1,2,...,n}, S # @ such that b; = 1 foreveryi € § and b; = 0O for
every i € {1,2,...,n} \ S. We can write S = {u,us,...,u;} such that
1<u <up<---<u <n. Then

O 1 = 1
G2 = 00-0bi by = ) s bk ) s
j=0 j=0

le= 11 1 1
= 3l twt

J
1 1 |[2rm 4 2ne 4o g
2" 1 -5 2n
1 2n ] l‘—l 2n—u, {_1 2n—ut
- _ = = = . 220
om [2ﬂ -1 2n 2m2n — 1) (2.20)
Ifh =3/ 2", then
t n—1 1_on
I<h=) 2" 2=—==2"-1
< Zl < ZO —>
So, we have that ¢, = 5 with 1 <h < 2" —2. And
k h k2" =1)+h
+ e — + = . 221
DER=5m T omn—1) T 2m@2r - 1) (2.21)

Take I = k2" —1)+h, 1 <k <2"—-1land 1 < h < 2" -2, hence,
l<i<2"@" -1 -landq =g+ = zz—p-
[}
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Note that the converse of Lemma 2.2.1 part iv) is not true. For exam-
ple,forn—Zandm— L1<1<2"2" - )—1 =5and 22" -1) =
With % =3 =010 = 0. 01 so for [ = 3, oD 2,, 0 does not have blnary
expansion w1th m = 1 and n = 2. Remember that n must be the shortest
possible period.
Remark 2.2.2 Note that in part ii) of Lemma 2.2.1, for everyl € {1,2,...,2"—
3,2" =2} equation (10) holds, that is, for everyl € {1,2,...,2"=3,2" -2},

l
2n —1

=0.b---b,

for some by, . ..,b, €{0,1}. But n may not be the shortest period of ﬁ
Now we state a very well known result, whose proof follows directly

from Fermat’s little Theorem, we can find the proof of this theorem in

[35]. We will use the notation g|p to denote that g divides p.

Lemma 2.2.3 Let p be a prime number greater than 2, then p|(2°~" - 1).

Proof. Fermat’s little Theorem states that:

If p is a prime number and a is any integer such that p does not divide
a, then p divides a1t -1,

Therefore, if p > 2 is a prime number then p does not divide a = 2.
Hence p divides 277! — 1. O

Notice that, the converse of Lemma 2.2.3 does not hold. For g = 341, ¢ is
not prime: 341 = 11 - 31. And we have that g (2"" - 1)

2401 = 3.52.11-31-41-137-953-1021 442126317 - 43691 - 131071 -
550801 - 23650061 - 7226904352843746841 -
9520972806333758431 - 26831423036065352611

= 3-5%.341-41-137-953-1021 - 442126317 - 43691 - 131071 -
550801 - 23650061 - 7226904352843746841 -
9520972806333758431 - 26831423036065352611.

Corollary 2.2.4 Let p be a prime number greater than 2. Then 0 <

and .
r
1; = T (2.22)
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for some integer 1 < r < 2P~ — 3. Besides, % has a binary expansion
which satisfies

1 -
—=0.b1by---bp_1, (2.23)

B

with by = 0 and b,_; = 1. Note also that the period in (2.23) may not be
the shortest one.

Proof. If p is a prime number greater than 2, it is obvious that 0 < é <4

and by Lemma 2.2.3 p divides 2P~' — 1, so there exists r an integer such
that p - r = 2P~1 — 1. Therefore, (2.22) follows, and by Remark 2.2.2
we have that 1—17 has the binary expansion given by equation (2.23). Since

1—1) < 1 then by = 0 and since p is an odd integer then b,_; = 1. The last
note can be observed, for example when p = 7, in the next paragraph. 0O

For example if p = 3 then 27! — 1 = 3 and in this case 1 = 0.01, if
p=5then2?"! =1 =15 = 3 -5 and in this case % =0.0011,if p =7
then 2! =1 = 63 = 3-3 -7 and in this case % = 0.001001, here we

observe that 2° — 1 = 7, that is why % has a shorter period of only three

numbers, that is, % = 0.001, this last example motivates the definition

given below. If p = 11 then 27"! — 1 = 1023 = 3 - 11 - 31 and in this
case - = 0.0001011101. Note that p =3 =22 -1,p =7 =23 - 1,
p =231 =2 ~1and p = 127 = 27 — 1 are Mersenne’s primes, but
p =2047 =2'"" =1 =23-89 is not a prime, but a composite number.

A natural order to generate prime numbers p is to consider the size of
the shortest period of the binary expansion of é.
Definition 2.2.5 Let p be a prime number, then we will say that p is a long
prime if and only if p does not divide 29" — 1 for any q < p, in any other
case we will say that p is a short prime.
From the example above p = 3, p = 5 and p = 11 are long primes,
but p = 7 and p = 31 are short primes, since 7 divides 2°> — 1 and 31
divides 2° — 1. Of course, 31 also divides 2°° — 1 = 1,073,741,823 =
3-3-7-11-31-151-331. We will use later on the above Definition to
generate prime numbers using numbers of the form powers of two minus
one. Let us prove another useful result.
Lemma 2.2.6 Let p,q € N such that g|p. Then (29 — 1)|(27 - 1).
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Proof. Let us assume that p,q € N such that g|p. Then there exists an
integer r € N such that g - r = p. Define k = Z,’;O(Qq)’", then clearly & is
an integer and using geometric sums

r—1 r
(27-1) [Z(zq)M] = (24— l)ﬂ
m=0

1-24
29" -1
= (29-1)=2 L~
( ) 71
= 2P -1 (2.24)
Therefore, 27 — 1)|(27 - 1). O

Since 3|6 then 7 =23 — 1|2 ~= 1 =63 =3 -3 -7, s0 7 is a short prime,
and since 2|6 then 3 = 22 — 126 — 1 = 63 = 3 -3 - 7. We have seen that
the case 2° — 1 is an interesting exceptional case, when we consider all
the numbers of the form 2" — 1, for any integer n > 2, see Zsigmondy’s
Theorem 2.1.3.

In Tables 2.3 we found the value of 2" — 1 for 2 < n < 75 we give the
prime decomposition of 2" — 1 underlining the new primes, which have
not been found previously. And for 76 < n < 100 we only provided of
decompositions. The underlined primes will be of great importance in the
interpretation of this Tables, and they will also help in finding the prime
decomposition of the numbers 2" — 1 when 7 is not a prime number. We
will also observe how to find the short primes when we evaluate the prime
decompositions of the numbers 2" — 1 when n varies from 2 up to N for
N < 100.

First, we note that from Lemma 2.2.3, if n is a prime greater than 2,
then #n|(2"~! = 1). So, if we find the prime decomposition of 2" — 1 for
every m € N, then for every prime p greater that 2 we will findanm € N,
such that p|2™ — 1, of course this holds form = p — 1.

Let us assume that we are trying to find the prime decomposition of
2" — 1 when n is not a prime number. If n is not too large, it is possible to
find its prime decomposition using for example the package Mathematica,
which by the way has an amazing range to perform this task. Let us assume
that g; < g < -+ < g1 < gy are the prime numbers such that

n=qi- ¢ g1 -qr where ke N, (2.25)
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where (2.25) is of course the prime decomposition of n. Let
r<rp<r3<-<rpu <rpy (2.26)

be all the different divisors of n obtained by multiplying one or more
primes given in equation (2.26), of course r,, = n. So, for example if
n = 40, its prime decomposition is given by n =2 -2 -2 -5, that is, k = 4,
and the different divisors of nare 2 < 4 < 5 < 8 < 10 < 20 < 40, so,
m="1.

Now, we observed that the only value of n, for 2 < n < 100, such
that the decomposition of 2" — 1 does not include a new prime in its prime
decomposition, is when n = 6, see Tables 2 to 4. We prove that this holds
for every n > 100. We also observe that as n increases the number of
new primes may also increase, from Tables 2 to 4, we observe that 21
includes for the first time two new primes, then 229 _ 1 for the first time
includes three new primes, and finally 2°> — 1 includes four new primes
for the first time. The last observations leave us a new conjecture.

We proved that for every n € N, with n # 6, there is a prime number
p such that 1/p has binary expansion of size n.

We are going to use the Zsigmondy’s Theorem seen in section 2.1,
Theorem 2.1.3.

Remark 2.2.7 Observe that if p is a primitive prime divisor for 2" — 1 with
n e N\ {6}, then p|2" — 1) and p = ﬁforsome 1<1<2"-2. By
Remark 2.2.2,

1 EE—

— =0.by---b, for some by,...,b, €{0,1}.
4

If n is not the size of the period of ﬁ, then let k < n be the size of the period

of %. By Lemma 2.2.1, part ii) % = 5 for some 1 < s < 2k — 2 with
s €Tk So, ps = 2¥ — 1 and p|(2% = 1) with k < n. This is a contradiction
since p is a primitive prime divisor of 2" — 1. Thus, n is the size of the
period of 117'

Zsigmondy’s theorem, Theorem 2.1.3, gives us the following theorem:
Theorem 2.2.8 For every integer n > 2 with n # 6 the prime decompo-
sition of the number 2" — 1 includes at least a new prime q, such that g,
does not divide 2™ — 1 for every 2 < m < n.

Part ii) of the Zsigmondy’s Theorem proves that n = 6 is the only
exception to the existence of primitive prime divisors for 2" — 1.
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It is noteworthy that the last Theorem is related to the fact that between
any natural number n and 2 - n there exists a prime number p, but actually
it is quite stronger, because it states that for every n > 2 with n # 5, if
we consider the list of all prime numbers that have appeared in the prime
decompositions of 2% — 1 for every 2 < k < n, then we can find at least one
new prime number in the prime decomposition of 2"*! =1 = 2- (2" 1)+ 1.
Of course, in this case the new prime number found does not need to be
between 2" — 1 and 2! — 1.

Let us assume that we want to find the prime decomposition of 240 — 1.
As we observed above the divisors less than p = 40 are all the numbers
g €1{2,4,5,8,10,20}. Then using Lemma 2.2.6 we have that 22 —1|2% -1,
2411240 -1, 25— 11240 — 1,28 — 1240 — 1, 210 11240 — 1 and 220 — 1|24 - 1.
Observing Table 2.3 we have that 3, 5,31, 17, 11,41 all divide 240_1. Then
240 — 1 = 1099511627775, so 351214?% = 308405. So, it is clear that
the last number is divisible by 5 again and 30555.& = 61681 and in a table of
primes we find that r = 61681 is a prime number, which has not appeared

in the new sieve of primes up to n = 39, see Table 2.3.

Even if it is not reported here, we have obtained the equivalence of Ta-
ble 2.3 for n = 1206, see [26]. In Table 2.4, we report for n = 50, 100, 150,
200, 250, ... and n = 1000, the number of different primes obtained from
2™ — 1 when 2 < m < n. These values are somehow related to the well
known function m(n) which counts the number of primes less than or equal
n, which by the way has no close formula and it has been suggested that it
may not exist, due to the capricious distribution of the primes. However, a
nice approximation of this function is given by n(n) ~ % for large values
of n. The first result for m(n) was given by Carl Friedrich Gauss, in 1793,
see [9] and [14].

In Table 2.1 for 1 < m < 10 we have the first n such that 2" — 1 has m
new primes in its decomposition of primes numbers. Also, we have how
many of the values of the 1 < k < n, 2% — 1 includes one new prime, two
new primes, and so on up to m new primes, and we have a new conjecture.

We also observe in Table 2.1 that 2!'3 — 1 includes five new primes,

2223 _ 1 includes six new primes, 2295 _ 1 includes seven new primes,
233 — 1 includes eight new primes, 2°°7 — 1 includes nine new primes and
21076 includes ten new primes. Hence, we may conjecture that for any

m € N there exists a value of n such that 2" — 1 includes m new primes for
the first time.
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We obtained Table 2.1, Table 2.2, Table 2.3, Table 2.4 and Table 2.5
with the help of Wolfram Mathematica and [28]. Figure 2.1 includes the
values of n such that for the first time appear m new primes in the binary
expansion of ﬁ and it is standardize to be a probability density function,
see [3].

Samuel Yates defined an unique-prime to be a prime p such that the
decimal expansion of i has a period that it shares with no other prime, see
[41]. In general for decimal expansions Chris Caldwell and Harvey Dub-
ner defined bi-unique-primes to be pairs of primes which have a period
shared by no other primes. In a similar way, they defined tri-unique-
primes and so on, see [10]. The analogous concept for binary expansions
can be found in Table 2.1.

In Table 2.1 the first column for m = 1 we have the total of unique
primes for the binary expansion of 1/p from 2" — 1 varying n in the
set{2,11,29,92,113,223,295,333,397, 1076}, which corresponds to first
time that we obtainm = 1,m = 2,--- ,m = 10 new primes for 2" — 1.

Of course, the second column for m = 2 includes the total number
of bi-unique primes, for m = 3 the column includes the total number of
tri-unique primes, etc.

Figure 2.1 is a graphic representation of the results of the rows in Ta-
ble 2.1 standardized by the sum of the rows. Now we state our conjecture
based on the results of Table 2.1.

Conjecture 2.2.9 For every m € N, there exists an n € N such that the
number of primitive prime divisors of 2" — 1 is m.
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. 23| 4567|8910
22 ] 1 0 0 0 o l]oJoflofo]oO
21T 8 1 0 0 o l]oJo]of]o]oO
2P -1 | 22 4 1 0 0 ololoflo]o
2921 | 44 | 31 | 14 1 o loJolofo]oO
2311 47 | 42 ] 20 1 1 oloflofo]oO
2B _1]65]8 [ 52| 17 6 1ol of]o]o
2% 1169 [105] 72 [ 32 11 [3][1]of]o]o
2311 71 | 114 ] 85 | 41 13 | 5] 1 1 {0] O
2T _1 77 12610555 2t 7121110
21076 _ 11107 [ 240 [ 260 | 208 | 134 [ 79 [23 [ 194 | 1
Table 2.1: First n such that 2" — 1 has m primitive prime divisors

10

Figure 2.1: First n such that 2" — 1 has m primitive prime divisors
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2.3 The Last digit

The Last digit of the new prime numbers using the
binary sieve

In this subsection we present new results due to our research. Let p be
a prime number and let us consider the equivalence class given in Remark
2.14. I 2}, = {[1],.....[p — 11,} then (},,-) is the group of units of 2,
(with the product of Remark 2.1.4 and it has p — 1 elements. For every
[s], € Z;, if m = order([s],) then m is the smallest natural number such
that [s]’;’ = [1], and m divides IZ;‘,I = p — 1. See Lagrange’s Theorem
2.81 and Proposition 2.72 in [35]. Also, [s]; = [1], if and only if m|n, see
Lemma 2.53 in [35].

Note that if we want to see what is the last digit of an integer z, it is
enough to see what is the remainder of dividing z by 10. That is, using
Euclid’s algorithm, we find w € Z such that z = 10w + r with 0 < r < 10,
this gives us that z —r = 10w and 10|(z — 7). So z = r( mod 10) and r is the
last digit in the decimal expansion of z.

Theorem 2.3.1 If n is a multiple of 5, the last digit of the primitive prime
divisors of 2" — 1 is always 1 in their decimal expansion.

Proof. Letn € N such that n = 5k for some k € N. Let p be a primitive
prime divisor of 2" — 1, so p # 2 and p — 1 is even. Thus 2|p — 1.

Also, 2" = 1(mod p) and n = order([2],). By Lemma 2.2.3, pler! -
1), that is, 2°~! = 1( mod p). So, we have that n|(p — 1). Then, 2|(p — 1)
and 5k = n|(p — 1). By the Fundamental Theorem of Arithmetic 10 =
5-2|(p — 1), thatis, p = 1( mod 10). The last digit of p is 1. O

In Figure 2.2 the graph shows the distribution of the last digit in the
decimal expansions with the new order that we are considering taking up
to 2'2% — 1. Of course, the number 5 is the only prime whose last decimal
digit is 5. Using [28] and R-studio we obtain that there are 1609 primes
whose last decimal digit is 1, there are 879 primes whose last decimal digit
is 3, there are 902 primes whose last decimal digit is 7 and finally, there
are 884 primes whose last decimal digit is 9.
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Figure 2.2: Graph of distribution in the last digit.

Open Question 2.3.2 Why, in Figure 2.2 giving the last digit in the decimal
expansions of primes in the new sieve, the number 1 appears almost twice
more often than the digits 3, 7 and 9 ?

2.4 Antisymmetric numbers

Let r, m be positive integers, then r is called an antisymmetric number
of size m if and only if 1/r has a binary expansion with period of size
2m, and the expansion is given by

1 —
o= O.aiay - - apaiay - - ay,
for some ay, az,...,a, €{0,1} and a; = 1 — aq; forevery i € {1,2,...,m}.
Observe that if 7 is an antisymmetric number of size m then the binary
expansion of 1/r has a periodic part of even size, that is, 2m.
The first idea of our antisymmetric numbers appeared first in [23], in
a more restricted case. In the case of decimal expansions there is a similar
result in the case of fractions with prime denominators first proved by E.
Midy and generalized by A. Tripathi, see [24] and [39].
For every m > 1, let

Z (22/71)k = 22m _ 1 (227)

k=0
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Let & be a positive integer such that for some integer m > 1,
1 -
%=0.11~~1'00~~0 (2.28)

where the last one is in the m"" position and it is followed by m consecutive
zeros. Then k is an antisymmetric number of size m, in fact the largest
possible, and

00

1 22m—1 + 22m—2 4ot 22m—m 1 om
1_ 2‘ - . 2.29
k 22m — (22m)k om 41 ( )

On the other hand, if k is the counterpart of equation (2.28), that is, an
antysimmetric number of size m, such that

1 -
z=0.00~-~0~11~-1 (2.30)

then 1/k is the smallest possible number with k antisymmetric of size m
and

1oomlpom 2401400 & 1
L = , 2.31)
k 22 L4 (22mf " 2m

Lemma 2.4.1 Let k > 2 be an integer. If k is antisymmetric of size m for
some integer m > 1, then % = ﬁ where l is an integer satisfying 1 <1<
2™, Furthermore, for everyl € {1,2,...,2™}, +1 is antisymmetric of size
less than or equal to m.

2m

Proof. Let k > 2 be an antisymmetric integer of size m € N, that is,

1 —
—=0ay...ay,- a1 ay

k

where @; = 1 —ag; forevery i € {1,2,...,m} = M. We define J C M
such thata; = 1 foreveryi € J and a; = Oforeveryi € M\ J. If J = 0 then
M\J =M, which is the case given in equation (2.30), and by equation
(2. 31) = 2,,,+1 IfJ=Mthen M\ J =0, Wthh is the case given in
equat10n (2.28), and by equation (2.29), % =

2m A
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So, assume that ) € J € M and let J = {uy,...,u,} with 1 < uy <

- < u; <mwherel < s <m. Andlet M\ J = {v,...,v,} where
l<vi<:--<v.<mand1l <r <m. Clearly JN(M\ J) = 0, so
s+ r =m. Then

k
[ee) 1 (o] (] (o]
= Z 22mi+u1 toeet Z 22ml+u& + Z 22mt+m+v1 ot Z 22mt+m+v,
i=0 i=0 i=0 i=0
1 s
= > Dl
+ =

Ifl=%7,2""+1,then 1 <[<2™
For the converse, we have these observations:

i) Foreachl e {1,...,2" — 1}, = Y10 2t where Q C {0,...,m — 1}
and Q # @.

ii) Foreach [ € {1,...,2" — 1}, & 2,,, +1 has an antisymmetric blnary ex-

pansion. In fact, let / € {1,. — 1}, then [ = Y, 2k with

J c{0,...,m—1} = N. ThenJ = {i;,...,;} with 0 < i} <

-<i,<m-1forsomel < r < m. Observe that S = m —J :=
fm—i.,....m—-i}C{l,...,m}=M.

Leta; = 1foreveryie€ S,a; =0foreveryie M\ S and@; = 1 —a;
forevery i € M.
We note that 2" — 3 ey, 2/ = 1+ 1 because 2" — 1 = ¥7° 1 2, s

2m =y 2+ land 2" = YNy 2 = X0 2K = Y iens 27 + 1 =
Yjes2/ +1 =1+ 1. Then, using equation (2.27)

2m—1 ; it
2k 2 S 2
Oai---am-ay---ay = 2 ZJEJ Z/EN\‘/ Sm
22m
2" (Zm - ZjeN\sz) -+
22m_1
I+ D@ 1) _ I+
(2m+])(2m—])_2m+1
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Note that if 2m is not the shortest period of -
an antisymmetric binary expansion.

T +1 , then any way it has

ii) ﬁ has an antisymmetric binary expansion of size m. See equa-
tion (2.30) and equation (2.31).

Letm = 3, t = 0.a1a2a381 8,03 = 0.101010 =
2

metric number with size m = 1, since % =0.10 = 3T O

The last Lemma is new.

The following remark gives us a similar version of Midy’s Theorem
but with binary expansions, see [24].
Remark 2.4.2 Let p be a prime number with period of size 2m, that is,
1—1) = 0.by - -~ byy withm > 1. Then p is an antisymmetric number of size
m.
Proof. Let p be a prime number such that has a binary expansion with
period of size 2m. Then 2m is the smallest number such that p|(2*" - 1).
We have that p|(22’” - 1) =@" - 12"+ 1). Using properties of prime
numbers we have that p|2™ + 1 or p|2" — 1. The case p[2™ —1 is impossible.

Then p|2™ + 1 and using Lemma 2.4.1 we have that p is an antisymmetric
number of size m. O

Now let m be a positive integer and let g,, := 2™ + 1. Then g, is an odd
integer for every m > 1. Let {ry, 1, ..., F'xum)} be the prime decomposition
of g,,, then g,, = ry - o - - ryony) Where we assume that 2 <7 <7y <--- <
Tkmy> and k(m) is a positive integer depending on m. In Table 2.2 we give
the prime decomposition of g,, = 2" + 1 for values of m between 1 and 10.
In addition we give the binary expansion of the new primes of g,

In Table 2.5 we included all binary expansions of the reciprocal primes
1/p up to p = 521. The last column indicates if the primes are short (S) or
long (L), see Definition 2.5.

There exist different sieves based on the prime decomposition, for ex-
ample of numbers of the form 10" — 1. This sieve does not include p = 2
and p =5, since 10 = 2 - 5, see [37].

Using the order given by the size of the binary period of the reciprocals
of prime numbers we have found new primes whose decimal expression
have more of 200 digits, so it may be useful in order to generate security
codes in cryptography. Also using the new sieve we can study properties
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m | prime decomposition of ¢,, = 2" + 1 expansion of 1/g for new ¢ prime
1 3 1/3=00-1
2 5 1/5=0.00-11
3 3.3 it does not exist
4 17 1/17 =0.0000- 1111
5 3-11 1/11 =3/33 =0.00010- 11101
6 5-13 1/13 = 5/65 = 0.000100 - 111011
7 3-43 1/43 =3/129 = 0.0000010 - 1111101
8 257 1/257 = 0.00000000 - 11111111
9 3.3-3-19 1/19 = 0.000011010 - 111100101
10 5-5-41 1/41 =25/1025 = 0.0000011000 - 1111100111

Table 2.2: Binary expansion of the first ten antisymmetric numbers.

of the prime numbers using probabilistic and statistical methods, see for
example Figure 2.1.

2.4.1 Fermat numbers

Recall that a Fermat number is a positive integer of the form F, = 22" +1
for every n € N U {0}. It is well known that the first five Fermat Numbers
are prime numbers, thatis Fp = 22 +1 =2'+1 =3, F; =22 +1 =22+1 =
5,F,=2241=2+1=17,F;=2"+1=2241=257,F, =2 +1=
216 4+ 1 = 65537 are prime numbers. Fermat numbers are named after
Pierre de Fermat (1607-1665) a French politician and mathematician who
conjectured that for every m € N U {0}, F,, is a prime number. Later on
Leonhard Euler (1707-1783) a Swiss mathematician found that Fermat’s
conjecture was not true, he proved that Fs = 2% 41 = 4294967297 =
641-6700417, so, F’5 is not a prime number. Furthermore, the equation of
F is its prime decomposition.

Even if Fermat’s conjecture was wrong, the study of the Fermat’s num-
bers continues up to present time, this is clear nowadays because Fermat’s
numbers increase very rapidly with n, since they behave like double expo-
nential numbers. So far, nobody has found any more Fermat numbers F,
with m > 5 which are prime numbers, in fact, many mathematicians are
still trying to find divisors of F,, for large values of m, a clear proof of this
statement can be found on www.prothsearch.com/fermat.html that is a web
page which is updated very often.

Some of the results that have been proved about the Fermat’s numbers are:
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1) For every m € N U {0}
H?i()Fi"'z:FO'Fl"'Fm+2=Fm+l~

Two corollaries of (1) are

2) Any two different Fermat’s numbers are coprimes. From this it
follows that the prime numbers are infinite.

3) There is not a Fermat number which is the sum of two prime num-
bers.

4) Carl Friedrich Gauss proved a relation between the construction
of regular poligonals with rule and compass and the prime numbers of
Fermat.

5) For every m > 2 the last digit of F,, is 7.

6) A very important result is that every Fermat number F,, = 2*" + 1
which is a composite number, can be decomposed with primes of the form
k - 2M*2 4+ 1 where k is a positive integer.

To see the proofs of some of these results and some other results see

https:/len.wikipedia.org/Fermat_number

The last result has been used extensively, to find very large divisors of
the Fermat numbers, in the generation of pseudo-random numbers.

We can relate Fermat’s numbers with an infinite sequence of antisym-
metric prime numbers, which corresponds to the prime decomposition of
the Fermat’s numbers. By Lemma 4.1, part ii) we have that 1/F,, =
1/(2*" + 1) has an antisymmetric expansion with period 2”*! for every
m € N U {0}. This period is of the form 0.00---011---1 with 2" zeros
followed by 2™ ones.

We have found in the literature that for many m > 5 the divisors of F,
have a common feature. In fact, we state this property as a new Lemma.
Lemma 2.4.1.1 For every m > 5 every prime divisor of F,, is an antisym-
metric number whose whole period is of order 2"*'. Furthermore, if p is
a prime number such that 1/ p has period 2! then p divides to F,,
Proof: Let p be a prime divisor of F,, such that p < F,,. Since F,, is an
odd integer then p # 2.

Also, 22" +1 = F,, divides to F, (22“ - 1) =22"" _1. Thus p| (22’"“ - 1).
Using the field z;, we have that [215"" = [2""] = [1],.

Ifk = order([z],,) then k2™ and k = 2" with 0 < r < m + 1. Note
that if » = 0, then [2]2 = [2], = [1], and p|(2 — 1) = 1 which is a
contradiction. Sok =2"with 1 <r<m+ 1.
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Using proof of Lemma 2.4.1, part ii), and the fact that p|F,, we have
that p is an antisymmetric number. We will show that r = m + 1 and
k = 2m+1 .

If2 =k <2™lthenl <r<m+1 by Lemma 2.4.1 p|22r_l +1=F,_.
Butr—1 < mand F,, F,_; are coprimes which is a contradiction to result
2).

Therefore, r = m + 1 and k = 2"*! is the smallest integer such that
2% = 1(mod p), that is, k = 2*! is the smallest integer such that p|(2¥ —1).
Thus the period of 1/p is k = 2"+,

Besides, if p is a prime number such that % has period s = 2"*!,
then s = 2™*! is the smallest integer such that p|(2* — 1) = Q" 1) =
(22m — 1) - (2%" + 1), by prime’s properties p| (22’" + 1) or pl (22’” - 1). But
7l (22m - 1) is not possible because 2" < 2! = gand s = 22" is the

period of p by Theorem 2.2.8. Hence p| (22/" + 1) =F,. O
Two simple examples provide the prime factors of F™ for m = 4 and
m=>35.

The first example, that is, m = 4 is the last known prime among the the
Fermat’s numbers. In this case F; = 22 + 1 = 65537 is the last prime
number found by Fermat. If we find the binary expansion of its reciprocal,
that is, 1/F4 has an antisymmetric expansion, we have that

1
—F =0. IT1111111111111
5537 0.000000000000000|

which is a binary number with period p whose length is 32 = 25 = 241,

In the case of m = 5 Euler proved that F5 is not a primer number, since
Fs = 4294967297 = 641 - 6700417 where both factors are prime, In this
case we have that their reciprocals have binary expansions given by

1
61 = 0.00000000011001100011110110000000]
11111111100110011100001001111111
and
1
5700417 0.00000000000000000000001010000000]

11111111111111111111110101 111111



2.4. ANTISYMMETRIC NUMBERS 33

So in this case both factors have reciprocals with binary antisymmetric
expansions with periods p of length 64 = 25 = 25*! a5 in the Lemma
above.

Of course we also have that the antisymmetric expansion of the recip-
rocal of F5 is given by

1
= 0.00000000000000000000000000000000|
5

IT1I11 I e earaateIneanta,

which has also period of size 64.
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2.5 Tables
22-1 = 3
2-1 =1
-1 = 15=3.5
-1 = 31
20-1 = 63=3-3.7
27-1 = 127
2%-1 = 255=3.5.17
-1 = 511=7-73
201 = 1023=3-31-11
21 = 2047=23-89
221 = 4095=3-3-5-7-13
213 -1 — M
24 -1 = 16383=3-43-127
25 -1 = 32767=7-31-151
2161 = 65535=3-5-17-257
27-1 = 131071
281 = 262143=3-3-3-7-19-73
29 -1 = 524287
201 = 1048575=3-5-5-11-31-41
22l -1 = 2097151 =7-7-127-337
22 -1 = 4194303 =3-23-89-683
2% -1 = 8388607 =47 - 178481
2% -1 = 16777215=3-3-5-7-13-17-241
2% -1 = 33554431 =31-601-1801
2% -1 = 67108863 =3-2731-8191
277 -1 = 134217727 = 7-73 - 262657
2% 1 = 268435455=3-5-29-43-113-127
2% -1 = 536870911 =233-1103 - 2089
201 = 1073741823 =3-3-7-11-31-151-331
2311 = 2147483647
22 -1 = 4294967295 =3-5-17-257 - 65537
23 -1 = 8589934591 =7-23-89-599479
2% -1 = 17179869183 = 3-43691 - 131071
2% -1 = 34359738367 =31-71-127-122921
261 = 68719476735=3-3-3-5-7-13-19-37-73-109
27 -1 = 137438953471 = 223 - 616318177
238 1 = 274877906943 = 3 - 174763 - 524287
2% -1 = 549755813887 =7-79-8191 - 121369
2901 = 1099511627775=3-5-5-11-17-31-41-61681
24— 1 = 2199023255551 = 13367 - 164511353
22 1 = 4398046511103 =3-3-7-7-43-127-337-5419

Table 2.3: Prime Numbers Found in Integer Powers of Two Minus One
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251
™
2% -1
246 _ 1
271
2
21
201
paLa |
221
2% -1
241
2551
2961
2571
281
29 -1
200 1
pAL |
2021
2631
20—
2651
206 _
2671
2681
2001
201
M-
221
21
241
pIa |
2 -1
27—
M1
2
2801
281
pA |
281

8796093022207 = 431 - 9719 - 2099863

17592186044415 =3-5-23-89-397- 683 - 2113
35184372088831 =7-31-73-151-631 - 2331
70368744177663 = 3 - 47 - 178481 - 2796203
140737488355327 = 2351 - 4513 - 13264529
281474976710655=3-3-5-7-13-17-97-241-251 - 673
562949953421311 = 127 - 4432676798593
1125899906842623 = 3 - 11 - 31 - 251 - 601 - 1801 - 4051
2251799813685247 = 7-103 - 2143 - 11119 - 131071

4503599627370495 = 3-5- 53 - 157 - 1613 - 2731 - 8191
9007199254740991 = 6361 - 69431 - 20394401

18014398509481983 =3-3-3-3-7-19-73 - 87211 - 262657
36028797018963967 = 23 - 31 -89 - 8811 - 3191 - 201961
72057594037927935 = 3-5-17-29-43 - 113 - 127 - 20394401
144115188075855871 = 7- 32377 - 524287 - 1212847
288230376151711743 =3-59-233 - 1103 - 2089 - 3033169
576460752303423487 = 179951 - 3203431780337

1152921504606846975 = 3-3-5-5-7-11-13-31-41-61-151-331 - 1321
2305843009213693951

4611686018427387903 = 3 - 715827883 - 2147483647
9223372036854775807 = 7-7-73 - 127 - 337 - 92732 - 649657-
18446744073709551615 = 3 5.+ 17- 257 - 641 - 65537 - 6700417
36893488147419103231 = 31 - 8191 - 145295143558111
73786976294838206463 = 3-3-7-2367 - 89 - 683 - 20857 - 599479
147573952589676412927 = 193707721 - 761838257287
295147905179352825855 = 35 - 137- 953 - 26317 - 43691 - 131071
590295810358705651711 = 7- 47 - 178481 - 1052678938039
1180591620717411303423 = 3- 11314371 - 127- 281 - 86171 - 122921
2361183241434822606847 = 228479 - 48544121 - 212885883
4722366482869645213695 = 3° -5-7- 13- 17-19-37-73- 109 241 - 433 - 38737
0444732965739290427391 = 439 - 2298041 - 9361973132609
18899465931478580854783 = 3-223 - 1777 - 25781083 - 616318777
37778931862957161709567 = 7- 31 - 151 - 601 - 1801 - 100801 - 10567201
3.5-209-457 - 174763 - 524287 - 525313

23.89- 127 - 581283643249112959

3-3-7-79-2731- 8191121369 - 22366891

2687 - 202029703 - 1113491139767

3-5-5-11-17-31-41-257- 61681 - 4278255361

7.73-2593- 71119 - 262657 - 97685839

38113367 - 164511353 - 8831418697

167 - 57912614113275649087721

Table 2.3: Prime Numbers Found in Integer Powers of Two Minus One
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292
293
294
295
296
298
299

284 _
28 1
286 _ 1
287 _
288 1
2% 1
29 _ 1
291 _

297 _

1

1

1

1
1
1
1
1
1
1
1

2100 -1

3.3.5-7-7-13-29-43-113-127-337 - 1429 - 5419 - 14449
31-131071 - 9520972806333758431

3-431-9719 - 2099863 - 2932031007403

7-233-1103-2089 - 4177 - 9857737155463
3.5-17-23-89-353-397-683 2113 -2931542417
618970019642690137449562111
3.3.3-7-11-19-31-73-151-331-631-23311 - 18837001
127-911 - 8191 - 112901153 - 23140471537
3.5-47-277-1013 - 1657 - 30269 - 178481 - 2796203
7-2147483647 - 658812288653553079

3.283-2351-4513 - 13264529 - 165768537521
31-191-524287 - 420778751 - 30327152671
3.3-5-7-13-17-97-193-241-257 - 673 - 6553722253377
11447 - 13842607235828485645766393
3-43-127-4363953127297 - 4432676798593
7-23-73-89-199 - 153649 - 599479 - 33057806959
3.5-5-5-11-31-41-101-251-601 - 1801 - 4051 - 8101 - 268501

Table 2.3: Prime Numbers Found in Integer Powers of Two Minus One

n Number of new Primes until 2" — 1 | Number of new Primes between 2" — 1 and 2" — |
50 67 67
100 168 101
150 277 109
200 420 143
250 571 151
300 721 150
350 830 159
400 1054 174
450 1222 168
500 1404 182
550 1583 179
600 1759 176
650 1953 194
700 2144 191
750 2343 199
800 2547 204
850 2752 205
900 2954 202
950 3178 224
1000 3384 206

Table 2.4: Number of new primes until 2" — 1
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P m | n binary form of 1/p p—11 type
3 2 |2 00-1 2 L
5 4 |3 0.00- 11 4 L
7 3 13 0.001 6 S
11| 10 |4 0.00010 - 11101 10 L
13|12 |4 0.000100 - 111011 12 L
17| 8 |5 0.0000 - 1111 16 S
19 | 18 |5 0.000011010 - 111100101 18 L
23 | 11 |5 0.00001011001 22 S
29 | 28 |5 0.00001000110100 - 11110111001011 28 L
31 5 15 0.00001 30 S
37 | 36 | 6 | 0.000001101110101100 - 111110010001010011 36 L
41 | 20 |6 0.0000011000 - 1111100111 40 S
43 | 14 |6 0.0000010 - 1111101 42 S
47 | 23 |6 0.00000101011100100110001 46 S
53| 52 |6 0.00000100110101001000011100- 52 L

11111011001010110111100011
59 | 58 | 6 0.00000100010101101100011110010- 58 L
11111011101010010011100001101
61 | 60 | 6 0.000001000011001001011100010100- 60 L
111110111100110110100011101011
67 | 66 |7 0.000000111101001000100110001101010- 66 L
111111000010110111011001110010101
71 | 35 |7 0.00000011100110110000101011010001001 70 S
7309 |7 0.000000111 72 S
79 | 39 | 7 | 0.000000110011110110010001110100101010001 | 78 S
83 | 82 |7 0.000000110001010110010 82 L
11100100001111011010-
111111001110101001101
00011011110000100101
89 | 11 |7 0.00000010111 88 S
97 | 48 |7 0.000000101010001110100000- 9 S
111111010101110001011111
101 | 100 | 7 0.0000001010001000110111110 100 | L
0001100101011000101101100-
1111110101110111001000001
1110011010100111010010011

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ —1). And let n be the smallest positive integer such
that 2! < p < 2.
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P m | n binary form of 1/p p—1 ] type

103 | 51 |7 0.00000010011111000100010110 102 S
0101111001110010010101001

107 | 106 | 7 0.00000010011001000111110001101001010001 106 L

010110001000010 - 11111101100110111000001
110010110101110101001110111101

109 | 36 | 7 0.000000100101100100 - 111111011010011011 108 S

113 | 28 | 7 0.00000010010000 - 11111101101111 112 S

127 | 7 |7 0.0000001 126 S

131 | 130 | 8 0.000000011111010001000110010110011 130 L
11001001010010000100111000101010
111111100000101110111001101001100
00110110101101111011000111010101

137 | 68 | 8 0.0000000111011110010111010110111000- 136 S
1111111000100001101000101001000111

139 | 138 | 8 0.00000001110101110111101101100101010 138 L

0101110000010110000110011100100010:
11111110001010001000010010011010101
1010001111101001111001100011011101
149 | 148 | 8 0.000000011011011111010110110000111101 148 L
1101101000110011000101100101010111100
111111100100100000101001001111000010
001001011100110001110100110110100001 1

151 | 15 | 8 0.000000011011001 150 S

157 | 52 | 8 0.00000001101000010110110100- 156 S
11111110010111101001001011

163 | 162 | 8 0.00000001100100100000111110110100100111010 162 L

0001110001000101000110101011001100001010
11111110011011011111000001001011011000101
1110001110111010111001010100110011110101
167 | 83 | 8 0.000000011000100001101110010 166 S
111110000101010111011000010
0100110010100101100011101001
173 | 172 | 8 0.0000000101111010110100100010000010001110000 172 L
0111011001100001101010100010110001100100100
1111111010000101001011011101111101110001111
1000100110011110010101011101001110011011011
179 | 178 | 8 0.000000010110111000011111011101101011010000 178 L
11001101111011001011000101010111001111010
111111101001000111100000100010010100101111
00110010000011100100110100111010101000110000101

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 2! < p < 2.
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P m | n binary form of 1/p p- type

181 | 180 | 8 0.000000010110101000010011110011010001010100110 180 L
111001010010000010000111110001110110110011100
111111101001010111101100001100101110101011001
000110101101111101111000001110001001001100011
1911 95 | 8 0.00000001010101110001111011010011 190 S
11000101000001101011001110011010
0010001011011001001000011000001
193 | 96 | 8 0.000000010101001110010000100101001 192 S
000111101000000 - 111111101010110
001101111011010110111000010111111
197 | 196 | 8 0.0000000101001100101010111000100001110010010110101 196 L
1110110111001110100111101000100110111111000001100
1111111010110011010101000111011110001101101001010
0001001000110001011000010111011001000000111110011
199 | 99 | 8 0.1010010010101001110011110001110110010110100000 198 N
1100110111010100010000101110010011111100001001
211 | 210 | 8 0.00000001001101101001100011011111001111011110000001110 210 L
1000111100101010011101101110011010000101011101011010
11111110110010010110011100100000110000100001111110001
0111000011010101100010010001100101111010100010100101
223 | 37 | 8 0.1000110010100010100111 222
227 | 226 | 8 | 0.000000010010000010110100011100001100011001111100000011011 | 226 L
00010000111010101001001010011011101000010100010011001010
111111101101111101001011100011110011100110000011111100100
11101111000101010110110101100100010111101011101100110101

2]

229 | 76 | 8 0.00000001000111100010111011110011101100 228 S
1111111011100001110100010000110001001 1

233 | 29 | 8 0.00000001000110010100010100111 232 S

239 | 119 | 8 0.0000000100010010001101011000111001110101 238 S

1101001100000011001101101010000010101011
011000010111100100001001101000111110001

241 | 24 | 8 0.000000010000 - 111111101111 240 S
251 | 50 | 8 0.0000000100000101000110010 - 1111111011111010111001101 250 S
257 | 16 | 9 0.00000000 - 11111111

263 | 131 | 9 00000000111110010010111110110010001000010001 262 S

10000101010110101000011001010011101101100000
0101110101110001111000101100110001101001001

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 2! < p < 2.
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p m | n binary form of 1/p p—11| type

269 | 268 | 9 0.000000001111001110100000110101010010110010111 268 L
010100001110010001100110110001111101100111101
11011011110101100010000001011011010111000100-
111111110000110001011111001010101101001101000
101011110001101110011001001110000010011000010
00100100001010011101111110100100101000111011
271 | 135 | 9 0.000000001111000111010100100010111100111011100 270 S
000110100111001100111111010010101010000010010
111001001001101011101100001010011001000010001

2771 92 |9 0.0000000011101100100101111001000100011000111100- 276 S
1111111100010011011010000110111011100111000011
281 | 70 | 9 0.00000000111010010011100101100101000- 280 S
11111111000101101100011010011010111
283 | 94 | 9 0.00000000111001111001001101110010111000100010010- 282 S

11111111000110000110110010001101000111011101101
293 1292 |9 0.0000000011011111101011000001111101110100001101000 292 L
1101100010101110101111100111100010010010110010001
111010010100100010000100110011100011001010101100-
1111111100100000010100111110000010001011110010111
0010011101010001010000011000011101101101001101110
000101101011011101111011001100011100110101010011
307 9 | 0.000000001101010101111000111010010111110000111111010- 306 S
111111110010101010000111000101101000001111000000101
311 | 155 | 9 | 0.0000000011010010101110100000100000111011010001000101 310 S
0010010100001010101100110111001001101011000000100111
100000101110000110001011000111001100111101101111001
313 | 156 | 9 0.000000001101000101100001010101000011111 312 S
000101000111001010000001001110100001000-
111111110010111010011110101010111100000
111010111000110101111110110001011110111
317 | 316 | 9 | 0.00000000110011101011110011111000101110110101101101000 | 316 L
00101101001110010101011001101000111110111111011001001
1110010010001010111001101111011100011101111000010100-
11111111001100010100001100000111010001001010010010111
11010010110001101010100110010111000001000000100110110
0001101101110101000110010000100011100010000111101011
331 | 30 |9 0.000000001100010-111111110011101 330 S
337 1 21 |9 0.000000001100001001111 336 S

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ —1). And let n be the smallest positive integer such
that 2! < p < 2".
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p m | n binary form of 1/p p—1| type

347 | 346 | 9 | 0.0000000010111100110111010101001101011101101100011100110001 | 346 L
0110110111101100110100011000010110001000011110111111000100
111110101101010111110010101110000111000000100011011010010:
1111111101000011001000101010110010100010010011100011001110
1001001000010011001011100111101001110111100001000000111011
000001010010101000001101010001111000111111011100100101101
349 | 348 | 9 | 0.0000000010111011110010000100000010001100110101100011000001 | 348 L
1010011010000010100100010011110011100001111011001110110110
1010010111000110110010001111110001010101000101101011110100
1111111101000100001101111011111101110011001010011100111110
0101100101111101011011101100001100011110000100110001001001
0101101000111001001101110000001110101010111010010100001011

353 | 88 | 9 0.00000000101110011010011110000110001010100000- 352 S
11111111010001100101100001111001110101011111
359 | 179 | 9 0.000000001011011010001101001100010011010000001 358 S

110010000110000011111011000000100010001110100
111100100111001110000101010110010010001011110
00100000110011010101111011010111010110101001
367 | 183 | 9 0.0000000010110010100100100111110000101001110110 366 S
1001010101000110011100111100101011111100100000
1100100011100100110010111010111100010101100111
111011110100001001000100010111000001001110001
373 | 372 | 9 0.00000000101011111011001100100001101000010100100 372 L
10110111111011111000011100110100110110001110000
10001110110000011000101101010011000010111010101
011100101001110111011010111100000011011011100:

11111111010100000100110011011110010111101011011
01001000000100000111100011001011001001110001111
01110001001111100111010010101100111101000101010
100011010110001000100101000011111100100100011

379 | 378 | 9 0.000000001010110011101011000011111000100100 378 L
011110011001010101000110111011000110100101
011111001111010111011110001110100001011011

110111001110000001000000110110000010010111

010011011010110110010- 111111110101001100010
100111100000111011011100001100110101010111
001000100111001011010100000110000101000100
001110001011110100100001000110001111110111

111001001111101101000101100100101001001101

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 2! < p < 2.
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p m | n binary form of 1/p p—11| type

383 | 191 | 9 0.1010101100011100101111011101001111100010100101 382 S
1100001111010111111001010100001110000010010101
1011100100100110000110010110011001000100001011
010111001110100010011011000100100000110000001
389 | 388 | 9 0.0000000010101000011110010001011100001000100011100 388 L
0100110001010110110111100110111111100000011010010
100101110101110011001010101100011010111110110110
010010110000010111101100010000011100111101001100:
1111111101010111100001101110100011110111011100011
1011001110101001001000011001000000011111100101101
011010001010001100110101010011100101000001001001
101101001111101000010011101111100011000010110011
397 | 44 |19 0.0000000010100101000100 - 1111111101011010111011 396 S
401 | 100 | 9 0.00000000101000110110111001110001101000101100101100 400 S
00001100110001001010000011100000101101111101110000
11111111010111001001000110001110010111010011010011
11110011001110110101111100011111010010000010001111
409 | 204 | 9 | 0.000000001010000000111100000101101000100001110011001 408 S
010110011000000110010000100101100011100001010101000:
111111110101111111000011111010010111011110001100110
101001100111111001101111011010011100011110101010111
419 | 418 | 9 | 0.00000000100111000110100100010110100110110011000001000 | 418 L
10001101101111110011110001111100101000111011111000000
01110101010011101101000011110100011001000011001101010
01001111011011010101110101111010110011101000001010
11111111011000111001011011101001011001001100111110111
01110010010000001100001110000011010111000100000111111
10001010101100010010111100001011100110111100110010101
10110000100100101010001010000101001100010111110101
421 | 420 | 9 | 0.00000000100110111010101011011110100011100100101000101 | 420 L
11101101110000011111100111101011010100110100111001110
00100011010001001011011001101100001111001100111010111
110111011111001010011111010100001101111111000101100
11111111011001000101010100100001011100011011010111010
00010010001111100000011000010100101011001011000110001
11011100101110110100100110010011110000110011000101000
001000100000110101100000101011110010000000111010011
431 | 43 |9 0.0000000010011000000011100100000101010110001 430 S
433 1 72 | 9 0.000000001001011101011010011101010000- 432 S
111111110110100010100101100010101111

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 2! < p < 2.
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binary form of 1/p

p-1

43

lype

449

73

442

224

76

460

231

0.0000000010010101010010001110010010010
111100111100000100000101001111111001
0.00000000100100111110111111010001110001010000111001110010
01101011011111000011111001101001001011000111111100100010
00011000010001010101100001101010010101000101111011000101
10100010011000100011110101000001010011001101101110010
11111111011011000001000000101110001110101111000110001101
10010100100000111100000110010110110100111000000011011101
11100111101110101010011110010101101010111010000100111010
01011101100111011100001010111110101100110010010001101
0.00000000100100011111010110111100101110001011101100000010
11011001110011001010111110011011101001110000111001000000
11111111011011100000101001000011010001110100010011111101
00100110001100110101000001100100010110001111000110111111
0.00000000100011110110011110100001111000:
11111111011100001001100001011110000111
0.0000000010001110001010010001011111100000111001
1100000010110001101100110101110111011001001000
0011000011011110001000000011010101001111011010
0011110100010101101010000100001010100011010000
1100110001011011000100100101001101001100000100
1111111101110001110101101110100000011111000110
0011111101001110010011001010001000100110110111
1100111100100001110111111100101010110000100101
1100001011101010010101111011110101011100101111
0011001110100100111011011010110010110011111011
0.00000000100011011000101111100011001111111001010
1110101110001010110010000010011111001111010101
1111101001111000100010010001111110000100001001
0110011001001010000101110011100011110011010010
0001101110100101010100100110001001101011010001

438

442

448

456

460

462

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 2"~! < p < 2"
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binary form of 1/p

p-1

type

467

479

487

491

499

503

466

239

243

490

166

251

0.00000000100011000101010110000100000111001000000
10101111011010101110010100100011101000011011011
01000101100111100110110010001010001001000010111
00000110000001111010110010101101001110011000111

100010011001011111011000100001111111001011010
11111111011100111010101001111011111000110111111
01010000100101010001101011011100010111100100100
10111010011000011001001101110101110110111101000
11111001111110000101001101010010110001100111000

011101100110100000100111011110000000110100101

0.000000001000100011010001100000001100110100111010
010000010011001111010111011000011100110111000011
000100101011010010100100100111000000111011110110
111010100001011001110010010111110010000110101011
10001110101100101000000101010110000010111100001
0.0000000010000110100100100010001010110001101011001

1110001110011101001011001010111010000101100001001

1111110011011000100100110010111111010101111100100

1010101001010000111100111110100011011110111000100
00010010111011001000110011100000111111000101001

0.0000000010000101011110010111101110010001011101110

1100101101010111000100100011111110011011111001001

1100011010100101110011001110011101111110101100100

1010000010010110001010001010101100000011101001100

1010010011000001111101001000011110001111011000010

1111111101111010100001101000010001101110100010001

0011010010101000111011011100000001100100000110110

0011100101011010001100110001100010000001010011011

0101111101101001110101110101010011111100010110011

0101101100111110000010110111100001110000100111101

0.000000001000001101010101101011001110001111
00100010010111110110110000111111100111010
111111110111110010101010010100110001110000

11011101101000001001001111000000011000101

0.000000001000001001001010010011100110000010110011001
001100010101111000100111101100101010001111100001011
101101001010110100001010101100000001100001101101111
011101011001000100001100101110010100000110100111011

10001011111101011101001000110001111000000111001

466

478

486

490

498

502

L

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ — 1). And let n be the smallest positive integer such
that 27! < p < 2.
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p m n binary form of 1/p

p-1

45

type

509 | 508 | 9 | 0.000000001000000011000001001000011011001010001011110
100011011101010010111111000111101010111000000101000
001111000101101010000111110010111011000110001010010
011110111011100110010110011000011001001001011011100
01001010011011111010011101111011001110001101010100
111111110111111100111110110111100100110101110100001
011100100010101101000000111000010101000111111010111
110000111010010101111000001101000100111001110101101
100001000100011001101001100111100110110110100100011
10110101100100000101100010000100110001110010101011
521 | 260 | 10 0.00000000011111011100100111110011001110010111
11010100110000101001010001100100001111001110
110111010001110011111101100010110000111000
11111111100000100011011000001100110001101000
00101011001111010110101110011011110000110001
001000101110001100000010011101001111000111

508

520

Table 2.5: Let p be a prime number and let m be the smallest positive
integer such that p|(2™ —1). And let n be the smallest positive integer such

that 2! < p < 2.

This first part of the Thesis has been published, see [26].
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Chapter 3

Bounded Variation

3.1 Preliminaries

Camille Jordan in 1881 introduced the concept of total variation for real
functions defined on an interval [a, b] C R . The concept of total variation
for functions of one real variable can be defined using:

Definition 3.1.1 Let —o0 < a < b < oo real numbers, consider the closed
interval [a,b] = {c € R | a < ¢ < b}. A partition of [a, b] is a set of the
Jorm P = {xo,x1,...,X5p—1, Xn,}, Where a = xo < X1, < Xppei < Xpp = b
and np is a positive integer. The Family of all partitions of the interval
[a, b] will be denoted by P([a, b]).

Definition 3.1.2 Let f : [a,b] = R be a function where —c0 < a < b < o0.
the total variation of f is given by

np—1

Vi = sup D IfG) - flx), (3.1)

PeP(labl) ‘S
if the supremum in equation (3.1) is finite then we will say that f is of finite
total variation or bounded variation, and the family of functions f such

that TV(f) < oo will be denoted by BV ([a, b)).
Definition 3.1.3 Let —0 < a < b < oo and define

B (4 :=1{f : [a,b] = R | f is a bounded function}, (3.2)

47
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where f is a bounded function if and only if there exists M > 0 such that
|f(x)| < M for every x € [a, b].

In order to see that not every real function defined on a closed interval
[a, b] belongs to by BV ([a, b]). We have the following:

Example 3.1.4 Let a = 0 and b = 1 and define the Dirichlet function on
[0, 1], given originally in 1829, by

0 if xeQn(01]
f(x)_{l if xeIno1],

where Q is the set of rational numbers and I is the set of irrational num-
bers. Let n € N be a positive integer and let xo = 0,x; = 1/n,x4 =
2/n,...,xn = k/n,...,x2, =n/n=1. Since I is a dense in the set R of
real numbers, then for everyk € {1,2,...,n—1} we have that the non empty
open intervals (Xp—1yjn, X2k/n), are such that I N (Xag—1y/s X2k/n) # 0. So,
define for every k € {1,2,...,n}, xo0-1)+1 € (X N (X2k=1)/n> X2k/n))- Then
O=xy<xi<xm=1l/n<x3<xy=2/n<---<xu-1n=m-1)/n<
Xon—1 < Xan = 1 is a partition P" of [0, 1] of size np» = 2n. We observe
from equation (3.3) that

[0 i ie{0.2.4,...2n)
f(x")‘{1 if ie{l.3.5.....2n—1).

Therefore, we obtain Z:':”Tl |f(xix1) — f(x)| = 2n for every n > 1. Hence,
from (3.1), TV §(f) = oo.

Now we observe that a linear transformation always allows us to take the
closed interval [0, 1] instead of the general closed interval [a, b].

Remark 3.1.5 Let —c0 < a < b < o be real numbers and let f : [a,b] —
R be a function. Let P = {a = Xxo,X1,...,Xnp—1, X0, = b} € P([a,D]).

Define
f = )Z_aforeveryie{O,l,...,np} (3.3)
—da

ifO={0=1,t,...,0p1,ta, = 1} € P([0, 1]) then ng = np and we have
that

xi=a+t(b—a) holdsforevery i€{0,1,2,...,n—1,n}. (34

Besides, if we define g(t) = f(a+t(b—a)) for every t € [0, 1], then TVZ(f) =
TV(I)(g). Of course, the converse also holds.
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The function ¢ : [0, 1] — [a, b] defined by ¢(¢) = a + 1(b — a) is clearly an
increasing bijection, whose inverse is given by ¢! : [a, b] — [0, 1] where
¢~ 1(s) = (s — a)/(b — a), which provides the proof of Remark 3.1.5. As a
consequence of Remark 3.1.5 we have

Remark 3.1.6 Let —o0 < a < b < o be real numbers and let f : [a,b] —
R be a function then the total variation of f can be written as

np—1 nQ—l

TV = sup > IfCa) = fGl= sup > lgltir) - gl
PeP(lab]) ‘= QeP((0,1]) “=¢
(3.5)

where Q = {0 = to,11,...,tny-1,1n, = 1} € P([0,1]), g is defined as in
Remark 3.1.5 and x; = a + tj(b — a) for everyi € {0,1,2...,n9 — 1,np}.
Remark 3.1.7 Using Remarks 3.1.5 and 3.1.6 we will assume from now
on that [a,b] = [0, 1].

Now we have an important result about total variation of functions.
Lemma 3.1.8 Let f : [0,1] — R be a function, then TV(')(f) = 0ifand
only if f is a constant function on [0,1]. For the proof see (1.16) from
[20].

Another important property is the following:

Lemma3.1.9 Let f : [0,1] - R be a monotone function. Then TV(I)( )=
|f(1) — £(0)]. For the proof see (e), Proposition 1.3 from [20].
Lemma 3.1.10 Ler f : [0,1] > R be a function and let 0 < ¢ < 1. Then

TVi(f) = TV§(f) + TV X(f). (3.6)

For the proof see (g), Proposition 1.3 from [20].

Theorem 3.1.11 [Jordan] A function f: [0,1] — R is of bounded varia-
tion if and only if it may be represented in the form f = g — h, where both
g and h are increasing functions. See Theorem 1.5, [20].

Example 3.1.12 Let f : [0, 10] —» R such that

if x=0

f(x):{ if 0<x<10.

== O

We will compute TV(I)O( ).

We first evaluate TV(I)( f). Let M > 0, define xo = ﬁ, then0 < xp < 1
and by Definition 3.1.2, TVSO(f) > |f(0) = f(xo)l = 1/(1/(M + 1)) =
M +1 > M. Therefore, using Lemma 3.1.9, for every M > 0, there exists
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0 < xo < 1 such that TV(I)(f) =TVP(H+TV(f) = TV (f) > M. Hence,
TV{(f) = oo, and again by Lemma 3.1.9, TV’(f) = TV (f) + TVI°(f) >
TV{(f) = 0. So, TV{'(f) = oo, that is, f ¢ BV([0, 10]).

The last example, is useful to show when a function f : [a,b] - R
does not belong to BV({[a, b]).
Example 3.1.13 Let f: R — R be a positive function with countable
infinite support, then there exists {a;|i € N} € R such that supp(f) =
{a;|i € N} € R, thatis, f(a;) > 0 forevery i € N, f(x) = 0 for every
x € R \{ag;|i € N}. Also assume that )}, f(a;) = 1. Then

TVR (f) = Z 2f(a;) = 2. (3.7)
i=1

In the case that f has a finite support, we also obtain TV g (f) = 2. That
is, if f is a discrete probability function, then TV& fH=2.
Remark 3.1.14 We want to define the family of all the real functions such
that they have finite total variation. Let f: R — R be a function then
fi(=00,00) = R, in order to get finite total variation it is clear that
f must belong to BV([a, b)) for every —0 < a < 0 < b < co. Be-
sides, it is clear that f must be bounded. So let us assume that f is such
that f(oo) := lim,,« f(X) exists and it is a real number, and similarly
f(=00) := lim,—,_ f(x) exists and it is also a real number. Then we can
define

BV([-00,00]) : = {f:[-o0,00] > R | f € BV([a,b]) for every
—o<a<0<b<oo, f(eo):= lim f(x) and

f(=o0) := lir_n f(x) are real numbers} (3.8)

Some examples to clarify the definition given in (3.8) are:

i) If f(x) = x° for every x € R then clearly f € BV([a, b]) for every
-0 < a <0< b < oo, but f(—0) = —0c0 and f(0) = oo0. So,
f & BV([—0o, ]).

ii) If f(x) = sin(x) for every x € R then clearly f € BV([a,b]) for
every —co < a < 0 < b < oo, but f(—o0) and f(co0) are not well
defined, since both limits do not exist. So, f ¢ BV([—o0, 0]).
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iii) If we define f(x) = sin(1/x) for every x € R \{0} and f(0) = O,
then f(—o0) = f(c0) = 0, but f ¢ BV([-1,1]), since f varies
continuously between —1 and 1 infinitely often near x = 0. So,
f & BV([~c0, co]).

iv) If we define f(x) = sin(x) for x € [-2x,2x] and f(x) = sin(1/x)
for |x| > 2 then it is not difficult to see f € BV([a, b]) for every
—00 < a < 0 < b < oo. Besides, f(—o) = f(c0) = 0. Hence,
f € BV([—o0, 0]).

Remark 3.1.15 Let —© < a < b < oo be real numbers, let us consider
g: (a,b) — R abounded function such that g(b—) or g(a+) does not exist.
We assume without loosing generality that

gla+) = lifn g(x)

does not exist. Since g is a bounded function, it is not possible that g(a+) =
+oo. Then there exist {a,},>1 and {b,},>1 two sequences in (a, b), such that
{an);., 1 aand {b,})7, | a and lim, e g(a,) > lim, e g(b,). Define
{Cn}uz1 such that ¢y = by. by > a using that {a,}”, | a we can take k € N
such that b; > a; > a and ¢ = a;. a;y > a then we can take s € N
such that a; > by > a and we consider ¢3 = by. In a similar way we

obtain ¢; > ¢ > ¢3 > --+ > ¢, | a such that {cy;,1}2, is a subsequence
of {b,}77, and {c21}2, is a subsequence of {a,}”,. The sequence {c,}u>1

has limit and it is a. In fact, let € > 0, then there exists N, > 1 and
Np > 1 such that for every n > N, and for every m > N, la, —a| < €
and |b,, —a| < e. If M > max{2N,,2(N, — 1) + 1}, for n > M even,
n = 2k for some k € N thenn = 2k > M > 2N, and k > N, therefore
lcp, —al = |cox —al = lax —al < €. If n > M odd, n = 2s + 1 for some
integer s, thenn =2s+ 1> M > 2(N, — 1)+ 1 and s + 1 > N, therefore
lc, —al = |cag41 —al = |bgr1 —al < €. Thatis, forevery n > M, |c, —a| < €.
Note that the sequence {g(c,)},>1 has no limit because if it has limit all
sub sequence have a limit and each limit is the same but lim,—,., g(a,) #
limn—mO g(bn)

Since R with the usual metric is a complete space, {g(c,)},>1 iS not a
Cauchy sequence. Then there exist €, > 0 such that for every N > 1
exists n,m > N with the property that [f(c,) — f(c)| = €,.

Let n be a positive integer. There exist m, > m; > n such that |g(c,,,) —
g(cm,)| = €,. And for m; there exist my > m3 > my + 1 such that |g(c,,,) —
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g(cm,)| = €,.Continuing in this way we can obtain {m;,my, ..., ny,} such
that m; <mp <m3 < --- < my, and

|g(cm2i) - g(cmzl;] )| Z 6‘() (3'9)

foreveryie{l1,2,...,n}.

If g: [a,b] — R is a function such that g(x) = g(x) for every x € (a, b) and
8(a) = g(b) = d for some real number d. Then {x,, x1, X2, ..., X2,42} such
that x, = a, xpp+2 = b and x; = ¢, forevery i € {1,2,...,n} is a partition
of [a, b]. And by using equation (3.9)

2n—1 n
D1aCa) =20l = ) 126 — 2o
j=1 j=1

= Z lg(x2:) — g(x2i-1)
=1

n
> ZEO
j=1
= ne,

Then Z?ZTI |8(xix1) — 8(x;)| = ne, for each n > 1. Hence, whatever that
value of ¢ is in a and b, from (3.1), Tvg(g) = 0.
Definition 3.1.16 Let —co < a < b < oo real numbers. And let f: (a,b) —
R be a function such that f(b—) and f(a+) exist and they are finite. Let
us consider f: [a,b] — R such that f(x) = f(x) for every x € (a,b),
f(a) = f(a+) and f(b) = f(b-). Then, we define the total variation of f
as follows:

TV @i () = TV () (3.10)
Notice that, if a function h: (a,b) — R is not bounded, no matter how
h(a+) and h(b-) are, we can define TV (, y(h) = oo.
Remark 3.1.17 Let f: R — R be a bounded function such that f(+oc0) =
limy1o f(x) and f(—oc0) = lim,|_ f(x) exist (and obviously they are fi-
nite). Let 4: (a,b) — R be a continuous biyection that is strictly increas-
ing. By using Definition 3.1.16 and equation (3.10), we obtain

TV a(f) = TV @i (f o h) = TVE(F o h).

Now we recall the concept of metrics on non empty sets.
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Example 3.1.18 We consider
B (44 :=1{f : [a,b] = R | f is a bounded function}, 3.11)

like in Definition 3.1.3. Let us define a function dsup on B 44 X B (44
by
dsup(f,8) = sup [f(x)—gx)l. (3.12)

x€la,b)
Recall that dsup is a metric in B 4 4.
Let us consider for every f € B [, and 0 the constant function zero

1fllsup = diup (£-0) (3.13)

Then, (3.13), is anorm on B ;).
A very important subset of the family B [, is the family of continu-
ous functions, that is, the family defined by

C([a,b]) ={f : [a,b] - R | f is a continuous function} (3.14)

It is well known that for every f € C([a,b]), f is a bounded contin-
uous function, in fact, there exist ¢,d € [a,b] such that —c0 < f(c) =
inf{f(x) | x € [a,b]} < sup{f(x) | x € [a,b]} = f(d) < o0, see [38].

Of course, C([a,b]) is a proper subset of B [,;;, in fact, Dirichlet’s
function f given in equation (3.3) satisfies f € B [0.11\Co.1}-

Definition 3.1.19 Let (S,d) be a metric space and let {x,},. | be a se-
quence of pointsin S, then {x,} | is a Cauchy or Fundamental sequence
if and only if for every € > 0 there exists an integer N € N, such that for
every n,m > N, d(x,,x,) < €. The metric space (S, D) is a complete
space if and only if for every {x,}.7 | Cauchy sequence there exists x € S
such that {x,}. , converges to x, that is, for every € > 0 there exists an
integer N € N such that for every n > N we have d(x,, x) < €.

(S,d) is a separable space if there exists a sequence {x,},", C S, such
that for any non empty open set A in S, there exists an integer n € N such
that x, € A, that is, any non empty open set intersects the sequence. In this
case the sequence {x,} | is called a countable dense subset of S. For a
proof of this fact see for example [15].

A metric space (S,d) which is complete and separable is called a polish
space.
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It is important to note that the total variation on a closed interval [a, b]
with —co < a < b < oo is not a metric on BV ([a, b]). If we define for every
/.8 € BV(la,D])

e(f.g) = TVi(f - g). (3.15)

It is easy to observe that e is a symmetric function, such that 0 < e(f, g) <
oo for every f,g € BV([a, b]), which also satisfies the triangle inequality.
However, e does not satisfy that e(f,g) = 0 if and only if f = g. The
statement f = g implies e(f, g) = 0 holds, but the other implication does
not hold. By Lemma 3.1.8 if e(f, g) = 0 it does not imply that f = g, it
only implies that f — g is a constant function, and this constant may be
any real number different from zero. Therefore, we will ask for an extra
condition to have a metric.

3.2 Bounded Variation Metric

Next, we provide a simple example to illustrate our goal of defining a met-
ric using total variation. Let us consider X # 0 and d the discrete metric,
that is, d(x,y) = 1 if x # y and d(x,y) = 0 if x = y. It is clear that this
metric does not provide any information about the set X or its elements.
If X = C°([0, 1]) is the set of continuous functions with domain [0, 1],
considering dg,p, the supremum metric, when calculating the distance be-
tween two functions, we only obtain only puntual information instead of
global information.
For the proof of next Lemma see [20], Proposition 1.3.

Lemma 3.2.1 Let —co < a < b < oo and let f,g € BV([a, b]). If we define

dpy(f.8) = 1f(@) = g@] + TVe(f = ). (3.16)

Then (BV([a, b)), dTVb) is a metric space.
For the proof of next Lemma see [20], Proposition 1.10.

Lemma 3.2.2 (BV([a, b)), dTVb) is a complete space.

Remark 3.2.3 (BV([a, b)), dTVb) is not a separable space.

Let us consider [a, b] = [0, 1]. For @ € (0, 1), let us consider 1[41;: [0, 1] —
R the characteristic function such that
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1 if xela,1]
Lo, 11(%) —{ 0 if xel0.) (3.17)

Then, for ,B € (0, 1) witha #8,if 0 <a <B < 1

1 if xele,p)
Lio,11(x) = g 17(x) = { 0 if xe[0,a)U[B 1] (3.18)
And dTV(;(l[(,yl], Ii3,11) = 2. Now, let us consider the balls
Bryi(len; 1) = {f € BV([0,1D) | dry) (f, o) < 1} (3.19)

SO, fora ¢ﬁ, BTV(l[cz,lj; l)mBTV(l[ﬁ,IJ; 1) =g because, lfQD € BTV(l[a,l]; 1)0
BTV(I[ﬂ,l]; 1), then

dTV(;(l[Q,l], 1[5,1]) < dTVé(l[lY,1]790) + dTVJ(QO, 1[3,1]) <l+1=2 (320)

but dTV(}(l[a,l]a l[ﬁ,]]) = 2. Thus Brv(l[a’]]; Hn Brv(l[ﬁ,]]; 1) =0.

If E € BV([0,1]) is a dense set for (BV([0, 1]),drv), then for every a €
[0, 1] there exists fo € E N Bry(lie,11; 1) and for & # B, fo # f3. Thus E
has at least the cardinality of (0, 1).

(BV([0, 1]),dry) is not a separable space. For this reason, we will
make some modifications to dry so that we get a Polish space, that is, a
separable and complete space.

Sometimes the supreme metric, d,p, does not detect the fractal-type be-
haviors of some functions. Therefore we want to propose a metric that
does preserve them. To show this, we will look at some examples below.

Example 3.2.4 For n=1 Let us consider F;,G;: [0,1] — R such that
Fi(x) = x* and G, (x) = Vx
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0 1
Figure 3.1 Graph of F, and G;.

Ifhy: [0,1] = R issuch that /i (x) = Gy (x)—F; (x), then k (x) = +1=—2x

2Vx
on (0,1). We have that /{(x) = 0 if and only if x = (1) Also,
’” 17 2/3 3
M) =~ = 2and i (1)) = <1 -2 = =3 < 0. Thus g is a
maximum.

We have that /11(xp) = vio -2 = (1) = (4)" ~ 0.47247 and

dsup(FlaGl) = hi(xo),
1 1/3 1 4/3
2h1(xp) = 2((1) - 2(4_1) )

5 o) o

For n=3 Let us consider

drvé(FlsGI)

3x2 if 0<x<1/3
Fi(x) = §+\/L§«/x—1/3 if 1/3<x<2/3  (3.21)
243(x-2/3?2 if 2/3<x<1
and
7 VX if 0<x<1/3
G3(x) = T43(x—1/3? if 1/3<x<2/3 (322
§+% x-2/3 if 2/3<x<1
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W

W=

0 1

Wi
W

Figure 3.2 Graph of F; and G;.

If hs: [0, %] — R is such that h3(x) = G3(x) — F3(x), then hj(x) =

23
2\/%\/} —6xon (0’ %) We have that /3 (xo) = 0if and only if xo = (12#‘5) )

2/3
Also, 1{(x) =~ = — 6 and I ((ﬁ) ) = 3-6=-9 <0. Thus

Xo 1S a maximum.

1/3 4/3
We have that h3(xg) = % VXo — 3x(2) = \/Lg (ﬁ) -3 (u;«ﬁ) &
0.157490 and dg,p(F3, G3) = h3(xo), drv(; (F3,G3) = 6h3(xp) ~ 0.94494
For n=5 Let us consider

5x2 if 0<x<1/5
<Vx—1/5 if 1/5<x<2/5
S5(x-2/5)?% if 2/5<x<3/5 (3.23)
FVX=3/5 if 3/5<x<4/5
S5(x—4/5?% if 4/5<x<1

Fs(x) =

and

%‘/)_“ if 0<x<1/5
5(x—=1/5° if 1/5<x<2/5
FVX-2/5 if 2/5<x<3/5  (324)
5(x-3/5° if 3/5<x<4/5
—4]5 if 4/5<x<1

Gs(x) =
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wn|w [VIFENS

“wio

Ll—

0o 1 2 3 4 1
5 5 5 5

Figure 3.3 Graph of F5 and Gs.

If hs: [o,g] — R issuch that h5(x) = Gs(x)~Fs(x), then h{(x) = ‘é =

2/3
10x on (0, 1). We have that h(xo) = 0 if and only if xo = (ﬁg) . Also,

2/3
h (x) = _ﬁ—\f 10 and Ay (( 20\F) ) < 0. Thus xp is a maximum.

1/3 4/3
We have that hs(xy) = \f VXo — 5x0 = f (201f) -5 (20;\@) ~
0,094494 and dy,p(F's, Gs) = hs(xo), dTV[; (Fs5,Gs) = 10hs(xp) =~ 0.94494

In general, for n > 5, if h,,: [O, %] — R is such that i,(x) = G,(x) —

2/3
Fo(x) = \/Lﬁ VX — nx* we have that xo = (4'1;%) is a maximum.

SRR

dTV(; (Fm Gn) = 2nhn(xO)

- (4n1\/ﬁ)1/3 (2_\/’; - (4n1\/ﬁ))
) (4n1x/ﬁ) W(2_ %
_ (4’1\/?;)1/3 % - (élt)l/3 % = K ~ 0.94494
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And dsup(Fm Gn) = hy(x0) = Z_If, noeo 0
Example 3.2.5 For every m € N, let us consider f,1,8m1: [0,1] = R

such that f,(x) = x™ and g,,1(x) = %/x. And for every n > 2, let us
consider f,,,, 8mn: [0,1]1 = R

. . m i

Fon(x) = ! +n’"’1(x— i) ifx e [i,l—] foreveryi €{0,...,n—1}.
n n non

and

. . - it
Eman(X) = i+ " ‘/x—ilfxe[i,l—] forevery i€ {0,...,n—1}.
n =1 n n on

In the following graph we can to see f33, €33, f43, 843> /53> &53» f6.3+
863> f13, 873 13,35 883

Figure 3.4 Graphs of f,,, and g,,, forn = 3.

For every m,n € N, let us consider h,,,: [0, 1] — R such that 4, , =
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8mn — fm,n =

h;/n,n (x)

CHAPTER 3. BOUNDED VARIATION

|gm,n - gm,nl- Note that, for every x € (0, %)’

1
f ’ = m—1 -1
gm,n(x) - fm,n(x) - T xXm —-n _x’”
m nmn-
11 . L. .
—_ x . —_nm lmxm—l - ¥ o —nm_lmx_ i
m Afym-1 m -1
a1 1 | Uememrn
X m (E —~ - —nm lmx m ) (3.25)
n"-

Then, A, ,(x) = 0 when

that is,

hm,n (XO)

‘We have that

1—
ey 0 T

X0 = (nmfl m? ,M/_)nm_l T

A/ ] _m
1 (nm—l m? ”’nm_l)(l—m)(lﬂn) el (nm—l m mmmmw

nm- 1

A/ ] m2-1
(nm—lmZ \ nm_l)(]%)mm ( ! —nm! (nm_lm2 v nm—l)(lm)(lwn)

1
—\ 1
(nm—l 2 mnm_])(l-m)(l+m) ( 1 _ nm_l (nm—l 5 Mnm_l) )

- z T=m)(1+m
(I’lm ll’l’l2 nm 1)( )l+m) (1 )

o7 () (12 )

nm—l

(mz)uin)%(l_#)

;

(3.26)
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n—1 n—1 .
TV ) = TV ) = 3 2 30+ -
i=0

i=0

- B 1)
= 2(m2)m (1 _ #)

- 2 17 (mzzl)
- m

mm2-1

(3.27)

Using L'Hopital we obtain

1 m?—1
. 1 .
lim 7V, (h,,) = lm2— 5
m—oo m—oo mm m
2
. m-—1
= 2 lim — lim 5
M—00 "3y M=o m
1 m?—1
= 2 — lim 5
lim,,_eo mm2—1 M7\ M
1
= 2 >
1im,,—se0 M m2-1
1 1
- . log(m) . 1/m
Rlime D5 2limy e L
1 1
= 22— =2—=2
Al 3 &0

Since, using equation (3.27), we have

Tim TV, () = i TVg (8 = finn) =2
which is the maximum of the total variation between two distribution func-
tions.

Example 3.2.6 Let us consider [0, 27] the closed interval. Let {f,},en
be a sequence of functions defined on [0, 2x] such that f; is the constant
function 0 and forn > 1, f,(x) = L sin(n?x) for all x € [0, 27].

n
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1
1
: oy 5,
N ”
4
-1

Figure 3.5.Graph of fi, f>, f5 and f;.

Now, for fi(x) = sin(x), we have

TV(fi) + TV Z(f1)
2+2=4

TV (1)

also, fa(x) = § sin(4x), then
! 1
27 _ (i+1)m/4 _ _Q _
V5 (R = i§=0TV1’n/4 (fz)—S'Z(E)—8—4-2-

In general, for n > 3, f,(x) = n- % sin(n’x), so

2n2—1

TVF () = Z(; TV 0T (f) = znz.z(%) = 4n.
SO,
dpy = fo) = 11:(0) = foOl + TV (fy = fo)
= 0+4n=4n
Therefore,

lim dpy 2(fs fo) = lim 4n = co. (3.28)
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On the other hand
1
dsup(fns Jo) = SUP |fn(x) Jol = sup |fu(x)—=0l= sup [|f(0)] ==
xe[0,2 xe[0,27] x€[0,27] n
(3.29)
So,
1
0 < lim dgyp(f2, fo) = lim — = 0. (3.30)
n—oo n—oo n
And,
00 = lim dpy 2(fus fo) # i dup(fis o) =0. (33D)

Example 3.2.7 Recall that a function C : I> - R is a copula if and only
if C satisfies:
i) For every u,v €1

Cu,00=0=C0,v), Cu,1)=u and C(1,v)=v. (3.32)
ii) Forevery O < u; <up < 1and 0 <v; < v, < 1 we have that

Ve(lur, uz] X [vy, v2]) = Cluz, v2) — C(ua, v1) — C(uy, v2) + C(uy, vy) 2 0.
(3.33)

In particular,
C(u,v) = Ve([0, u] X [0, v]). (3.34)

Then C is a bivariate distribution function with uniform marginals (0, 1)
that is jointly uniformly continuous. See [27].

It can be shown that any copula is twice differentiable almost everywhere
in (0, 1)2 with respect to A2 the Lebesgue measure. Furthermore, if we

define
2

c(u,v) = %C(u V), (3.35)

then c(u, v) is the bivariate density of C, and it exists almost everywhere
with respect to A% the Lebesgue measure. It is important to note that a
copula C can be a singular continuous function. In fact, we known that

W(u,v) = max{0,u +v— 1} < C(u,v) < min{u, v} = M(u,v)

for all (u, v) € I?, where W and M are copulas that are singular continuous.
W has its support on the secondary diagonal D, = {(u,v) € I* |u +v = 1},



64 CHAPTER 3. BOUNDED VARIATION

and M has its support on the main diagonal D; = {(u,v) € I’ |u = v}.
Both D; and D, have Lebesgue measure A equal to zero. W and M are
known as the lower and upper Fréchet-Hoeffding bounds. Note that if
(u,v) € I> and u < v, then M(u,v) = u, meaning M(u,v) = u for every
point in I? on the main diagonal. Similarly, M(u, v) = v for every point in
I? below the main diagonal. Therefore, using (3.35) the density satisfies
that c(u, v) = 0 for all (u, v) € I*\D.
If we define TI(u,v) = wuv for all (u,v) € I?, then it is straightforward to
see that IT is a copula called the product copula. It is the unique copula
representing two independent uniformly distributed random variables on
the interval I. Using (3.35) its density satisfies that m(u,v) = 1 for all
(u,v) € I2.
Now, we will define what we will call Shuffles of M.

“The mass of a shuffle of M is obtained by using the support D; of
M in I?, making vertical cuts in I? in a finite number of vertical strips,
and randomly shuffling the strips and allowing some or all of them to be
flipped. The result of these steps will be a new singular copula, called a
shuffle of M, with support equal to the union of those strips.”

The formal definition is
Definition Since the support of the copula M is the main diagonal Dy =
{(x,x) € I*| x € I}. Letag,ay,ay,...a,1,a, be a partition of I, i.e.,
O=ay<a1 <ay <--<ay <a,=1. Let J| = [apg,a;) =[0,a1), J» =
lai,a2), ..., Ji = lai-1,a) ... Jy = [an-1,an) = [an-1, 1) and K, = {1}, for
each partition of I and for each n > 1. Then {J;}_, is a disjoint family of
non-empty intervals closed on the left and open on the right, and for each
ap, ai, @, . . . An-1, ay partition of I withn > 1 U J; U K, = I, which is a
disjoint union. Given ay, ai,a, .. .a,-1,a, a partition of I withn > 1, and
the intervals {J;}?_,, defined as above, we define the strips {J; x [0, 1]}7_, C
I? and K, X [0, 1] C I?. Then it is obvious that I* = (UL J; X ) U (K, X I),
which is a disjoint union. Let T, = {1,2,...,n} for each n € N, the set
of the first n natural numbers, and remember that a permutation of n is
simply a bijective map from T, onto T,, which we will write as o : T, —
T,, and denote the range of o by Ran(o) = (o) = {o(1),0(2),...,0(n)}.
For a fixed permutation o of T,, we permute the strips {J; X I}}_, by taking
{Joy X I}, and leaving K, X I = {1} X [0, 1] fixed. Therefore, the original
strips contain a non-empty piece of Dy, and by permuting the strips, the
new strips have a linear segment of D1, but in a new order. We will denote
by w: T, = {-1,1} a function that indicates whether we flip the strips
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180 degrees, when w(i) = —1, or do not flip them when w(i) = 1, the
linear segment of D1. The support of the shuffle of M can be written as
a function of n € N, a partition of I that induces the intervals {J;}!_,, a
permutation o of T, and the function w. The resulting copula is denoted
by M(n (T, (). )

Observation Any shuffle M(n, J;i_,, (o), w) is always a singular copula.

As a simple example, let n = 6 and 0 = g9 < a; = % <a = % <

a3=%<a4—15—0<a5—%<a6=%—1andleti—Sand
Jj = 5. After applymg the permutation (0) = (1,2,5,4,3,6), we obtain
0=by =ap 15 = bi = ar, 120 —b2—a2’ =1+t =b =
bi = a;- 1+(a1 aj1), 15 = 5+ (55— 15) = bi + (@i — a;) = by = by,
= hr(5 %) = by + (113 —a) = bjy +(a; —a;i-1) = aj, and
1218 aj+1—a6—b6

In Figure 1, we plot the original strips associated with the partition
O=agp<a = 1O<612 2<a3=%<a4=15—0<a5=19—0,a6 1—0—1
then apply the permutation (o) = (1,2, 5,4, 3,6), and in Figure 2, we plot
the permuted strips along with the corresponding strips of the support of

M. In this case, the new partition of I is given by 0 = by < % =b <
i =br < {5 =Db3 < {5 =bs < =bs <15 =1= bs Note that

the partition of I on the v-axis does not change in both figures. It can be
observed that we are only moving the support of M to a new bijection
from I onto I, which is the support of M(n = 6, J;i = 1%, 0, w), where
w(i) = 1 foreach i € T,. Of course, if we take a new function w, such that
w(i) = —1, for some i € T,, we are only flipping the i-th strip to obtain
a line segment with slope —1 instead of 1, which is part of the permuted
support of the copula W. Therefore, any shuffle M(n, J;i = 1", (o), w) is
always a singular copula.
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Figure 3.6. Graph o

Figure 3.7.
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v
1
9
10
3
P
10
2
P
10
u
12 45 21
10 10 10 10 10
f the original strips with the partition
1 2 4 _5_9_10
O< G5 <%5<1<1%<1 <1
v
1
9
10
3
iy
10
2z
1P
10
u
12 45 21
10 1 10 10 10

0
Graph with the permuted strips with the partition

1 2 6 7 9 10
0<10<10<10<10<10<10

The theory of copulas is strongly related to the study of the concept of
independence. It is known that two continuous random variables, X and Y,
are independent if and only if their copula Cxy = Il is the product copula
II. It is crucial to define degrees of dependence, and indeed, it is relevant
to determine when two variables are "extremely" dependent, that is, what
constitutes a proximity to independence. Many authors have proposed
defining "extreme dependence." The definition we consider most appro-
priate is the concept defined by Lancaster in 1963 for mutually completely
dependent random variables X and Y, see [22]. In other words,
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Definition: Two random variables X and Y defined on the same proba-
bility space (Q, F, P) are mutually completely dependent if and only if
there exists a bijection ¢ such that

P(lw € Q| Y(w) = p(X(w)) and X(w) = ¢ Y (W)} = 1,

meaning X and Y are almost surely invertible functions of each other.

Thus, there exists a set B € ¥ with P(B) = 1, such that if we know the
value of X(w) for w € B, then we also know the value of Y(w), and vice
versa.

Let X and Y be two random variables with copula Cy y that is a shuffle
of M,ie., Cxy = M(n,{J;}\_,,(0), w). If U and V are the variables deter-
mined by the shuffle, then the support of the copula is a bijection ¢ from I
to I, and ¢! is well-defined. Therefore, X and Y are mutually completely
dependent.

We will show that the copula IT is the uniform limit of shuffles that are
mutually completely dependent. This turns out to be very surprising be-
cause independence can be uniformly approximated by random variables
that are mutually completely dependent.

Theorem: For every € > 0, there exists a shuffle of M denoted by C. such
that

sup |Ce(u,v) —II(u,v)| < €.

(u,v)el?

Proof: Let € > 0 and let m € N be such that % <3
Letn=m?letO=ap<ay=i<amy=2<...<a =% <q, =1

be the uniform partition of 7 of size n, and define J; = [a;_1,a;) = [%, ﬁ
for each i € T,,. Let o be the permutation of 7, such that

~—

om(Gj-D+k)=mk-1)+j forevery k,je{l,2,...,m}=T,,
andlet w : T,, — {—1, 1} be an arbitrary function. Define

Ce = M(n = m* {J},, (0), w).
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15/16
14/16
13/16
12/16

11/16

10/16 \ \
9/16

8/16

/16
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4/16
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1/16
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Figure 3.8 Graph of one of the possible supports of the shuffle of M when m = 4

Then it can be seen that

|Ce(u,v) —II(u,v)] < e (3.36)

It is not difficult to see that if € > 0 and C is a copula, then there exists
a shuffle of M, denoted by C¢, such that

sup |C(u,v) — Cc(u,v)| < €.

(u,v)el?

In summary, the family G of all shuffles of M, with the supremum
distance, is dense in the family of all copulas C.
If we use the Total Variation using any shuffle of M the total variation

is

1 1 1
dry(ce,mm) = ) ffk’e(u, v) — (u, v)|dudv = ) ff|0 — 1ldudv = 3

3.3 Continuous and Absolutely Continuous func-
tions.

Remark 3.3.1 There exist continuous functions that have no finite bounded
variation, that is, C[0, 1] € BV([0, 1]). Also, there are density functions
that have no finite bounded variation.
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For example, let us consider the odd integer numbers, this numbers form
a countable set, then we can write all odd numbers as {g; | i € N} with
a; <ap <---<a<--- and let us consider f: [0, 1] - R such that

2(x-1) if xe(i1
—3(x—%)+% if xe(%,%
6(x— 1) if xe(}3
JOZ cmwn (o 1y 1 ce(L L &3
g ()C - aki-l) lf (akl-i-l ’ %
0 i.f x=0

f is a continuous function, see figure 1, it is clear that f is continuous
in each (k%, %] for every k € N. And, for € > 0, there exists k € N
such that k is odd < € and a; > k, then, if 0 < y < m+1 we have

fO) =DM =10-fOI=1fQ)I < % < e and f is continuous in 0.

o=

W=

A=
n—
N
Wi
=

Figure 3.9 Graph of f.
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Also, if 0 is the constant function Zero,

dpy (£.0) =TV(f) = TV gD+ D, TV 190

2k+2° 2k

2
= TV W) z

+i
k=1
+i
k=2
= 1+2

—1 = co. (3.38)
k=1

Also, note that the area under the curve on [nTll’ %] forn € N is

1__13y2
~unslsnsl ”*g‘ =L jf n+1iseven
1_ Ty
~eloe o f n+1is odd
1 . .
— if n+1iseven
= { w1y ,f Lis odd (3.39)
smhory W on+liso
If K = [ f()dt, then
1 1
K = _— 1 -_—
Z n(n + 1)2 Z n(n+ D+ 2)
{n>1|n+1 1S even } {n>1]n+11s odd }
= 1
< < 3.40
2, nr12 =% (340)

n=1

So, if g: [0,1] — R is such that g(x) = % for every x € [0, 1], then
TV& (o) = %TVO1 (f) = oo and g is a density function. Also, dgp (f, 6) =
1. O

In order to work with a continuous function with bounded variation we
will introduce the absolutely continuous functions, also will show some
properties of absolutely continuous functions.
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For —c0 < a < b < oo we denote }([a,b]) the family of all finite col-
lections S = {[ay,b1],...,[as, b,]} of pairwise nonoverlapping subinter-
vals of [a, b], that is, S is a finite collection of subintervals of [a;, b;] with
a <a; < b <bandforevery I,J € Swithl # J,INJ = 0or
I N Jis a singleton. That is, for every I,J € S with I # J we have that
int(I) N int(J) = (. For the following definition see [20].

Definition 3.3.2 Let f: [a,b] — IR be a function. f is called an abso-
lutely continuous function if and only if for every € > 0, there exists a
6 > 0 such that for all collections S = {[a1,b1],...,[an, b,]} € X.([a,D]),
the condition

Dibi—a) <6 (3.41)
k=1
implies that
D IFbo — flal < e (3.42)
k=1

Denote AC(la, b)) the space of the absolute continuous functions f: [a,b] —
R.

It is easy to see the following result:
Lemma 3.3.3 If f € AC([a, b)) then f is uniformly continuous.
Note that AC([a, b]) € C([a, b]).

We will also use the following equivalences of the definition of abso-
lutely continuous function.
Theorem 3.3.4 Let f: [a,b] — R be afunction. The following statements
are equivalent:

a) f is absolutely continuous

b) f has a derivative f" almost everywhere, the derivative is Lebesgue
integrable, and

fx) = fla) + fx f'(t)dt for every x € [a, b] (3.43)

c) There exists g: [a,b] — R a function Lebesgue integrable such
that

fx) = fla) + fx g()dt for every x € [a, b] (3.44)
and ' = g a.e.[].
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For the proof see [4] theorems 4.4.1 and 4.4.2.
Theorem 3.3.5 Let f,g € AC([a,b]) and o, € R. Then af + Bg €
AC([a,b]) and [, f~,1f] € AC([a, b)). Also, fg € AC([a, b]) and if g(x) #
0 for every x € [a,b] then f/g € AC([a,b]). For the proof see [20],
Proposition 3.2.
Proposition 3.3.6 Every function f € AC([0,1]) belongs to BV([0, 1]).
For the proof see [20], Proposition 1.22.
Definition 3.3.7 Let us consider —o0 < a < b < co. A continuous function
f:la,b] = R is called piecewise linear if there exists a partition P =
{to.t1, ..., tm} € P(la, b)) such that for every 1 <i < m, f is a straight line
on [ti_1,t;]. And denote

PL([a,b]) ={f: [a,b] = R |f is piecewise linear}. (3.45)

Remark 3.3.8 Note that PL([a, b]) € BV([a, b]).

In fact, for f € PL([a, b]) there exists P = {ty.t1,...,t,} € P([a,b]) such
that for every 1 < i < m, f is a straight line on [#;,_, #;]. Then TVfI_"_](f) =
|f(t;) = f(#-1)|. Then,

TVI(f) = Y TVi () = Z (&) = f(ti)l < oo. (3.46)
i=1

Also, note that PL([a,b]) € AC([a,b]). In fact, let f € PL([a, b]) there
exists P = {fo.t1,...,tn} € P([a,b]) such that forevery 1 <i <m, fisa
straight line on [f;_, #;]. Then f’(x) = f("t):—rf(tl“') on (¢;-1,). Thus f has a
derivative f” almost everywhere. And for x € [a, b] there exists 1 < iy < m

such that x € [t;_1, t;,], then if x € (#;,-1, t;,),

fxf’(s)ds

Tip-1

o=l x
Z f F(s)ds + f F(s)ds
k=1 Y1

(S f f(zo 1)

= Z(f(tk) flne 1)>+ﬁ( ~ i 1)
= flti-1) — f0) + JI(;Q:—W(X = lig-1)
= fl)+ ft_—f(’f‘)( x=ti1) = f(@)

= f(0 - fla). (3.47)
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Note that

ff’(S)dS=0=f(a)—f(a)

and in the case x = t; forsome 1 <i<m

f F(s)ds f Fsds= > f F(s)ds
a a k=1 Y lk-1

D)~ ft)
k=1
@) = flt) = f) = f(@). (3.48)

Thus f € AC([a, b]).
Also, for every f,g € PL(a,b) and o, € R, af + g € PL([a,D]). Itis
clear that af € PL([a, b]) for every f € PL([a,b]) and @ € R . Then it is
enough to show that for every f, g € PL([a, b)), f + g € PL([a, b]).
Let f,g € PL(a,b), f + g is a continuous function because f and g are
continuous functions. There exists Py = {to,t1,...,t,} € P([a,b]) such
that f is a straight line on [#,_;, ;] for every 1 < i < n. And there exists
P, ={s0,51,..., 5.} € P([a, b]) such that g is a straight line on [s;_1, 5;] for
every 1 <i < m. Let us consider P = {rg,ry,...,r:} € P([a, b]) such that
Py U Py = P. Then forevery 1 <i <k, [riz1, 1] = [tjy-1,tj, ] N [5),-1, 5]
for some 1 < jo < nand 1 < ji < m. fis linear on [tj_1,},] then
f(x) = a;x + by for every x € [tj,_1,1;,] and for some a;,b; € R. In
the same way g is linear on [s;_1,s;] then g(x) = ax + b, for every
X € [sj,-1,5;,] and for some ay,b, € R . Thus for every x € [ri_1,7],
f(x) + g(x) = (a1x + by) + (axx + by) = (a1 + az)x + (by + by). Therefore
f + g is a straight line on [r;_;,7;] and f + g € PL([a, b]).
Definition 3.3.8 Let —0 < a < b < . f:[a,b] —> R is called a step
function if there exists P = {ty.t1,...,tn} € P(la, b]) such that for every
1 <i<m, fisconstant on (t;,t;_1). We will write S ([a, b]) for the space
of all step functions on [a, b].

Recall that for a set X, B(X) = {f: X — R | f is a bounded function}.
Definition 3.3.9 We defined the operator J, J: L'([a, b]) — B([a, b]) such
that

J(H)x) = f JF(y)dy. (3.49)
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Lemma 3.3.10 Let —c0 < a < b < oo. J(S ([a,b])) € PL([a, b)) and for
every f € PL([a, b]) we have that f — f(a) € J (S ([a, b])).
Proof: Let f € PL([a, b]). Then f is a continuous function and there exists
a partition P = {fg.t1,...,t,} € P([a,b]) such that for every 1 <i < m, f
is a straight line on [f;_1, #;]. Let h: [a,b] — R such that h(x) = f“)j—{“l>
on (ti1,4) and h(t;) = O for every 0 < i < m. Note that [’ = hon
[a,b] \ {to.t1,...,t,). Then, by equation (3.47), J(h)(x) = f; h(tydt =
J(x) = f(a). Thus f - f(a) € J (S ([a,b])).

Let f € J(S ([a, b])). So, there exists i € S([a, b]) such that for every
x € [a,b], f(x) = fax h(t)dt and there exist P = {xg, X1, ..., x;} € P([a, b])
and {cy,c2,...,c,} € R such that for every 1 < i < k, h(x) = ¢; on
(xi-1,x;). Let 1 < j < kand x;_; < x < x; then

i
f h(t)dt—z f h(t)dt + f h(t)dt

-1

f(x)

-1

= f c;dt + cjdt
= Ci f dl + Cj f dt
i Xi-1 Xj-1

~ \N \
—_ = ._.»—

~.

= ci(xi — xi-1) + ¢j(x — xj-1)
i=1

= aj + cj(x — Xj_l) (3.50)

Where ;-1 = 377 ci(xi — xi1) = [ h(d)dr. Note that f(x) = ¢;(x —
Xj_1) + a1 is a straight line on [x;_1, x;]. We have that f(xg) = f(xo+)
and f(xy) = f(x—). Also, if 2 < j < k, f(xj-1) = aj-, for 0 < € <
min{x; — x;_1, Xj-1 — Xj-2}

Xj-1+€ Xj-1 Xj-1+€
f h(t)dt = f h(tdt + f h(t)dt

Jj-1

fxjo1 +e)

ajo1 +cj(xjo +e—xj_) = ajy +cje (3.51)

Thus, limsw f(Xj_] +€) = limsw (a'j_l + CjE) =@ = f(Xj_l). And



3.3. CONTINUOUS AND ABSOLUTELY CONTINUOUS FUNCTIONS.75

fxjo—e = f o h(t)dt = f - h(t)dt — f " h(r)dt

Xj_1—€
+f h(t)dt = -y — Cj_l(x]'_l - Xj_z)

Xj_z

+Cj_1(Xj_1 —€— )Cj_z) =Qj-1 —Cj-1€

SO7 lime f(xj_l - 6) = limew (a_,-_l - C_,'_lf) = a1 = f(x.,'_l) and f is
continuous on [a, b]. O
Remark 3.3.11 Let us consider C = {(a,b]| — 00 < a < b < oo}. Thus C
is a semiring of subsets of R . (See [15] Proposition 3.2.2). And

R = {Uf’zlAi [{A;}, € Cis a disjoint family, for some n > 1}

is the smallest ring that includes C, see [15] Proposition 3.2.3.

We known that the Borel o—algebra in R is such that B(R ) = o(C) =
o(R), see [15] Proposition 3.2.10.

By Remark 3.1.33 [15], for every E € B(R ) such that A(E) < co and for
every € > 0 there exists {A4,}>7, € R such that E C U A, and

AE) < A(U24A,) < Jim Z/l(A ) = Z/I(A )<SAE)+e (352

n=1

So, there exists N € N such that for every m > N, |Z?;1 A(A)) — A(E)' <€
Let —c0o < @ < b < oo and let f: [a,b] — R be a simple function
nonnegative. Then, there exists {B;}7_; C B([a, b]) a partition of [a, b] and
{bi}] < (0,00) such that f(x) = XL, bi1p,(x) for every x € [a,b]. Note
That A(B;) < A([a,b]) < oo forevery | <i<n.

Then for every € > 0, there exist {C; Al =1 S C C adisjoint family and {c } .1 €
(0, 00) such that fa |f — ijl cjlc;ldd < e. To see this, first we consider
n=1

For € > 0 and B there exist {4;}>, € R such that B; C U2 | A; :== H

0<AH) - ABy) < i (3.53)
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H e B(R ) and

b
f |bi15, — bi114|d2

b
by f Ly, 1A
b

= blf 1m\p,dA
a

= DbiA(H\ By) =by (A(H\ By) + A(H N By)
-A(H N By))
= by (A(H) - A(By)) < g (3.54)

And there exists m € N such that 0 < Y2, A(A) - X, AA) < 55

Using that R is a ring, we have that U | A; € R and we can write it as a the
disjoint union of elements of C, so we can consider the family {4;}"", as a

disjoint family of elements of C.
b b
by f Lz Al = b f Layur a;

= biA(H\ULA) = by (A(H\ UL A)
+A(H N UL A) - A(H N UL A))

= b (a(m -2 A(A,)]
i=1

b
f b1y — bylyr aldd

(o] m €
< b (;A(A,-)—;/I(Ai))< 5 (359
Then,
b b
f If = lum aldd = f If = 1u+ 1n — luz aldA
a ab h
< f f - 1H|+f Ly = Lo ldA
< £4¢ (3.56)

22

Ifn = 2,lete > 0. For the case n = 1, there exist {A;} | € C disjoint family
and {Ci}i.‘:1 C C disjoint family such that fab |b11p, — by lu;n:IA‘.|d/l < 5 and
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[ 16215, = byl s ld2 < §. Then,
b
f |b] 131 + b2132 - b] IU;LA" - bzlulic:chd/l

b b
< f |b1151 _bI]U;LA,'|d/1+ f |b2132 _bZIUf:lC;|d/l
<€ (3.57)

Note that (U;’;Ai) U (UleCi) € R and we can write this as U{_, D; a disjoint
family of elements of C. And using the proof of Proposition 4.1.2 [15] for
n = 2 the result holds. The proof is similar for n > 3.

Theorem 3.3.12 Let —0 < a < b < oo. If f: [a,b] = R is an increas-
ing function, then the derivative exists a.e. on [a,b), and it belongs to
L'([a, b)) and satisfies

b
f f'(dt < f(b) - f(a). (3.58)

Proof: By Lebesgue’s Theorem for the Differentiability of Monotone
Functions, see [36], we have that f’ exists a.e. on [a, b]. We can extend f
by f: [a—1,b+ 1] - R such that

f(a) if a-1<x<a
f(x) =3 f(x) if a<x<b
f) if b<x<b+1.

And for every n > 1, we defined f,, g,: [a—1,b+1] > R and g: [a,b] —
R such that
1 h) —
70 =1+ 1), 0= 10 - 70] and g0 = fimg =10

(3.59)
Note that
Sa+h) - fQ@) Jo®) = f(®)

h

= lim 2222 = lim g,()  (3.60)

H=1
g( ) hl—r>r(l) n—oo 1/n

Thus, g is defined a.e. on [a,b]. f and f, are continuous a.e. on [a,b]
because they are differentiable a.e. on [a,b] thus f and f, are measur-
able functions, so {g,} >, is a sequence of measurable functions and by
Theorem 4.2.3 [15], g is a measurable function.
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Using that f is an increasing function we have that g,(f) > 0 for every

t € [a,b] and n € N. Also, fab 0dt = 0. By Fatou’s Lemma (see Lemma
4.3.11[15)),

b
f g(Hdt

b
f (hm inf gn(t)) dt

b b
lim inf f gn(t)dt = liminfn f

f(t + 1) - f(t)] dt
n

IA

f(t+ l) —f(t)] dt
n
b b

fa f(r+ %)dt—fa f(dt

b+ 1 b
f(dt — f f(odt

And

r

d

1
aty,

b+—

f(dt — f f(t)dt
b

M ~ fa+; f(t)dt

n
(3.61)

We have that f(r) > f(a) for every f € [a,a + 1/n], so
fﬂ ;f(t)dt > fﬂ ;f(a)dt = % (3.62)

Thus,
b

f gdt < hmlnfn(@ - M) f(b) - f(a). (3.63)
m}

Corollary 3.3.13 Let —00o < a < b < oo. If f € BV([a,b]) then the
derivative exists a.e. on [a, b] and it belongs to L'([a, b]).

Proof: Using that f can be write as g — h where g and & are increasing
function and the Theorem 1.2.12 the result follows. O
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For the Theorem 3.3.15 we need the following result. For the proof of
Theorem 3.3.14 see Theorem 12.34 [17]

Theorem 3.3.14 (Absolute continuity of the integral) Let M € B(R ) and
fi M — R be aintegrable function. Then for every € > 0, there exists a
6 > 0 such that for any measurable N € M with A(N) < 8, we have

f]; |f(Hldt < e. (3.64)
Theorem 3.3.15 Let f € BV([0, 1]). Then
fo e < TVAP) (3.65)
In case f € AC([0, 11), we have the equality
fo ol =TV (3.66)
Proof: By Corollary 3.3.13, f’ exists a.e. on [a,b] and f’ € Ll([a, b)),

so f’ is a measurable function. By Theorem 3.3.14, for € > 0 there exists
6 > 0 such that if N € B([a, b]) and A(N) < 6, then

f F (Oldt <
N

f’ is a measurable function, then

D, ={te(ab)|f'® >0} = ("0, )) € B(la,b])

(3.67)

N m

and
D_={te(ab)|f ) <0}=()N"(~,0)) € B(la,b])
By Remark 3.3.11, there exists {4,},” , € R such that D, C U A, and

k o
. P
AD,) £ A(Up,4,) < Jim Z AA,) = Z AA) < AD2)+ 5 (3.68)

n=1 n=1

And there exists k € N such that

0 k
0< Z AA,) - Z AA,) < g (3.69)
n=1

n=1
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R in Remark 3.3.11 is a ring, then U’;ZIA,, € R and we can write this sum
as a disjoint sum of elements of C. Then we can assume that for every
1 <i<k A =(@@,b]lwitha<a <b <a<b<a3<---<b; <
QAiy) <+ <bpp <ap <bp <b. Thus,if B= U]r(z:IA” and C = UZO:1AH’

AD, A B) AD, \ B) + A(B\ D,)

AC\B)+A(C\ Dy)
[A(C) = A(B)] + [AC) = AD,)]
6 o

—+-=90
2 2

IN I

(3.70)
We can sum a = by and b = a1, if necessary, to obtain
{bo,ai,bi,as,br,a3,...,b;,ais1,. .., b1, ag, by, Ak}

a partition of [a, b].
Note that

D_Al(a,b)\Bl = (D_n{(ab)NBI)U((a,b)n B ND°)
= (D-N[(a,b)°UB])U ({(a,b) N BN D,)
= (D-NB)UB°ND,)=(B\D;)U(D:\B)
= BAD,
And using the Fundamental Theorem of Calculus (FTC), the inequality
a—>b<|al +|b|

k+1

k

TVI) = Y1) = flapl+ Y If(a) = fibi)l
i=1
k

j=1
b;
> f F(nd
i=1 1VYdi
k+1

k b; b1
> f £ @i+ f f
i=1 Vi j=1 vai
f f(ndt f [ (Hdt
B (a,b)\B

4

k+1

*

J=1

i1

f(ndt

ai

\%

+

+
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> f f(tdt - f f'(t)dt
B Bcn(a,b)
= f'(tdt - f f(dt + f f()dt - f f(t)dt
D,NB D_NB¢ BND_ D,.NBe
= f f'(tdt - f f(drt + f f(t)dt - f f'(t)dt
D.NB D_NB¢ B\D. D.\B
= F(dt + f(dt — f f(0dt - f f(ndt
D,NB D.\B D_NB¢ D_\B¢
- f f()dt + f f'(Ddr + f f(dt - f f()dt
D, \B B\D, B\D.. D, \B
= f [ (Hdr - f f(dr - f [ (Hdr + f [ (H)dt
D, D_ D.\B B\D,
+ f()dt - f'(t)drt
B\D. D.\B
= fdt - f fdt - f |f’ (B)ldt - f |f' (0)ldt
D, D_ BAD, D_A[(a,b)\B]
b
- f F(Olde - f ol - f e
a BAD, D_A[(a,b)\B]
b
> f (0l — €

Since € > 0 was arbitrary, we conclude that TV2(f) > fa b | ()ldt.
In the case f € AC([O, 1]) take {#o,1,..., t} € P([0, 1]) and using Theo-
rem 3.3.4.

f(0)+f f(t)dt—(f(0)+f f(t)dt)

f " P
f Ol = f Ol

Taking supreme over P([0, 1]) we have that TVé(f) < fo |f(0)|dt. O

k
D) - fae)
i=1

)
)

k

IA
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Corollary 3.3.16 If f : [0,1] —» R is a function and we have a par-
tition P € P([0, 1]), where P = {0 = to,t1,...,typ—1,ts, = 1}, such that
f is an absolutely continuous function on all the intervals [0 = ty, 1],
(ti, 2], .. (tup=15tnp, = 1] then

np np—1
TV() = TV + D TVi g (D + D 1) = fE-l (BT
j=1 j=1

Proof. Let f : [0,1] = R beafunctionand P = {0 =#y,11,...,thp—1,ln, =
1} € P([0, 1]) be a partition of [0, 1] such that f is a differentiable and
Riemann integrable function on all the intervals [0 = fy,#], (#1,%2],...,
(tsp-1,ts, = 1]. By the continuity of f on each interval we can assume that
f@j+)=k;je R forevery j€{l,2,...,np—1}. Letus define g,(x) = f(x)
if x € [tp = 0,1;] and for every j € {2,3,...,np} let

(ki x=14
gf(x)‘{ 0 if xe il (3-72)

on closed intervals whose intersections are at most single points. Using
limits, we can define

TV, (f) = TV, (g)) forevery j € {2,....np). (3.73)

Besides, obviously TVE)1 f) = TVE)1 (g1). Since f is not necessarily contin-
uous on ty,t, ..., 1,1, but it has left hand limits f((z;)-) and right hand
limits f((¢;)+) for every j € {1,2,...,t,, — 1}. Then, using (3.72), (3.73),
the last note and Theorem 3.1.10 we conclude that

np np—l
TVH) = TVG(H+ D TV () + ) L)+ = f(1)-)
j=2 j=1
np np—1
= DITVIL @)+ D)) = f(@p)-)l (3.74)
j=1 Jj=1
and the result follows. O

Definition 3.3.17 A nonconstant function f € BV([a,b]) N C([a, b)). [ is
called singular function if f is differentiable a.e. on [a, b] with f'(x) = 0.
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Theorem 3.3.18 Let f € BV([a,b])NC([a, b]). Then f may be represented
as

J(X) = fac(x) + fig(x) for every x € [a, b] (3.75)

where fu. is absolutely continuous and fy, is singular or f,, = 0. This
functions are uniquely determined up to additive constants, and so the
representation (3.75) may be made unique by requiring that f(a) = f,.(a).
See Proposition 3.21 [20].
Theorem 3.3.19 (AC([0, 1]), drv) is a complete space. See [20].
Remark 3.3.20 Recall that f: [a,b] — R is called Lipschitz-continuous,
f € Lip([a, b)), if and only if there exists L > 0 such that |f(x) — f(y)| <
L|x — y| for every x,y € [a, b].

Any such L is referred to as a Lipschitz constant for the function f
and f may also be referred to as L—Lipschitz. The smallest constant is
sometimes called the (best) Lipschitz constant of f or the dilation of f.

fO—-f(s) > 0 the

-

If f is not a constant function, we called Lip(f) = sup,_,

best constant of f.
Note that Lip([a, b]) € AC([a, b]). In fact, for f € Lip([a, b]) and € > 0O if

6 = gk then for S = {[ay,byl...... [an, byl} € 2(la, b)), with

Si-ay<s (3.76)
k=1

implies that
Db~ f@al < Y Lip(Fbi—aw) = Lip(f) Y (bi—ay) < e. (3.77)
k=1 k=1 k=1

Also, if f,g € Lip([a,b]) and g is biyective with g: [a,b] — [a, b] then
f o g€ Lip(la, b]).

3.4 Another Bounded Variation Metric

We will propose a Skorohod-type metric. Let us remember the Skorohod
metric.

Definition 3.4.1 Let D = D[0, 1] be the space of real functions f on [0, 1]
that are right-continuous and have left-hand limits:
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i) Fort e€[0,1), f(t+) = lim,y, f(s) exists and f(t+) = f(1)
ii) Fort € (0,1], f(t=) = limy, f(s) exists.

Functions having these two properties are called cadlag, continue a droite
limite a gauche.

Let A’([0, 1]) denote the class of strictly increasing, continuous mappings
of [0, 1] onto itself. If 2 € A’([0, 1]), then 4(0) = 0 and A(1) = 1. For g
and f in D, define d(f, g) to be the infimum of those positive € for which
there exists in A’([0, 1]) a A satisfying

sup |A(f) —t| = sup |t — /l_l(t)| <e€ (3.78)
1€[0,1] 1€[0,1]

and
sup |f (1) — g(A)| = sup |f(A7' (1) - g(1)| < € (3.79)
t€[0,1] t€[0,1]

To express this in more compact form, let /d be the identity map on [0, 1]
and use the notation dy,, for the supremum metric. Then the definition
becomes

d(f,g) = inf{e>0]|31€ A'([0,1]) such that dy,(4,1d) < €
and dsup(f, 8 0 ) < €} (3.80)

(D, d) is not a complete space, see [7]. So, Skorohod provided a new
metric d° such that (D, d°) is a Polish space. For 4 € A’([0, 1]) such that

A(t) — A
I = sup [log 20=AG| 3.81)
s<t t—s
He defined
d’(f,g) = infle>0]34¢€ A’([0,1]) such that ||1]]° < €
and dg,,(f,g 0 A) < €}. (3.82)

In order to present our metric we propose the following modification to
A’([0,1D)

A([0,1]) = {1 € Lip([0, 1) | A(0) = 0, A(1) = 1, A is strictly increasing}
(3.83)
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Definition 3.4.2 For g and f in BV ([0, 1]), define d(f, g) to be the infimum
of those positive € for which there exists in A € A([0, 1]) satisfying

dry(A,Id) = |A(0) — 1d(0)| + TVj(A - I1d) = TVj(A—1d) < €  (3.84)

and

I£(0) — (A0 + TV (f —god)
If(0) - g(O)| + TVy(f —go ) <e (3.85)

dry(f,go )

where Id: [0, 1] — [0, 1] is the identity map. Then the definition becomes

d(f,g) = inf{e >0|dae A([0,1]) such that dry(A,1d) < €
and dry(f,g o ) < €}. (3.86)

Remark 3.4.3 Let A € A([0, 1]). Forevery P = {xg, x1, ..., xp} € P([0, 1]),
then A(P) := {A(xp), A(x1), ..., Axp)} € P([O, 1]), because A is strictly in-
creasing and A(0) = 0, A(1) = 1, thus 0 = A(0) = A(xp) < A(xy) < --- <
Alxp) = A(1) = 1. Also, 4 is a bijective strictly increasing function, hence,
there exists yo < y; < --- < yp € [0, 1] such that A(y;) = x; for every
i €1{0,1,...,P}. A(yo) = xo = 0 and A(yp) = xp = 1, thus yp = 0 and
yp = 1. So, {yo,y1,-..,yp} € P([0, 1]), then we have

{P|PeP(0,1D} ={AP) | P € P(0, 1]} (3.87)
By equation (3.87),

sup > 1f(x) = flxi))

(PEP(0.1} 4=

TV,(f)

= sup 1A = fAGD)

(AP)EP(0.1]) =

= sup > I(fo () = (f o D(xi)

{PeP((0.1])} 4=
= Tvg(f o) (3.88)
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Therefore the total variation of a function is invariant under compo-
sitions of elements of A, that is, for every f € BV([0, 1]) and for every
AN, TVI(fod)=TV)(f) < 0.

We will see that d is a metric. Using A = Id, dry(4,1d) = 0 < oo and
dry(f,g o ) =dry(f,g) < oo. Thus, d(f, g) < co. Of course, d(f,g) = 0.
d(f,g) = 0 implies that, for equation (3.84), 4 = Id, because dry is a
metric. If A = Id, by equation (3.85), f = g.

So, by Remark 1.3.2,

TVy(aodi =) =TVi(A—Id)o A)) = TVi(da —Id)  (3.89)

and if A; € A([0, 1]) so does A7!, using again Remark 1.3.2,

dry(Ay,1d) = TVy(4; — Id) TVy((4 = Id) o A7) = TVy(Id - A7)

drv(Id, A71). (3.90)

and

1f(0) = g(O) + TV, (f — g o A1)

1£(0) = g + TVy(f =g o) o A1)

1£(0) = (O] + TV (f o 47" = g) = dry(g. f o A1)
(3.91)

drv(f,go A1)

d(f,g) = d(g,f) follows from equations (3.90) and (3.91). Using the
definition of d for € > 0 there exist A1, 1, € A([0, 1]) such that

dry(A1,1d) < d(f, g) + % and dry(f,go A1) <d(f,g) + g (3.92)
and

drv(Ap, Id) < d(g, h) + § and dry(g.ho L) < d(g, h) + g (3.93)

By equations (3.89), (3.92), (3.93) and the inequality triangle of dry,
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IA

dry(d; 0 A1, 1d) dry(Ad; 0 A1, A1) +dry(Ay, 1d)
= dry(Ag, Id) + dry(Ay, Id)
€ €
d(g,h) + = +d(f, —
(g )+2+ (fg)+2

= d(g,h)+d(f,g) +e. (3.94)

IA

and

dry(fiho Az o dy) <dry(f,go A1) +dry(go A, hodyody)
=dry(f,g o A1) +18(0) = h(0) + TVy(go Ay —ho Ay 0 A))
=dry(f.g o ) +18(0) — h(0)| + TV ((g —ho A3) 0 Ay)
=dry(f,g 0 A1) +8(0) — h(0)| + TVy(g — ho )

=dry(f,go A1) +drv(g,hody)
Sd(f,g)+§+d(g,h)+§:d(f,g)+d(g,h)+e (3.95)

equations (3.94) and (3.95) are valid for every € > 0, thus d(f,h) <
d(f,g) +d(g,h). Thus d is a metric.

Definition 3.4.4 Let {f,} | a sequence in BV ([0, 1]). And let f € BV([0, 1]).
{fu}), converges to f with the metric d if and only if there exists {1}, | €
A([0, 1]) such that lim,, o dry(f, 0 A, f) = 0 and lim,,—,, dry (4, Id) = 0.
Also, we say that a sequence {g,}>" | € BV([0, 1]) is a Cauchy sequence
with the metric d if and only if for every € > O there exists N € N such
that if n,m > N then d(g,,gnm) < €.

Remark 3.4.5 If there exist {1,}7, € A([0, 1]) such that lim,, ., dry(gn+10
An> &) = 0 and lim,, . dry(4,, Id) = 0, then {g,}7 | is a Cauchy sequence.
In fact, for every n € N

d(gn’ gn+1) < max{dTV(g (/lm Id)5 dTV(% (gn» 8n+1 © /ln)} (396)

and

r}l—{l;v d(gn» ng—I) < r}]—>no]o max{dTVA (/lﬂ’ Id), dTVé (gn» 8n+1 © /ln)} =0.

Then, {g,}7, is a Cauchy sequence.
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Remark 3.4.6 Let {f,})",, f € BV([0, 1]). If lim, e d7v(fy, ) = O, then
we take A, = Id for every n > 1 and we have that {f,}”, converges to f
with the metric d.

Example 3.4.7 (BV([0, 1]) is not complete under the metric d). For every
n > 1, let us consider f,: [0,1] — R such that f,(x) = 1j9,121(x) for
every x € [0, 1]. Observe that if n # m, then dry(f,, fin) = 2.

1 1 1

2o o
Figure 3.10 Graphs of f,, f,, and f, — f,, forn < m.
For every n > 1, let 4,,: [0, 1] — [0, 1] such that

1
0, &
1
7 1

l .
3X if xe

/l,,(x) = { 1 on+l_1 1 .
(x — ﬁ) -n2 + T if X €

(3.97)
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L 1
2n

Figure 3.11 Graph of 4,,.

A, is linear on [0, %] and on [%, 1] and A, (%) = 2,,% Then f,104, = f

and for every n > 1, dpy(fi+1 © A, fu) = 0. And

1 1 1 1
drv(d,. 1d) = Z(Id(i) 4 (2_)) _ 2(5 _ F)
2 1 2 1
= 2(W—W)=W=2—n (3.98)
By equation (3.98), lim,_,c d7y(d,,1d) = 0. Thus, {f,}*", is a Cauchy

sequence with the metric d. Let f = 1. For every 4 € A, A(0) = 0,
thus f,, o 2(0) = £,(0) = 1 and f(0) — f, o 4(0) = 0. A is a bijection, thus
there exists v € (0, 1) such that f,(A(v)) = 1 and f,(A(1)) = 0. Therefore,

dry(fa, f) = 2 for every n > 1. {f,};7, is not convergent to f with the
metric d.

3.5 A Metric of Skorohod type

Definition 3.5.1 Let us define A°([a, b)) as the set of functions A: [a,b] —
[a, b] such that A is a strictly increasing function with A(a) = a, A(b) = b
and there exists Py = {xo,x1,...,xx,} € P(la, b]) such that A is linear on
[xi—1, x;] for every i € {1,2,...,k)} with

_ A(x;) — Axi-1) ” A(xip1) — Ax;)
Xi — Xi—1 Xit1 — X

=my; foreveryie{1,2,...,k)—1}

i
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Definition 3.5.2 Let A € A°([0, 1]) such that there exists Py = {xo, ..., Xy}
€ P([0, 1]) such that A is linear on [x,1, x;] for every i € {1,2,...,ky} and
m:

= M) o gy = M)A g opery e {1,2,.. ., ky), thus we

Xit1 =X

define |||l° by

. A(x;) = Axi1) TV, (D)
[[4]]° = max [In(m;)| = max (In ———| = s
1<i<k, 1<i<k, Xi — Xi_1 t<isk | TVi (Id)

(3.99)

Note that A°([0, 1]) € A([0, 1]). In general, for A € A([0, 1]) given in (77),

(/1(;) - /l(s))
In| 22—

t—s

[I2]l° = sup (3.100)

s<t

Remark 3.5.3 See Theorem 3.7.11 and by Remark 3.3.20 A°([a, b]) is
dense in A([a, b]) with the metric dry. Observe that if A satisfies Def-
inition 3.5.1, then A — Id is a monotonic function on [x;, x;_;] for every
i€f{l,2,...,k;} and

ka
TVyA-1d) = > TVY (A-Id)
i=1

ka
Z (A= Id)(x;) = (A = 1d)(xi-)|  (3.101)
i=1

Definition 3.5.4 For g and f in BV([0, 1)), define d°(f, g) to be the infimum
of those positive € for which there exists in A € A([0, 1]) satisfying

Il < e (3.102)

and

dry(f,god) = | f(0)—g(A0)+T Vy(f—god) = |f(0)-g(O)+TV,(f—god) < €.
(3.103)
The definition becomes

d°(f,g) = inf{e > 0|31 € A([0, 1]) such that ||A)|° < € and d7y(f, god) <
(3.104)
Note that [u — 1] < el — 1 for y > 0, because if u > 1, Ju — 1| =

u—1= €2 _ | = elloe®l _ 1 Andif0 < u < 1, then 0 < (u — 1)%,
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0<u?-2u+1,then2u <u?+1,502 < u+1/u, therefore | —u < 1/u—1
and u—1]=1-u < 1/u—1 = ¢80/ _ | = g=log) _ | = ellogl _ | For
s€,1)

[A(s) = Id(s)] = |A(s) — A0) — (s — O)]
EEMECER U
- s—0
< s (exp ln(w)‘ - 1)
s—0
< explin(jA*)] -1 (3.105)

So, dgp(A,1d) < exp|In(||4|°)] - 1

And since v < ¢” — 1 for all v. It is because if f : R — R is such that
fw)=¢€"—1-v,then f'(v) = ¢ —1and f'(v) = 0if and only if v = 0.
Moreover, f”(v) = ¢ and f(0) = 1 > 0. Then v = 0 is the minimum of
the function. That is, foreachv e R, e¢" — 1 —v = f(v) > f(0) = 0.
Then, using the inequality v < e” — 1 for all v we have that

drv(f,go ) <exp(drv(f.god) -1 (3.106)

Forie Aand0O<s<t<1

o A1) - A(s) A7 (1) — A7 (s))
[|A]|° = sup [ln ———| = sup In : ;
s<t r—s A71(5)<A-1(r) A~ (t) - A" (S)

t—s

= sup |In ——7—

il AT @) —A7(s)

AN - a7
= sup [-In AW G) late

()< () r—

Therefore, ||A]|° = ||A7"||° and symmetry for d° follows. The triangle in-
equality for d° follows from the inequality

4 o Al < NlAll” + N0l (3.107)

equation (3.107) holds because
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02 CHAPTER 3.
Il o l” = sup|ln /ll(/lz(t)i : jl(/lz(S))
i [0 — 4(Aa() | Aa() = Aa(s)
T t=s (1) = A2(s)

A1(A2(D) = A1 (A2(s))

|

Aa() = o(s)

sup

o

|

s<t Aa2(8) — Aa(s) t—s
_ A1 (A(0) — A1 (A2(s)) A (1) = Aa(s)
= sup In +In
s<t A1) = A2(s) t—s
< sup ( In A1(A2(0) = A1 (A2(s)) N 'ln Ao(1) — A2(s) )
s<t A (1) = A2(s) t—s
< sulin A1(A2(1) = A1 (A2(5)) + sup lIn A2(8) — Aa2(s)
= (1) - A2(s) - (—s
< supln A1(A2(1) = A1 (A2(5)) + sup |In A (1) = A2(s)
= (1) - A2(s) - (—s
_ A (r) = /ll(W)‘ A () — A2(s)
= sup|ln —— |+ sup |ln —————=
w<r r—w <t t—s
= lull” + [zl (3.108)

That d°(f, g) = 0 implies ||4]|° = O thus A = Id and f = g follows using
the corresponding property for dy,, and dry. Therefore, d° is a metric.

3.6 Completeness

Let {f.};2, € BV([0, 1]) a Cauchy sequence, that is, for every € > 0 there
exists N € N such that if n,m > N then d°(f;, f,n) < €.

Remark 3.6.1 If {f,}, is a Cauchy sequence then there exists a sequence
{412, € A0, 1]) such that for every i € N, ||4]|° < zl And there exists
{fN,.};?le a subsequence of {fu},7 | such that for everyi € N, dry(fv;, fn+10°
A;) < 5

Proof: Let ¢ = % then there exists N; > 0 and such that for every j > 1,
d°(fn,» fvi+j) < €. Forg = % there exists N, > 0 such that N, > N; such
that for every j > 1, d°(fi,, fw,+)) < €.

Since N, > Ny, then there exists A4; € A([0, 1]) such that
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=¢. (3.109)

1
d°(fays fivy) < max{llull®, dpyy (fy,s fiv, © A} < 3

Inductively for ¢ = % there exist Ny, > Ny_; and A; € A([0, 1]) such that

1
d°(fners S < max{ll®, dryy (fve, s S © Ae-1)} < % =& (.110)

Lemma 3.6.2 Let (M, d) be a metric space. If {x,},_, € M is a Cauchy
sequence such that there exists {x,,};° | a subsequence of {x,},7 | and x € M
such that lim;_,e d(xp,;, x) = 0 then lim,_,« d(x,, x) = 0. See [15].
Theorem 3.6.3 (BV([0, 1]),d°) is a complete metric space.

Proof: Let {f,}>, € BV([0,1]) a Cauchy sequence. Then there exists
{fn}2, asubsequence of {f,}>7 | and {4;};2, € A([0, 1]) such that

1 1
lll° < > and dry(fy;-fy+1 0 i) < 5 (3.111)

Letusseethate” — 1 < 2ufor0 < u < % If f: [0,%] — R is such
that f(u) = 2u—e" + 1. f'(u) = 2—e", f'(0) = 1 and f" (1) ~ 0.3512 then
f'(u) =2 —¢€">0. Thus f is increasing and 0 = f(0) < f(u), that is, 0 <
2u—e"+ 1. Also note that for m,n € N, Ay4po0---0d,41 04, € Lip([0, 1]),
and

dsup(/ln+m+l O:--0 /111+1 © /lna /ln+m O:--0 /ln+l © /ln) = dsup(ﬁn+m+la Id)

IA

2||/ln+m-+-l ”0 <

2n +m

Thus {41, 0+ 0 A411 0 A}, is a Cauchy sequence with the metric d,.

So, the sequence converges to 7y,

Vu(®) = lim Ay 0 -+ 0 Ayqq 0 A,(F) for every t € [a, b] (3.112)
m—oo

Y, 18 continuous
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/1n+m O---0 /ln(t) - /ln+m 0---0 /ln(s)
log

< ||/ln+m ©---0 /ln+1 o /1;1“0

t—s
< ull” + -+ AN
1
= (3.113)

Taking limit when m — co we have that |ly,||° < 5 < 0. S0y, is strictly
increasing (in other case ||y,||° = o). Also, Lip(y) < oo in the other case
lyall” = oo, thus y, € A.

We have that y,, = ¥u+1 © Ay, 80, = 4, 0%, and

drv(fy, 0 v fum 0 oy

1
drv(fu,s fai, © Ai) < >

drv(fy, o v fu © YD)

(3.114)

Thus {fy, o y’.‘l }21 € BV([0, 1]) is a Cauchy sequence with the metric dry.
So, there exists f € BV([0, 1]) such that 0 = lim, ., dry(fy, © yl.",f) and
lim;_,eo d°(fn;» f) = 0. By Lemma 3.6.2 we have the result. O
Theorem 3.6.4 (AC([0, 1]),d?) is a complete space

Proof: Let {f,}>, € AC([0, 1]) a Couchy sequence with respect to the
metric d°.

Using that AC([0, 1]) € BV([0, 1]) we have that {f,}>, € BV([0,1]) and
is a Cauchy sequence on BV([0, 1]). (BV([O, 1]),d?) is a complete space
then there exists f € BV([0, 1]) such that lim,,_,., d°(f,, ) = 0.

Then there exists a strictly increasing sequence {N;}:?, € N and {4;};2, C
A([0, 1]) such that

1 1
lll° < ok and dry(f.fn, © i) < 5 (3.115)

Also, fy, o 4; € AC([0, 1]) because for € > 0 there exists § > 0 such that
for S = {[alab|]$ M) [an’ bn]} e Z([O? 1])7 Wlth

Z(bk —a) <6 (3.116)
k=1
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implies that

Db = fv(anl < e. (3.117)
k=1
And for 6 > 0 there exists 7 > 0 such that if
Z(bk —ap) <7 (3.118)
k=1
implies that
Db = Aap)l < 6. (3.119)
k=1

Note that § = {[i(a1), 4i(bD], ..., [Ai(an), 1i(by)]} € 2([0, 1]) because 4;
is strictly increasing and 4;(0) = 0 and 4;(1) = 1, so

DU 0 Aibi) = fiv, 0 Alap)l < e. (3.120)
k=1

Then fy, 0o A; € AC([0, 1]) and lim;_,e, drv(fw, © 4, ). By Theorem 3.3.19,
feAC(0,1)). |

3.7 Separability

Definition 3.7.1 Let us denote Pq([0, 1]) the set of partitions P € P([0, 1])
such that all elements of P are rational numbers. Let us define the follow-
ing set

&(10,1) = {Z (g 1a0) + Y Kiligy () T ko, - ks € Q,
i=1 i=0
and for everyi € {1,...,s} c;(x) = mix + b;

for some m;, b; € Q and {qo, q1, . .., qs} € Po([0, 1}
Remark 3.7.2 Note that if f € &([0, 1]), then —f € &[0, 1]). Moreover,

&([0, 1]) is a countable set. Also if m; = O, for some i, then c; is a constant
function.
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Remark 3.7.3 Note that we can define (BV([a, b)), d°) in a similar way as
in Definition 3.5.4 and we have the same properties.

Similar to equations (3.126) and (3.127),

A([a,b]) = {1 € Lip([a, b]) | A(a) = a, A(b) = b, A is strictly increasing}

(3.121)
For A € A([a, b])
A — A
AP = sup 1n(u) (3.122)
a<s<t<b r—s
The definition becomes
d°(f,g) = inf{e > 0|34 € A([a,b]) such that ||A||° <€
and dry(f,go ) < €}. (3.123)

Lemma 3.7.4 Let f € BV([0, 1]) be a linear function or a constant func-
tion. Then, for every € > O there exists f. € &([0, 1]) such that dry(f, fo) <
€.

Proof: If f is an increasing linear function, that is, f(x) = ax+ b for every
x € [0,1] and for some a,b € R . For € > 0, let @y € Q N (£(0) - 5. £(0))
and a; € QN(f (1) — (f(0) — ap), f(1)). Note that 0 < f(1)—a; < f(0)—ay.
And using that f is an increasing function, 0 < f(1) — f(0) < a; — a9 and
ap < aj.

And let us consider fe: [0,1] — R the straight line such that f.(0) =
ao and f.(1) = ay, thatis, f.(x) = (a; — ag)x + ap. Note that f. € E([0, 1])
with partition {0,1} € Pq([0,1]). fe is an increasing function because
ap < aj. Also f — f is a straight line that passes through the points
(0, £(0) — ag) and (1, £(1) - ay).
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Figure 3.12 Graphs of f, f. and f — f..

So,

drv(f.f) = 1f0) = fulO + TVy(f - fo)
= 1f0) —aol +1(f — f2(1) = (f = f)O)
= 1£(0) = aol + I(F(1) = ar) = (F(0) - ap)|
< O -al+If()-al+|fO) —al<5+5+5 =€
(3.124)

If f is a decreasing linear function, then — f is an increasing linear function
and there exists i, € E([0, 1]) such that dry(—f, he). Also

drv(=f,he)

| = £(0) — he(0) + TVy(~f — he)
1£(0) = (=he(0))] + TV, (f = (=he))
dry(f,—he) (3.125)

And by Remark 1.6.2, —h, € ([0, 1]).
In the case f a constant function the proof is similar. O
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Proposition 3.7.5 Let f: [0,1] —» R be a function such that
FO) = b laga () + D bil )0
i=2

for some {ay,...,a,} € P(0,1]) and {by,...,b,} € R. Then there exists
fe € 80, 1]) such that d°(f, f.) < €

Proof: Suppose that n = 1, in this case f is a constant function and by the
Lemma 3.7.4 for € > 0 there exists f. such that d°(f, f;) < €. If n = 2,
then there exists {ag, ai,ax} € P([0,1]) and by, b, € R such that f(x) =
b11iay.a1(x) + b2l 4,1(x). Let € > O then using that In: (0,00) - R isa
continuous function we have that there exist §; > 0 and 6, > 0 such that if
x € (0,00) and |x — a;| < 67 then |In(x) — In(a;)| < € and if x € (0, o) and
|x = (1 —ay)| < &, then |In(x) — In(1 — a;)| < €.

Let 6 = min{dy, 02}, q1 € (b1, b1 + §) NQ, q € (by,by + %) N Q and
ry € (al,az) N (al,al + 6) N Q Then |1 —-r - (1 - a1)| = |r1 - Clll <d
and |In(7)) — In(a;)| < € and |In(1 — r;) — In(1 — a;)| < €. Let us consider
A:[0,1] — [0, 1] such that

(ﬂ)x if xel[0,a]

aip

A(X):{(]__rl)(x—dl)+"1 if xelal]

1-ay

(3.126)
Then A(0) = 0, A(a;) = r1, A(1) = 1 and

oo o2 =2

max {|In(r;) — In(a;)|,|In(1 —r;) = In(1 —a))|} < € (3.127)

12118

s

Also, let us consider f.: [0,1] = R such that

g if xe€[0,r]
Je(x) = { o it xe (] (3.128)
Note that f. € &([0, 1]) and
g if xe€lag,al
feo/l(x)—{ o if xe(al] (3.129)
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Note that

bi—q1 if xé€lag,ai]

by—qy if xe(anl] (3.130)

(f = feo D(x) = {
Then, f — fc o A is a monotonic function. Therefore

1£(0) = fo 0 AO) + TV (f — fo 0 A)
= b= qil +I(f = f 0 D) = (f = f 0 D(O)|
= |bi—qil+1b2— g2 — (b1 — q1)l

dry(f, feo D)

€ € €
< - - - —_ — - =
< b1 —qil + b — @l +1b1 — g1l < 3t3t3=¢
(3.131)
Using equations (3.127) and (3.131) we have that
d’°(f, fo) < max{dry(f, fe o D), 1°} < €. (3.132)

Now, suppose that the results is holds foran > 2. Let f: [0,1] = R such
that

n+l

FG) = b1 jga1(0) + Y bila, ()
i=2

for {ag, a1, ..., an, an1} € P0,11) and by, b, ...,b,,b,y1 € R . For € >
0 let q0 € (an—l,an) N (an—laan—l + %) N Q
Let g: [0,q90] — R such that g = f|jo,4,, that is,

n—1

809 = biliggan () + D bilta, 1a1(X) + by lig, , go1(%)

i=2

Thus by Induction hypothesis there exists g; € &([0, go]) such that d’(g, g1) <
5.
Leth: [go, 1] — R such that & = f|f, 17, that is,

h(x) = bn 1 [qg,a”](x) + bn+1 l(un,a”“](x) (3 1 33)

By induction’s base there exists h; € &E([qo, 1]), hi(x) = qilg(x) +

q21¢, 17 for some q1,q2, 71 € Q and such that d’(h, hy) < % Thus there
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exist A : [0, go] = [0, gol and A, : [go, 1] — [qo, 1] such that

and

A

d’(g,g) < max{||l4L]l°,drv(g, g1 0 )} <

d’(h,hy) < max{ll°, dry(h, hy o )} <

W|mw|m

(3.134)

Note that

lg(qo) — g1(qo)| lg(qo) — g1 © A1(qo)

< lglgo) — g1 0 A1(go) — (g(0) — g1 o 21 (0))|
+1g(0) — g1 © 4,(0)|
< TVi(g—giod)+1g(0) - g1 0 4,(0)]

€
= drv(g,g1041)< 3 (3.135)
Let A: [0, 1] — [0, 1] such that

[ A it xe[0,q0]
/l(x)—{/lz(x) it xelgnl] (3.136)

Then A(0) = 0, A(go) = 41(q0) = 12(qo) = qgo and A(1) = 1. Note that

€
17 = max(ll 1, 1a1°) < 5 (3.137)
And let
| &i(x) if  x€][0,qo]
M”‘{mu>ifxemmu (3.138)
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Then, using equations (3.135), (3.134) we have that

dry(f. feo )=1f(0) = fe 0 AO) + TV (f = feo D)+ TV, (f = feo A)
=1g(0) = g1 0 (O + TV (g = g1 0 ) + TV, (f = feo d)
=drv(g,81 0 4) +|(f = fe o D(qo) = (f = fe © D(go+)l
+TVigo1(f = feo D)

=drv(g. &1 ° 1) +1(8(q0) — g1(q0) — (h(qo) — h1(qo))l
+TVigo1j(h = hy 0 2)

=drv(g, 81 ° 1) +1(8(q0) — g1(q0) — (h(go) — h1(qo))l
+TV, (h—hy o Ay)

<drvy(g, g1 o A1) +(g(qo) — &1(q0)l + |h(qo) — h1(A2(q0))l
+TVy (h—hy o A)

=drv(g, 81 ° A1) +1(8(q0) — 81(qo)l + dry(h,hy 0 A2) < €

(3.139)

Using equations (3.139) and (3.137) we have that
d’(f, fo) < max{[|A|l°, drv(f, fe o D} < €. (3.140)
O
Remark 3.7.6 Let f € &([a, b]) where a, b may not be rational numbers.
Then there exists {ro,r1,...,r,} € P([a,b]) a partition as such that for
every i € {l,...,n— 1} r; € Q. Also there exist ko, ki,...,k, € Q and
c1(x), ..., cy(x) such that for every i € {2,...,n— 1}, ¢;: (ri-1,7:)) = R

is such that ¢;(x) = z; a constant function with z; € Q or ¢;(x) = m;x + b;
for some m;, b; € Q. In this case c;: (rg,71) — R is a rational constant
function or it is a straight line with ky = f(r9) = f(a),k; = f(r}) € Q, in
the same way c,: (r,-1,7,) — R 1is a rational constant function or it is a
straight line with k,—; = f(r,-1), k., = f(r,) € Q. That is, in the case that
c1 and ¢, are not constant functions then c¢; and ¢, may not have rational
slopes, but they are straight lines with extremes rationals.

£ = D@10+ Y kil (0.
i=0

i=1

Let qo, g, be rational numbers such that gy < a < r,—; < g, < b. And let
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a: [q0,qn] — la, b] such that

(ﬁ)(x—q0)+a it x€lgo,n]
a,(x) = (ﬁ‘ﬁ (X - rn—l) + In-1 if xe [rn—l»%l] (3141)
X if xe€lr,r-1]

that is, a(qp) = a, a(g,) = b and « is an increasing function. Note that
a(qo) = a, a(g,) = band foreveryi € {1,2,...,n—1}a(r;)) =1;

We have that f o a(x) = f(x) for every x € [ri,r,—1]. Also, f o a(qy) =
fla) = f(ro) = ko € Q, foalg) = f(b) = f(ry) = k, € Q. And
foalgr =cioa: (qo,71) = R is a straight line with rational extremes,
fodg, g0 =cnoa: (r-1,g,) = R alsois a straight line with rational
extremes. Then f o a € &([qo, g4])-

Proposition 3.7.7 Let f € PL([0, 1]) then there exists f. € &([0, 1]) such
that d°(f, fo) < €

Proof: Let f € PL([0, 1]) then there exists P = {¢o,t1,...,%} € P[0, 1])
such that f is a straight line on [#,_;,#;] forevery 1 <i < k. Let € > 0 and
for every 0 < i < kleta; € Q N (f(1) - 5. f(1).

We consider 6 = min{t; — t;_;|1 < i < k} > 0. In: []%,1] - R,

thus In is uniformly continuous because [i 1] is a compact set. So there

5>
exists 7 > 0 such that for every x,y € [%, 1] such that |x — y| < 7 then
|In(x) — In(y)| < €.

Takey; e QN (ti— I‘S—O,t,-) Nt - g,ti) forevery 1l <i<k-1,y90=0
and y; = 1. Thus,

ti—tir—Qi—yi)l = |i—yi— G =yl S| =yl + 61 — yical
n o
< My 3.142
sty =1 ( )
Andti—1126> %,yi_)’i—l > yi— i1 > ?—3 > %, SO fi— i1, yi—Yi-1 €
s
[45:1]
[In(z; — ;1) — In(y; — yi-1)l < € (3.143)

Let us define 4: [0, 1] — R such that for every 1 <i <k,
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h(x) = a; — ai-|

———(x = yi-1) + ai-y for x € [yi_y, yil (3.144)

i i—1

Thus, & € &([0,1]) Also, we consider A: [0,1] — [0, 1], such that for
every 1 <i<k,

Aw) = 225 ) v for x € [, 1] (3.145)
i — i1
Then,
o _ Yi = Yi-1 _
[[4]]° = max [In ————| = max |In(y; — y;—1) — In(#; — t;_1)| < € (3.146)
1<i<k ti—ti1 1<i<k

And h o A(x) on [#;_, ] is the straight line such that 4 o A(#;}) = a; and
hoA(t,_1) = a;_1, then

k
dry(f,hod) = TVy(f—hod)= > TV (f=hod)
i=1
k
= D TV IF@) = a = (ftio) = @)
i=1
k
< D) = al +1f (i) — @)
i=1
k €
< ; % =€
Finally d°(f, h) < max{|[4]|°, drv(f,ho )} < € O.

Example 3.7.8 Let us consider the set B = {% lie N}, andlet f: [0,1] —
R such that

if x=;foreveryie N

f(x)={f)’ if xe[0.1]\B (3.147)
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Then

Il
N =
+
V)
gk
R =
I
N =
+
Ngk
1
T -

TV,(f)

Also lim, e 231y 2, =2 % < oo, then for € > 0 there exists np € N
such that

(o) 1 ny €
Let g: [0,1] — R such that
1 1 .
_l 7 if x= 7f0reveryz€{1,2,...,n0}
8(x) { 0 in other case (3.148)
Then f =g = f1ljo,1/my+1y and
TVi(f-g) =2 Z 5 <€ (3.149)

i=np+1

Therefore dry(f, g) = 1f(0) — g(O)| + TV (f —8) = TVy(f — g) < € and
g € &0, 1]). O
Proposition 3.7.9 Let f € BV([0,1]) be a function such that f(x) =
Y21 biliay(x) for some {b;}2) € R ¥ and {a;}2, € (0, 1) with a; # a; for
everyi # j, i, j € N. Then there exists f. € &[0, 1]) such that d°(f, f.) < €

Proof: Note that

oo>Tv(§(f)=2Zb,»zo (3.150)
i=1
So, lim, e Xiny bj = 2i2; bj < co. Then for € > 0 there exists ng € N
such that
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(3.151)

&~ m

00 no
Dibi= > b <
i=1 i=1
Letg: [0,1] - R such that g(x) = X1, bi1{)(x) for every x € R . Then
(f -8 = Z, ,,0+1 ay(x) and dry(f, g) = |f(0) gON+TVy(f-g) <
2 Z;Zn[ﬁl |bl| <3

We can rearrange ap,az,...,an, such thata; < a, < -+ < a,,. We
consider § = min{a;,; —a;|1 <i <ny—1} > 0. In: [150, 1] — R is an
uniformly continuous function, the there exists 7 > 0 such that for every

X,y € [10, 1] such that |x — y| < n, we obtain |In(x) — In(y)| < 5.

Let g € QN (a; — 5. a;) N (a; — 3, a;) for every 1 < i < ng. Note that
laivt —ai = (qis1 —q)l = laiv1 — qiv1 — (@i — @)l < |aiv1 — g1l + lai — qil
n . n
< —+=-=n 3.152
>ty =0 ( )

[ 95 [
Also, aiv1—a; 2 6 > 15, Gi+1—4i > qix1—0i > 15 > 155 S0 Gir1—0i, §iv1—qi €

[10, 1] and | In(gi+1 — i) — In(ai1 — )l < 5
And let 2 € A°([0, 1]) such that A(a;) = g; for every 1 <i < n,, that is,

Alx) = (u) (x—a;)+q; for every x € [a;,a;;1] and for every 1 <i < no—1.
aiy] —a;
We have that
I = max |in =L = max fin(gi - ) ~ (@i - a)l < 3.
1<i<ng-1 air1 — 1<z<no 2
For every i € {1,2,... ,no}, take r;, € QN (b; — ﬁ,b,-) and we consider

h:[0,1] > R such that h(x) = 2?21 rilig)(x). Note that 2 € ([0, 1]) and
hold(x) = 2?21 riliq)(x) for every x € [0, 1], then

dryy(ghod) = 1g0)=hod0)+TVy(g—hod)
= =TV [Z(bi - r,-)l{a,.mx))
i=1

1o
= 2> hi-ril< g (3.153)
i=1
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Then,
€
d°(g,h) < max{||All°, dryi (g, h o D} < 7
Therefore
d°(f,h) < d°(f,8) +d°(g.h) < dpy(f,8) +d’(g.h)
€ €
< 2 + 3= €, (3.154)
with & € ([0, 1]). O

In a similar way to the Proposition 3.7.9 we can obtain the following
proposition
Proposition 3.7.10 Let f: [0,1] — R be a function such that

FO) = biljagan @) + D bila a1 ()
=2

for some {a;}2, € [0,1], ap < a; <---<a, <--- and {b;};2, € R. Then
there exists f. € E([0, 1]) such that d°(f, f,) < €

Theorem 3.7.11 PL([a, b)) is dense in (AC([a, b]), d°).

Proof: Using Section 3.3 let f € AC([a, b]) a positive function then there
exists g € L'([a, b]) such that

fx) = fla) + f g(ndt (3.155)
And f’ = g a.e. By Integration’s Theorem there exists a sequence { gn}}‘;":1

of nonnegative simple functions such that 0 < g,(x) T g(x) for every
x € [a, b] and for any of this sequences

b b
f gn(dt T f g(dt (3.156)

For € > 0 there exists M € N such that for every n > M

b €
f 18() = gn(Dldr < (3.157)

By Remark 3.3.11, there exists ki, € S (a, b) such that

b €
f 18 (®) = hu(D)ldt < 7 (3.158)
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S0,
b €
f 80) ~ hy(0)ldr < (3.159)
a

Letn > M and h,: [a,b] - R such that h,(x) = [ h,(Ddt + f(a) =
J(h,)(x) + f(a). Note that h, € PL([a,b]) because J(h,) € PL([a,b)).

h, is a step function then there exists P = {ty,11,...,t;} € P([a, b]) such
that %, is a constant function on (#_1,¢;) for every 1 < i < a. Thus #,
is a continuous function on [a,b] \ {fo,t1,...,ts} = [a,b] \ P. By the

Fundamental Theorem of Calculus (FTC) [38] for every x € [a,b] \ P,
h(x) = hy(x).

drv(f,h) = 1f(@) = ha(@)| + TV] (f = hn)
= If@- f(a)|+ZTqu<f )
: Zf - h|—f|f h|—f|g Il < e
(3.160)
Also,

d°(f, ) < max{Idll°, dry(f, hy o Id))
max{0, dry(f, )} = dry(f, ) < €

A

Finally, for f: [a,b] — R absolutely continuous function taking the
positive and negative parts of f, f(x) = f*(x) — f~(x) for every x € [a, b].
And for € > 0 there exist h,g € PL([a, b)) such that dry(f*,h) < 5 and
dry(f~,g) < 5. Note that h — g € PL([a, b])

|f(@) - h(a) + g@)| + TVE(f —h+g)

If* @ = (@) = (@) + g@| + TVE(f* = f~—h+g)
If*(@) - h(@)| +1f (@) - g@| + TVE(f* -

+TVE(f - )

dry(f*,h) +drv(f~,8) < g +

drv(fih—g)

IA

= €. (3.161)

N m
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m}
Theorem 3.7.12 For every f € AC([0,1]) there exists f. € &(0,1]) N
AC([0, 1]) such that d°(f, f.) < €.
Proof: By Theorem 3.7.11, PL([0, 1]) is dense in (AC([O, 1]), d’). Then,
for f € AC([0, 1]) and € > O there exists g € PL([0, 1]) such that d°(f, g) <
5. By Proposition 3.7.7 there exists h € &([0, 1]) such that d°(g, h) < 5.
Thus d°(f,h) < d°(f,g) +d°(g,h) < d°(f,g) + d°(g,h) < €. And by the
proof of 3.7.7 and the fact that g € AC([0, 1]) we have that & € PL([0, 1])
and £ is absolutely continuous. O

3.8 Bounded Variation for higher dimensions

We recall some well-know definitions of bounded variation for functions
of several variables. We start with two variables, see [11].

Given f: [a,b] X [c,d] — R and two partitions P = {sq, S1,..., Sm} €
P([a,b]) and Q = {to, 11, ..., 1.} € P([c,d]), consider the expressions

VZ(f7P X Q? [Cl, b] X [C»d])

= 2 D NGt = flsimrst)) = Fsistio0) + f(sim, 1] (3.162)

i=1 j=1
and

Va(f.la, bl X [e,d]) = sup{Va(f, P x Q;la, bl X [c,d]) |
p € P(la,b]), Q € P(c.d))} (3.163)

Observe that the equation (3.162) provides the volume of the box R =
[a,b] X [c,d], when f is a distribution function in a Probability sense.
Therefore, we can define this bounded variation for every k > 2 for any
distribution functions f in R *. Of course this definition may be use even
for general signed measures.

Definition 3.8.1(Hardy) Let f: [a,b] X [¢c,d] — R, define

Vi(f;la, bl X [c,d]) = TVL(f(,0)) + TVI(f(a, ) + Va(f, [a, b] x [c, d])

the Hardy total variation of f on [a,b] X [c,d]. In case Vy(f;[a,b] X
[c,d]) < oo, we say that f has bounded variation on [a, b] X [c,d] in the
sense of Hardy and f € BVH([a, b] X [c, d]).
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For the following Proposition see Proposition 1.43 and Proposition
1.44 in [20].
Proposition 3.8.2 The Hardy total variation has the following properties

i) For f,g: [a,b] X [c,d] = R,
Vu(f+g:la,blx[c,d]) < Vu(f;la, bI1X[c,d))+Vu(g: [a, b x[c, d]).
ii) For f:[a,b] X[c,d] > R andu € R,
Vu(ufila, bl X [c,d]) = ulVu(f;la, bl X [c,d])
iii) Fora<é<x<bandc <n<y<d, wehave that
[fCe,y) = FE I < Va(f5 1€, xI X (1, yD).
iv) For every f € BVH([a,b] X [c,d]),

sup{lf(x,Ma<x<b, c<y<d)

11/ 1lsup
< fa, ol + Vu(f:la, bl X [c.d]).

A

v) BVH([a,b]X[c,d]) is a complete space and for every f,g € BVH([a, b]x
[c,d]),
fgllsve < 4l fllsvallgliave-

where

Ifllave = 1f(a, o)l + Vu(f;la, bl X [c, d]).

Definition 3.8.3 (Vitali) A function f: [a,b] X [c,d] — R has bounded
variation in the sense of Vitali if Vy(f;la,b] X [c,d]) = Va(f;la,b] X
[c,d]) < oo. In this case, f € BVV([a, b] X [c,d]).

Definition 3.8.4 (Fréchet) Let f: [a,b]X[c,d] = R, P = {50, S1,..., 8.} €
P(la, b)) and Q = {to,t1,...,t.} € P([c,d]), consider the expression

VI(f, P x Q;la,b] X [c,d])

= >0 €€l fsist) = f(si1,1) = lsintj1) + flsion, 1)

i=1 j=1

(3.164)
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where €, €; € {—1,1}. If

Vi(fila, bl X [c,d])
= sup{Vzi(f;P X Q :la,b]l X [c,d])| P € P(a,b]), Q€ P(c,d])} <
(3.165)

we say that f € BVF([a, b] X [c,d]) and that f has bounded variation in
the sense of Fréchet.
Definition 3.8.5 (Arzela) Let f: [a, b]X[c,d] = R, P = {s9, S1,...,8m} €
P(la, b)) and Q = {ty,t1,...,tn} € P(c,d]) (P and Q have the same size),
let us consider the expression

Va(f, P x Qsla,b] x [c,d])

m m

= |f(sir ) = f(sicts -1 (3.166)
i =1

=1 j
When
Va(f;la, bl X [c,d])
= sup{Va(f, P X Q;[a,b] X [c,d]) | P € P([a,D]), O € P([c,d])} < o0
we say that f € BVA([a, b] X [c,d]) and that f has bounded variation in

the sense of Arzeld.
Definition 2.8.6 (Tonelli) Let f: [a,b] X [c,d] = R . If

i) TVf,’(f(-,y)) < oo for almost all y € [c,d] and TVf(f(x, 1)) < oo for
almost all x € [a, b]
i) [7 TVA(f(x, dx < 0o and [* TVE(f(,y)dy < oo

we say that f € BVT([a,b] X [c,d]) an that f has bounded variation in the
sense of Tonelli.

Example 3.8.7 Let f: [a,b]X[c,d] — R be a function such that f(x,y) =
h(x). Then

VZ(f’P X Q’ [(1, b] X [C, d])

= D3 i ty) = Flsio, 1) = flsiti) + f(si1, 1)
i=1 j=1

= \h(si) — h(si—1) = h(s;) + h(si-1)| = 0

=1 j=1

i
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In the same way, if f: [a,b] X [c,d] — R is a function such that f(x,y) =
g(y), so

Va(f, P x Q. la, bl X [c,d])

—ZZv(s,,t, = fGsict, 1) = f(sisty1) + f(sict, tj0)

=

lg(t) — g(ti-1) — g(t) + g(ti-)| = 0

Ms

i=1 j=1

Also, if f is a strictly increasing function and ¢ < d, then

m m

Z FGsint)) = Fsiots i)l

i=1 j=1

D le() — gl

j=1

VA(f7P X Q’ [a’ b] X [C, d])

INg

M=

i=1

~.

INgE

g(tm) — g(to) = m(d - ¢)

1]
—_

and
Valf;la, bl x [c,d]) = n{l_r}(}o m(g(d) — g(c)) = o0

Remark 3.8.8 From the previous example, we can see that the definitions
of Arzela, Vitali, and Fréchet are not a extensions of the geometric con-
cept of the total variation definition in one variable. However, Hardy's
definition 3.8.1 is an extension on the univariate case.

Example 3.8.9 Let us consider the Dirichlet extension to dimension two

_J 0 if xyeQ
f(x,y)—{ 1 if xeloryel (3.167)
We take m € N and n = 2m. We can take {xg, X1, X2, ..., X2m—1, Xom} €
P([0, 1]) such that x; € Q for every k € {0,2,4,...,2m} and x;, € 1
for every k € {1,3,5,...,2m — 1}. Also, we take y; = x; for every i €

{0,1,...,2m}. Then, forodd k > 1

|f Gy x) = ks X1m1) = fGar—t, x0) + fOet, =)l = 1= 1-1+0] =1
(3.168)
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and foreven k > 1

[f e x1) = Oty xm1) = [t X0 + a1, - = 1011+ 1] =1

(3.169)
So,

2m 2m

DD I Gty x0) = Fit, ) = F iy Ximt) + F (i, X)) = 4P ey 00
o (3.170)

Observe that we obtain the total variation of the function using the main
diagonal.

Remark 3.8.10 From the previous example, we can see that the definition
of Arzela is a good extension when the variation occurs along the main
diagonal of the domain box.

The definition that provides us with a better extension is Hardy’s.
However, we want to propose a new definition. The following examples
show how we would like our definition to work.

A c R "™, such that for every i, j € {1,2,...,n} with i # jv@have X # X;-
Let be f: A — R a function such that f(x) = O for every x € A\
{x1,x2,...,%). And f(x;,) = k; for every i € {1,2,...,n} with k; # k;
when i, je{1,2,...,n}and i # j.

Let us consider @ € C°(1, R ™) such that x; € Im(a), (0) # x; and
a(l) # x; foreveryi € {1,2,...,n}

Example 3.8.11 Let us consider m > 2 and xj,xp,...,x, € A, where

Then, we have f o @: I — R and we can obtain TV(} (f o @) as the
usual form.

There exist ay, as, . .., a, € I such that a(a;) = X; foreveryi € {1,2,...,n}.
Then (f o @)(a;) = k; forevery i € {1,2,...,n} and (f o @)(x) = O for every
xel\{a,as,...,a,}.

Therefore

TVy(foa)=2) Ikl
i=1

This example generalizes the total variation in dimension one to the total
variation of a function defined on R ™.
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X2

A 3
oL l
k3

Figure 3.13 Graphs of f and a.

Example 3.8.12 Let f: [-1,1]> = R such that f(x,y) = sin(x? + y?). If
we consider the bounded variation of f through straight lines we have that

the biggest bounded variation of f is in the straight line y = x and in the
straight line x = —y.

Figure 3.14 Graph of f(x,y) = sin(x* + y?).
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Then,
1 1
TV (f(x,x)) = TV! (sin2x?)= f [sin(2x?)'| = f | cos(2x?)4x]
-1 -1
Vr/2 1
= f | cos(2x?)4x]| + f | cos(2x)4x|
—-Vr/2 Vr/2
—V7/2
+ f | cos(2x?)4x]|
-1
= 2sin(x/2) — 2sin(0) + 2 sin(rr/2) — 2 sin(2)
= 4sin(x/2) — 2sin(2) = 4 — 2sin(2) (3.171)
And
TV!,(f(x,-x)) = TV' (sin2x?)=4-2sin(2) (3.172)

Example 3.8.13 Let us consider A = {(x,y) | x> + y*> < 1?}. And for
everyn > 1, let f,: A — R such that f,(acos(6), asin(d)) = acos(nf) +
asin(nd) for all 8 € [0,27] and a € [0,1]. For n = 1, if we consider
the bounded variation of f through straight lines we have that the biggest
bounded variation of f is in the straight line when a = 1. Then,

TV!,(f(cos(6), sin(6))) TV (cos(f) + sin(6))

2
f [cos() — sin(9)|dO = 4 V2.
0

In general, when a = 1 and n > 1, using the frontier of A, 6(A)

TVEI( fn(cos(8), sin(8))) TV&”(cos(nH) + sin(nd))

21
f |n cos(n) — n sin(nd)|d6
0

27
nf | cos(nf) — sin(nb)|do
0

27n
f | cos(u) — sin(u)|du
0

21
n f | cos(u) — sin(u)ldu = nd V2.
0
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o

Figure 3.15 Graph of f;.

Example 3.8.14 Let us consider f: [0,1]> — R such that

0 if x#y
f(X,}’)—{ 1 lf x=y
And for n € N, let us consider
2nx if 0£x<ﬁ
—2n(x—2—1n)+1 if z—lnﬁx<%
n(x- 2 ] Z<x<
8al) = W Y omss
2n(x—%) if an_ZSx<%
“2n(x-2t)+1 if Bl<x<P=l

Note that g,(x) = x
1) x=0o0n [O 1 )

> 2n

_ 2 12
2) x=5.7 On[2n’ 2n)

115

(3.173)

(3.174)
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_ 2 2 3

3) X= g on [Zn’ 211)

_ 4 3 4

4) x =57 0n [Zn’ 2n)

_ 4 4 5

3) x=55on [2n’ 211)
2n-2 2n=2 2n-1
n—1) x= 3= on 2n’2n)

TV&(f(x,g,,)):1+2+2+~~+2=1+2(2n—1)

4n—1 =, 0

TVy(f o (1d,gy))

Now, we provide a proposal of a definition for the multivariate case
which may extend the univariate total variation in the sense that we can
use continues curves with values on the domain A € R ¥ of a function
f: A — R. Insome cases we will ask some properties on the domain of
f, and the curve will be define in terms of a function «: [0, 1] — A.

Recall that C°([0, 1], A) = {f:10,1] = A| f is a continuous function}.
In this case, A C R * for k > 2.

Definition 3.8.15 Let f: A — R such that A C R * for some k > 2. And
we consider & € G € C°([0, 1], A). Then, define TV, (f) as following

TVa(f) = sup TV, (f o a), (3.175)
aeG

where, G must satisfy certain conditions which need to be studied.

In the Example 3.8.9, A = [0, 1]? and in this case we define a: [0, 1] —
A such that a(x) = (x, x). We find the total variation using f(a/(x)).

In the Example 3.8.12, A = [-1, 1% and let /: [0,1] — [-1, 1] such
that /(x) = 2x — 1 for every x € [0,1]. And let a: [0,1] — A such that
a(x) = (I(x),l(x)), and we find the total variation of f using the values of
f(a(x)).

In the Example 3.8.13, A = {(x,y) | x?+y? < 1} and we define h,,: [0,1] —
[0, 27n] such that h,(t) = 2zant. And we define «,: [0, 1] — A such that
(1) = (cos(hy(?)), sin(h,(¢))) that corresponds to points on the frontier of
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A, 6(A) = {(x,y) € A| x> + y* = 1}. We find the total variation of f, using
a,.

In the Example 3.8.14, A = [0,1]> and a,: [0,1] — A is such that
an(x) = (x, g,(x)). And we find the total variation of f using @, and taking
the limit.

3.8.1 Conclusions about Section 3.8

Of course Definition 3.8.15 is a preliminary version of a Definition of Total
Variation on R * with k > 2, and it needs to be studied more profoundly.
This study is an open problem which needs to be improved in the future.
Using the curve a allows to use the univariate definition of total variation.
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