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Preface

The existence of trails and cycles in directed and undirected graphs have been widely studied due
to their wide variety of applications in different fields, for example, in molecular biology, physical
sciences, social science, computer graphics, electronic circuit design, operations research, art
among many others. In particular, they have been studied in edge-colored graphs, where several
results have been obtained among them a well-known characterization of undirected multigraphs
containing properly colored Eulerian trail. The main focus of this dissertation is to study the
structure of edge-colored directed and undirected graphs with Eulerian trails or Hamiltonian
cycles with restriction in the color transitions.

We intend this work to be self-contained, for this reason Chapter 1 is devoted to give
definitions and notation that will be used throughout this work. Among the definitions included
in Chapter 1 are graph, digraph and (directed) walk, which are our most basic objects that we
will work with. In Chapter 2 the reader can find a brief historical introduction to the study
of Eulerian trails and Hamiltonian cycles, from the beggining of graph theory with Euler’s
Theorem, through Icosain game created by Hamilton, who was one of the pioneers in the study
of Hamiltonian cycles. We also brief summary of the results obtained on properly colored walks
in edge-colored graphs, that are one of the most studied generalization of walks in directed
and undirected graphs. We end this historical survey by introducing the reader to the study
of H-walks in H-colored (di)graphs. These concepts were introduced by Linek and Sands, who
proposed coloring the arcs of a digraph D with the vertices of H, a digraph with a loop at each
vertex, and considered H-walks, which are walks satisfying that the colors of consecutive arcs
form an arc in H.

In Chapter 3, we introduce the concept of dynamic H-trail, as well as, a notation that allows
us to know the edges that belong to it. Subsequently, we study the existence of closed dynamic
H-trails in H-colored multigraphs. In our investigation we found an auxiliary graph, that we
called LDym

2,H (G), and allows us to find a partition of the edges of the H-colored multigraph

G into closed dynamic H-trails by finding two perfect matchings in LDym
2,H (G). It is worth to

mention that one of the perfect matching is obtained trivially and it is called the joint matching.
This lead us to prove that G has closed Eulerian dynamic H-trail if and only if LDym

3,H (G) is

Hamiltonian, where LDym
3,H (G) is obtained by subdividing certain edges of LDym

2,H (G). All the
original results in Chapter 3 are included in the paper “Euler dynamic H-trails in edge-colored
graphs”, which has been published in the international journal AKCE International Journal of
Graph and Combinatorics (see [54]).

In Chapter 4, we extend the concepts studied in Chapter 3 to H-colored digraphs. We
adapted the definition of the auxiliary graph LDym

n,H (G) for H-colored digraphs. Although we
obtained similar results, there are important differences between them. For example, we show
that there exists a one-to-one function between the set of closed dynamic H-trails in D and
the set of directed cycles in LDym

2,H (D). As a consequence, we prove that D has closed Eulerian

dynamic H-trails if and only if LDym
n,H (D) is Hamiltonian, for each n ≥ 2.

In the third part of this chapter, we show that all the results obtained for dynamic H-trail
can be carry out for H-trails by considering an induced subdigraph of LDym

n,H (D). In addition,
we show conditions on an H-colored digraph that guarantee the existence of a closed Euler

III
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H-trail. As a consequence, we obtain a characterization of a family of c-arc-colored digraphs,
with c ≥ 2, which contain a properly colored Eulerian trail. We end Chapter 4 by giving an
infinite family of digraphs H fulfilling the hypotheses of the theorems stated throughout the
chapter. The results presented in Chapter 4 were included in the article entitled “Characterizing
arc-colored digraphs with an Eulerian trail with restrictions in the color transitions” submitted
to an international journal.

Gourvès et al. [30] proved that, deciding whether a c-arc-colored digraph contains a properly
colored path from a vertex s to a vertex t is NP-complete, even for planar digraphs with no
properly colored cycle. However, they also proved that the problem of finding a properly colored
trail from a vertex s to a vertex t in a c-arc-colored digraph can be done within polynomial
time. Since H-paths generalize properly colored paths, it follows that the problem of finding an
H-path from a vertex v to a vertex u in an H-colored digraph is in NP. These results motivated
us to study the computational complexity of finding H-trails between two given vertices. In
Chapter 5, we prove that determining if there exists an H-trail starting with the arc e and
ending at arc f can be done in polynomial time. As a consequence, we give a polynomial
time algorithm to find (if any exists) the shortest H-trail from the vertex s to the vertex t.
Moreover, we show that the problem of maximizing the number of arc disjoint s− t H-trails in
D can be solved in polynomial time. The results presented in Chapter 5 were included in the
article entitled “Trails in arc-colored digraphs avoiding forbidden transitions”, which has been
published in the international journal Discrete Mathematics Letters (see [55]).

In Chapter 6, we study the existence and length of dynamic H-cycles and H-paths, in H-
colored multigraphs, using a new concept of color degree, called dynamic degree. The dynamic
degree allows us to extend some classical results, such as Ore’s theorems for H-colored multi-
graphs. As a consequence, we partially solve a conjecture stated by Abouelaoualim et al. [2],

which asserts that if every vertex of a c-edge-colored multigraph have at least ⌈n
2
⌉ incident

edges of each of the c colors, with c ≥ 3, then G has a properly colored Hamiltonian cycle.
We end Chapter 6 by giving examples of H-colored multigraphs that fulfill the hypotheses of
the theorems stated throughout Chapters 3 and 6. The results presented in Chapter 6 were
included in the article entitled “Dynamic cycles in edge-colored multigraphs”, submitted to an
international journal.
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Chapter 1

Basic concepts and notation

This chapter is devoted to provide most of the terminology, notation and classical results that
will be used throughout this work. For basic concepts, terminology and notation not defined
here, we refer the reader to [5] and [13], where the definitions were taken directly or influenced. In
Section 1.1 we provide basic concepts of graph theory (such as, graph, multigraph, degree, walk,
trail, cycle and connectivity) and some of the most well-known results on walks, connectivity
and perfect matching. Section 1.2 is devoted to introduce the reader to the directed graph
theory. A generalization of directed and undirected graphs, namely edge-colored graphs, are
presented in Section 1.3. Finally, in Section 1.4 we give basic concepts and terminology of
computational complexity.

1.1 Graphs

An undirected graph or just a graph G consists of a nonempty finite set V (G) of elements
called vertices and a finite set E(G) of unordered pairs of distinct vertices called edges. We
call V (G) the vertex set and E(G) the edge set. Each edge {u, v} of E(G) is denoted by uv
or vu. If uv ∈ E(G), we say that the vertices u and v are adjacent and that e join u and v.
We also say that u and v are the end-vertices of e. Notice that the above definition of graph
do not allow loops (i.e. pairs consisting of the same vertex) or parallel edges (i.e., multiple
edges with the same end-vertices). When parallel edges and loops are admissible we speak of
pseudographs. A pseudograph with no loops is a multigraph. For a pair u, v of vertices in
a multigraph G, µG(uv) denotes the number of edges with end-vertices u and v.

For a vertex v in a multigraph G, the set NG(v) = {u ∈ V (G) : µ(vu) > 0} is called the
neighborhood of v. The degree of v in a multigraph G, denoted by dG(v), is the number of
edges incident with v, that is, dG(v) =

∑
u∈V (G)

µ(vu). The minimum degree of G is δ(G) =

min{d(v) : v ∈ V (G)} and the maximum degree of G is ∆(G) = max{d(v) : v ∈ V (G)}.
A graph H is said to be a subgraph of a graph G if V (H) ⊆ V (G), E(H) ⊆ E(G) and every

edge of H has its end-vertices in V (H). If V (G) = V (H), then H is a spanning subgraph. For
a nonempty subset S of V (G), the subgraph G[S] of G induced by S has S as its vertex set
and two vertices u and v in S are adjacent in G[S] if and only if u and v are adjacent in G. For
a nonempty subset X of E(G), the subgraph G[X] of G induced by X has X as its edge set
and a vertex v belongs to G[X] if v is incident with at least one edge in X.

For a proper subset U of V (G), the graph G − U is the induced subgraph G[V (G) \ U ] of
G. In particular, when U = {v}, G− U will be denote by G− v. For a subset X of E(G), the
subgraph G −X is the spanning subgraph of G with edge set E(G) \X. When X = {e}, we
will denote G−X by G− e.

For a pair of graphs G and H, the union of G and H is the graph G ∪H with vertex set
V (G) ∪ V (H) and edge set E(G) ∪ E(H).

1



2 CHAPTER 1. BASIC CONCEPTS AND NOTATION

A graph G is complete if every pair of distinct vertices in G are adjacent. A graph H
is p-partite if there exists a partition V1, V2, . . . , Vp of V (H) into p partite set (i.e., V (H) =
V1∪V2∪ . . .∪Vp and Vi∩Vj = ∅, for every i ̸= j) such that every edge of H has its end-vertices
in different partite sets. The special case of a p-partite graph when p = 2 is called a bipartite
graph. A p-partite graph H is complete p-partite or complete multipartite if, for every
par x ∈ Vi and y ∈ Vj , with i ̸= j, an edge xy is in E(H). We denote the complete p-partite
graph with partite sets of cardinality n1, n2, . . . , np by Kn1,n2,...,np .

Let G be a multigraph. A walk in G is a sequence of vertices and edges, W = (v0, e0, v1, e1,
v2, . . . , vk−1, ek−1, vk), such that the end-vertices of ej are vj and vj+1, for every j ∈ {0, . . . , k−
1}. The set of vertices {vi : i ∈ {1, . . . , k}} is denoted by V (W ); and the set of edges {ei : i ∈
{1, . . . , k− 1}} is denoted by A(W ). We also say that W is a v0− vk walk and . The length of
W , denoted by l(W ), is the number of edges (counting repetitions) encountered in W . A walk
is closed if v0 = vk. When the arcs of W are defined from the context or simply unimportant,
we will denote W by (x0, x1, . . . , xk).

A trail is a walk such that no edge occurs more than once. A trail in which no vertex is
repeated is called path. If the vertices v0, v1, . . . , vk−1 are distinct, k ≥ 3 and v0 = vk, W is a
cycle. A trail W in G is an Euler or Eulerian trail if and only if E(W ) = E(G). A multigraph
that contains a closed Eulerian trail is called Eulerian. A multigraph G is superulerian if it
has a spanning Eulerian subgraph. We also say that a cycle (path) C in G is a Hamilton or
Hamiltonian cycle (path) whenever V (C) = V (G). A graph G is Hamiltonian if and only if
G contains a Hamiltonian cycle.

Two vertices u and v in a multigraph G are connected if G contains a u − v walk. The
graph G itself is connected if every two vertices of G are connected.

A matching M in a graph G is a set of edges with no common end-vertices. If M is a
matching, then we say that the edges inM are independent. A matchingM inG ismaximum
if M contains the maximum possible number of edges. A matching in G is perfect if every
vertex of G is incident with some edge in M .

1.2 Digraphs

A directed graph (or just digraph) D consists of a nonempty finite set V (D) and a finite
multiset A(D) of ordered pairs of vertices. We called V (D) the vertex set and its elements
will be called vertices of D. The multiset A(D) is called the arc set of D and its elements
are called arcs. The order (size) of D is the number of vertices (arcs) in D. Let (u, v) be an
arc of D the vertex u is its tail, the vertex v is its head and u and v are its end-vertices.
We also say that the vertex u is adjacent to v. We say that a vertex u is incident to an arc
a if u is the head or the tail of a. Note that the definition of arc set allows to have more than
one arc with the same tail and head. We will say that two different arcs are parallel whenever
they have the same head and tail. The number of arcs in D with tail x and head y will be
denoted by µD(x, y), in particular, µD(x, y) = 0 means that there is no arc from x to y in D.
We say that an arc is a loop if and only if its tail and head coincide. A digraph with parallel
arcs and without loops will be called multidigraphs. A simple digraph is a digraph with
neither parallel arcs nor loops.

For a vertex v in D, the sets N+
D (v) = {u ∈ V (D) : (v, u) ∈ A(D)}, N−

D (v) = {u ∈
V (D) : (u, v) ∈ A(D)} and ND(v) = N+

D (v) ∪ N−
D (v) are called the out-neighborhood,in-

neighborhood and neighborhood of v, respectively. The out-degree of v is the number of
arcs with tail v, the in-degree of v is the number of arcs with head v, and will be denoted by
d+D(v) and d−D(v), respectively.

A digraph H is a subdigraph of a digraph D if V (H) ⊆ V (D), A(H) ⊆ A(D) and every
arc in A(H) has both end-vertices in V (H). If V (H) = V (D), we say that H is a spanning
subdigraph of D. If every arc of A(D) with both end-vertices in V (H) is in A(H), we say
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that H is induced by V (H) and call H an induced subdigraph of D.

Let D be a digraph. For a set B ⊆ A(D), the digraph D−B is the spanning subdigraph of D
with arc set A(D)\B. If X ⊆ V (D), the digraph D−X is the subdigraph induced by V (D)\X.
Let e = (x, y) be an arc of D, the contraction of the arc e is a digraph D/e with vertex set
V (D/e) = {v} ∪ (V (D) \ {x, y}), where v /∈ V (D), and µD/e(u,w) = µD(u,w), for every u
and w in V (D) \ {x, y}, µD/e(u, v) = µD(u, x) + µD(u, y), µD/e(v, u) = µd(x, u) + µD(y, u) and
µD/e(v, v) = 0. The subdivision of an arc e = (x, y) of D consists of replacing e by two arcs
(x, u) and (u, y), where u is a new vertex. Let D and H be a pair of digraphs, the union
of D and H, denoted by D ∪ H, is the digraph such that V (D ∪ H) = V (D) ∪ V (H) and
µD∪H(x, y) = µD(x, y) + µH(x, y), for every pair x, y of vertices in V (D ∪H). Here we assume
that µD(x, y) = 0 (µH(x, y) = 0) if at least one of x, y is not in V (D) (V (H)). The underlying
graph of a digraph D is the graph obtained from D by replacing each arc (u, v) or a pair (u, v),
(v, u) of arcs by the edge uv.

A directed walk in D is a sequence W = (x0, a0, x1, a1, x2, . . . , xk−1, ak−1, xk) of vertices
vi and arcs aj from D such that ai = (xi, xi+1), for every i ∈ {0, . . . , k − 1}. A directed walk
W is closed if x1 = xk. The set of vertices {xi : i ∈ {1, . . . , k}} is denoted by V (W ); and the
set of arcs {ai : i ∈ {0, . . . , k − 1}} is denoted by A(W ). We also say that W is a directed walk
from x0 to xk or an x0 − xk walk. The length of a directed walk is k − 1 and is denoted by
l(W ). When the arcs of W are defined from the context or simply unimportant, we will denote
W by (x0, x1, . . . , xk).

A directed trail is a walk in which all arcs are distinct. A walk W is a directed path
whenever the vertices of W are distinct. If the vertices x0, x1, . . . , xk−1 are distinct, k ≥ 2 and
x1 = xk, W is a directed cycle. For a closed walk W = (x0, x1, . . . , xp, x0), the subscripts
are considered modulo p+1. A directed path (cycle) W is a Hamilton or Hamiltonian path
(cycle) if V (W ) = V (D). A digraph D is Hamiltonian if D contains a Hamiltonian cycle. A
directed trail W is an Euler or Eulerian if W is closed and A(W ) = A(D). A digraph D is
Eulerian if it has an Euler trail.

Let Q = (x0, x1, . . . , xk) and W = (y0, y1, . . . , yp) be a pair of directed walks in a digraph
D. The directed walks Q and W are disjoint if V (Q)∩ V (W ) = ∅ and arc-disjoint if A(Q)∩
A(W ) = ∅. Moreover, Q and W are called internally disjoint if {x1, . . . , xk−1} ∩ V (W ) = ∅
and {y1, . . . , yp−1} ∩ V (Q) = ∅.

Consider a directed walk W = (x0, x1, . . . , xk). We will use the notation (xi,W, xj) to refer
to the directed walk (xi, xi+1, . . . , xj) of W . If 0 < i ≤ k, then the predecessor of xi on W
is the vertex xi−1 (and when W is closed, the predecessor of x0 is xk). If 0 ≤ i < k, then the
successor of xi on W is the vertex xi+1 (and when W is closed, the predecessor of xk is x0).
If V = (v0 = xk, v1, . . . , vn) is another directed walk, the concatenation of W and V , denoted
by W ∪ V , is the directed walk (x0, . . . , xk = v0, v1, v2 . . . , vk).

If there is no confusion we will write walk, trail, path and cycle instead of directed walk,
directed trail, directed path and directed cycles, respectively.

In a digraph D a vertex y is reachable from a vertex x if D has an x−y walk. In particular,
a vertex is reachable from itself. A digraph D is strongly connected or strong if, for every
pair x, y of distinct vertices in D, there exists an x − y walk and a y − x walk. For a strong
digraph D, a set S ⊂ V (D) is a separator if D − S is not strong. A digraph D is k-strongly
connected if |V (D)| ≥ k + 1 and D has no separator with less than k vertices. For a pair s, t
of distinct vertices in V (D), a (s, t)-separator is a subset X ⊆ V (D)\{s, t} with the property
that D −X has no s− t paths.

1.3 Edge-colored (di)graphs

Let G be a multigraph and k a positive integer. A k-edge-coloring of G is a function c :
E(G) → {1, . . . , k}, which associates each edge to one of the k colors, 1, 2, . . . , k − 1 or k,
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and the color of an edge e will be denoted by c(e). We will say that G is a k-edge-colored
multigraph whenever we are take a fixed k-edge-coloring of G. If the number of colors are defined
from the context or simply unimportant, we will say that G is an edge-colored multigraph.

Let G be an edge-colored multigraph. A walk W in G is properly colored if no two
consecutive edges of W have the same color, including the first and the last in a closed walk. A
walk (trail, cycle or path) T in G is monochromatic if all the edges of T have the same color.

Let G be a k-edge-colored multigraph and v a vertex of G. For j ∈ {1, . . . , k}, the jth
neighbourhood of v is Nj(v) = {u ∈ V (G) : e = uv ∈ E(G) and c(e) = j}. The jth degree
of v, denoted by dj(v), is the number of edges incident with v with color j. The minimum
monochromatic degree of G is defined by δmon(G) = min{dj(v) : v ∈ V (G), 1 ≤ j ≤ k}.

Let D be a digraph and k a positive integer. A k-arc-coloring of D is a function c :
A(D) → {1, . . . , k}, which associates each arc to one of the k colors, 1, 2, . . . , k − 1 or k, and
the color of an arc e will be denoted by c(e). We will say that D is a k-arc-colored digraph
whenever we take a fixed k-arc-coloring of D. If the number of colors are defined from the
context or simply unimportant, we will say that D is an arc-colored digraph.

1.4 Computational complexity theory

A decision problem is a problem that has a “yes” or a “no” answer. The complexity class
P contains all the decision problems which can be solve in polynomial time by a deterministic
Turin machine. The collection of all the decision problems whose solutions can be verified in
polynomial time is denoted by NP. It is well-known that the class P is contained in the class
NP. One of the best known problems in mathematics is whether every problem in the class NP
also belongs to the class P, this problem is called P=NP problem. A problem in NP is called
NP-complete if a polynomial time algorithm for a solution would result in a polynomial time
solution for all problems in NP.



Chapter 2

A historical review

In this chapter we will present a historical introduction to the study of trails, cycles and paths.

In [13], the well-known Königsberg bridge problem is presented as follows: Early in the 18th
century, the East Prussian city of Königsberg (now called Kaliningrad) occupied both banks of
the River Pregel and the island of Kneiphof, lying in the river at a point where it branches into
two parts. There were seven bridges that spanned the various sections of the river. A popular
puzzle, called the Königsberg bridge problem, asked whether there was a route that crossed
each of these bridges exactly once.

In 1736, Euler [21] gave a solution to this problem. Moreover, Euler posed and solved the
general problem which is the following: whatever the arrangement and division of the river into
branches, and no matter how many bridges there are and their arrangement, is it possible to
find out whether or not it is possible to cross each bridge exactly once?

Euler stated that Königsberg bridge problem and its solution could be part of the geometry
of positions, a branch of geometry concerned with position rather than the distance. In terms
of graph theory the general problem can be view as follows: Given a multigraph G, when does
it contain an Eulerian trail?

Euler’s solution to the general Königsberg bridge problem, provides only the necessary
conditions for a multigraph to contain an Eulerian trail. It was until 1873 that Hierholzer [35]
proved that the condition given by Euler is necessary and sufficient, see Theorem 2.1. A more
detailed historical record can be found in [58].

Theorem 2.1. Let G be a connected multigraph. Then G is Eulerian if and only if every vertex
of G has even degree.

More than a hundred years later after Euler’s publication, Hamilton developed a game called
Icosian Game, which illustrates a non-commutative algebraic structure named icosian calculus.
The game was played on a board with 20 holes, where some of these holes were connected by
a line, and 20 tiles numbered from 1 to 20, the diagram of the board is illustrated in Figure
2.1(a). There were different challenges to solve but we will focus on two of them, the first one
is to find a way to put the 20 tiles in the 20 holes with the only condition that consecutive
numbers were in holes that had a line between them; for the second challenge was added the
condition that the tile with the number 1 and the tile with the number 20 also fulfilled this
condition, that is, that they were in holes with a line between them. We can easily construct a
graph, namely GI , from the board of the game as follows: add a vertex to GI for each hole of
the board; and two vertices are adjacent in GI if and only if their holes are joined by a line on
the board, i.e., the holes become the vertices and the lines become the edges of the graph, see
Figure 2.1(b). So, in terms of graph theory, the two aforementioned challenges can be seen as
finding a Hamiltonian path and a Hamiltonian cycle in the graph GI , respectively. It is worth
mentioning that Kirkman [36] has previously studied the existence of Hamiltonian cycles in
polyhedral graphs.

5
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(a) Diagram of the Icosain game’s
board.

(b) Graph associated to the Icosain game.

Figure 2.1: The Icosian game.

Different type of sufficient conditions are well-known for a graph to contain a Hamiltonian
cycle. For example, Dirac [18] in 1952 gave a degree condition for a graph to be Hamiltonian.

Theorem 2.2. Let G be a graph with n ≥ 3 vertices. If d(v) ≥ n/2, for every v in V (G), then
G is Hamiltonian.

A few years later, Ore [41] gave the following degree condition that generalizes the one given
by Dirac.

Theorem 2.3. Let G be a graph with n ≥ 3 vertices. If d(u) + d(v) ≥ n, for every pair of
non-adjacent vertices u and v, then G is Hamiltonian.

As a consequence of the previous result, the following sufficient degree condition, given by
Ore [42], for a graph containing Hamiltonian path is obtained.

Theorem 2.4. Let G be a graph with n ≥ 2 vertices. If d(u) + d(v) ≥ n− 1, for every pair of
non-adjacent vertices u and v, then G has a Hamiltonian path.

Ore [43] also studied the existence of a Hamiltonian x − y path, for every pair of different
vertices of a graph, and obtained the following result.

Theorem 2.5. Let G be a graph with n ≥ 4 vertices. If d(u) + d(v) ≥ n + 1, for every pair
of non-adjacent vertices u and v, then there exists a Hamiltonian x− y path, for every pair of
different vertices x and y in V (G).

In [34], Harary and Nash-Williams introduced the following graphs. Let G be a graph with
p vertices and q edges. For n ≥ 2, let Ln(G) be the graph with nq vertices obtained as follows:
for each edge e = uv of G, we take two vertices f(u, e) and f(v, e) in Ln(G) and add a path
with n − 2 new intermediate vertices connecting f(u, e) and f(v, e). Finally, for each vertex
u of G, we add an edge joining f(u, e) and f(u, g), whenever e and g are distinct edges with
end-vertex u. They also proved the followings relationships between Eulerian graphs in G and
Hamiltonian cycles in Ln(G).

Theorem 2.6 (Harary and Nash-Williams [34]). Let G be a graph. The following assertions
holds:

1. If G is Eulerian, then Ln(G) is Hamiltonian, for every n ≥ 2.

2. If Ln(G) is Hamiltonian, for some n ≥ 3, then G is Eulerian.
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3. G is superulerian if and only if L2(G) is Hamiltonian.

Due to the importance of walks both theoretically and in applications, several generalizations
of walks in directed and undirected graphs have been studied. One of the most investigated are
properly colored walks, in edge-colored multigraphs. Properly colored walks are of interest as a
generalization of walks in undirected and directed graphs, see [5]. In graph theory applications
Dorninger [19] studied a model of cell division where a properly colored Hamiltonian cycle of a
2-edge-colored graph is required. As well, Pevzner associated properly colored Eulerian trails,
in 2-edge-colored graphs, with the solutions of a small-scale DNA physical mapping problem,
called the Double Digest Problem. Further applications can be found in genetic and molecular
biology [20, 44, 45], social science [15], channel assignment in wireless networks [3, 46].

In [37], Kotzig studied, from a theoretical point of view, the existence of properly colored
Eulerian trails and proved the following characterization of the edge-colored multigraphs con-
taining a properly colored closed Eulerian trail.

Theorem 2.7. Let G be a c-edge-colored connected multigraph. Then, G has a properly colored
closed Eulerian trail if and only if for every vertex v in V (G), di(v) ≤ d(v)/2, for each i in
{1, . . . , c}.

Sheng et al. [49] characterized the 2-arc-colored digraphs which contain properly colored
closed Eulerian trail. To achieve this, they define the following concept of connectivity: an
arc-colored digraph D is properly colored trail connected if and only if for every pair of
different arcs f1 and f2 in A(D), there is a properly colored trail starting with the arc f1 and
ending with the arc f2.

Theorem 2.8. Let D be a 2-arc-colored multidigraph. Then, D contains a properly colored
closed Eulerian trail if and only if D is properly colored trail connected and for every v in
V (D), d+i (v) = d−3−i(v), for each i ∈ {1, 2}.

Sheng et al. [49] showed an example of a digraph D such that: a) D is an 3-arc-colored
digraph, b) D is properly colored trail connected, c) for every v in V (D), d+i (v) ≤ d−i−1(v) +
d−i+1(v), for each i ∈ {1, 2, 3}, (the subindices are taken modulo 3), and d) D does not contain
a properly colored closed Eulerian trail, see Figure 2.2.

v1v2

v3

v4

v5

v6

v7

Figure 2.2: The digraph does not contain properly colored closed Eulerian trail.

Several authors have studied the existence and the length of properly colored cycles, paths
and trails (not necessarily Eulerian), see [14, 23, 39, 40]. In particular, Grossman and Häggkvist
[31] were the first to study the problem of the existence of properly colored cycles in c-edge-
colored graphs, and they proved Theorem 2.9 for c = 2. Later, Yeo [59] proved it for c ≥ 2.

Theorem 2.9. Let G be a c-edge-colored graph, c ≥ 2, with no properly colored cycle. Then, G
has a vertex z ∈ V (G) such that no connected component of G− z is joined to z with edges of
more than one color.
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Abouelaoualim et al. [2] gave the following sufficient degree condition for an edge-colored
multigraph to have a properly colored Hamiltonian cycle.

Theorem 2.10. Let G be a c-edge-colored multigraph of order n, such that no two parallel edges
have the same color. Suppose that δi(x) ≥ ⌈(n+ 1)/2⌉ for every x ∈ V (G) and i ∈ {1, . . . , c}.

1. If c = 2, then G has a properly colored Hamiltonian cycle when n is even, and a properly
colored cycle of length n− 1, when n is odd.

2. If c ≥ 3, then G has a properly colored Hamiltonian cycle.

Different kinds of edge-colorings in undirected and directed graphs have been studied. For
example, Linek and Sands [38] colored the arcs of a tournament with the elements of a partially
ordered set P , and defined a monotone walk as a walk (v1, v2, . . . , vk) such that c(vi, vi+1) ≤
c(vi+1, vi+2) in P , for each i ∈ {1, . . . , k − 2}. They also proposed to color the arcs of a
tournament with the vertices of a digraphH with a loop in each vertex, rather than the elements
of P , and consider anH-walk, that is, a walk (v1, v2, . . . , vk) such that (c(vi, vi+1), c(vi+1, vi+2))
is an arc of H, for each i ∈ {1, . . . , k − 2}. A decade later, Arpin and Linek [4] extended
the definition of the arc-coloring with the vertices of a digraph, to digraphs (not only for
tournaments) as follows: Let H be a digraph possibly with loops and D be a multidigraph.
An H-coloring of D is a function c : A(D) → V (H). We will say that D is an H-colored
multidigraph, whenever we take a fixed H-coloring of D. A walk W = (v0, v1, v2, . . . , vk−1, vk)
in D is an H-walk if and only if (c(v0, v1), c(v1, v2), . . . , c(vk−2, vk−1), c(vk−1, vk)) is a walk in
H. We will say that W is closed if v0 = vk and c(vk−1, vk)c(v0, v1) ∈ A(H).

Since the beginning, the concepts of H-coloring and H-walks have been studied mainly in
the context of kernel theory and related topics, see [16, 17, 28]. Notice that if H is a complete
digraph without loops, then a walk W in a multidigraph D is an H-walk if and only if W is
a properly colored walk. Moreover, if all the arcs of H are loops, then a walk W in D is an
H-walk if and only if W is a monochromatic walk.

Since properly colored walks have been very useful for modeling and solving different prob-
lems, as we mentioned above, H-colored digraphs and H-walks can also model interesting
problems, for example, routing problems or in communications networks were some transitions
are restricted because of natural phenomenon, external attack or failure. Some applications of
colored walks with restrictions in color’s succession can be found in [50, 51].

An application of these concepts can be found in analyzing different situations in the public
transportation network of Mexico City, in particular, we can focus on the metro and metrobus
of this city. In Figures 2.3(a) and 2.3(b) we can see the maps of the metro and metrobus of
Mexico City, respectively. We can notice that both maps are arc-colored digraphs, the metro-
digraph with 12 colors (say C1, C2, . . . , C12, one color per line) and the metrobus-digraph with
7 colors (say c1, c2, . . . , c7, one color per line). In Figure 2.3(a), we can see the map of both
in a single one, which is a 19-arc-colored digraph, from now on we will call it M . If we only
consider monochromatic walks, we can only use one and only one line to move from one place to
another, which will not always be what we need. Instead, if we consider properly colored walks,
we could not go very far from the starting point, the longest properly colored walk, without
repeating arcs, has length five. So, we can consider the digraph M as an H-colored digraph,
where V (H) = {C1, . . . , C12}∪{c1, . . . , c7} and A(H) will change depending on what we want to
study. For example, everyday life users seek to get from vertex A to vertex B as fast as possible.
In that case we consider H as the complete digraph with loops at each vertex. Sometimes the
user has a limited budget to go from A to B, for example, if the user has 5 Mexican pesos,
then we would consider A(H) = {(Ci, Cj) : i ∈ {1, . . . , 12} and j ∈ {1, . . . , 12}}. If the user
has 7 Mexican pesos, then we would consider A(H) = {(Ci, Cj) : i ∈ {1, . . . , 12} and j ∈
{1, . . . , 12}}∪{(ci, cj) : i ∈ {1, . . . , 7} and j ∈ {1, . . . , 7}}. Other restrictions can be considered,
such as avoiding long transfers between lines, or even adding a new color to avoid passing
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through crowded stations or add weight to each arc to take into consideration the time or
length of the journey.
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05 :00 - 23 :00 HORAS

06 :00 - 23 :00 HORAS

07:00 - 23 :00 HORAS

LUNES A VIERNES

SÁBADOS

DOMINGOS Y FEST IVOS

05 :00 A 0 1 :00 HORAS

06 :00 A 0 1 :00 HORAS

07:00 A 00 :00 HORAS

LUNES A VIERNES

SÁBADOS

DOMINGOS Y FEST IVOS

05 :00 - 00 :30 HORAS

06 :00 - 00 :30 HORAS

07:00 - 00 :30 HORAS

LUNES A VIERNES

SÁBADOS

DOMINGOS Y FEST IVOS

04 :00 - 0 1 :00 HORAS

04 :00 - 0 1 :00 HORAS

04 :30 - 0 1 :00 HORAS

LUNES A VIERNES

SÁBADOS

DOMINGOS Y FEST IVOS

05 :00 - 23 :00 HORAS

06 :00 - 23 :00 HORAS

07:00 - 22 :00 HORAS

LUNES A VIERNES

SÁBADOS

DOMINGOS Y FEST IVOSConsulta
fsuburbanos.com

para más información.

ECOB IC I

05 :00 - 00 :30 HORAS

TODOS LOS D ÍAS

Consulta
ecobici.cdmx.gob.mx
para más información.

Se muestran en el mapa las 
ubicaciones que son cercanas a 

cicloestaciones  ECOB IC I .

Consulta
sitramytem.edomex.gob.mx

para más información.

B IC IESTAC IONAMIENTO

ESTAC IÓN CON
ACCES IB I L I DAD UN IVERSAL

Servicio gratuito con tarjeta de Movilidad Integrada

TERMINAL DE AUTOBUSES
FORÁNEOS

TRANSBORDO IND IRECTO
Requiere salir de estación

TRANSBORDO D IRECTO
Sin salir de estación

ESTAC IÓN DE PASO

Consulta
ste.cdmx.gob.mx/cablebus

para más información.

Horarios para transportar 
bicicletas: Todos los días de la 
semana en cualquier horario.

Consulta
ste.cdmx.gob.mx

para más información.

Horarios para transportar bicicletas: 
Domingos todo el día.

Consulta
rtp.cdmx.gob.mx

para más información.

Horarios para transportar bicicletas: 
Todos los días en cualquier horario, 

siempre y cuando haya espacio 
suficiente y quede libre el área para 

silla de ruedas.

Consulta
metrobus.cdmx.gob.mx

para más información.

Horarios para transportar bicicletas: 
Lunes a viernes de 04:30 a 06:30 horas 

y 22:00 a 24:00 horas. Sábados de 
04:30 a 12:00 horas y 18:00 a 24:00 

horas. Domingos todo el día.
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(a) Metro of Mexico City. (b) Metrobus of Mexico City.

Figure 2.3: Transportation network maps of Mexico City. Images obtained from [29].

Another application can be found in road maps. Road maps can be easily represented with
digraphs placing a vertex at the intersection of two streets, and an arc from a vertex v to a
vertex u if and only if there is a street from v to u without passing through any other corner.
Due to traffic laws, it is not always possible to turn from one street to another. For example,
Figure 2.4(a) shows the intersection of two streets, where no u-turn is allowed, and no left turn
is allowed from street B to street A. Figure 2.4(b) shows its digraph representation, namely
D. So, if we want to find a walk from one street to another that pass through this corner and
respect the traffic law, it is not enough to find walks in a non-arc-colored digraph (since a walk
can contain the paths (v2, e

−
D, v, e

+
B, v1) or (v2, e

−
D, v, e

+
D, v1), that are forbidden by the traffic

laws) nor properly colored walks, in a c-arc-colored digraphs (since there is no c-arc-coloring
that guarantees that (v1, e

−
A, v, e

+
A, v1) and (v2, e

−
D, v, e

+
B, v1) are not properly colored walks and

(v1, e
−
A, v, e

+
D, v2) is a properly colored walk). In Figure 2.4(c), we show an example of an H-

coloring of D such that every H-walk represents a route through the corner that respects traffic
laws.

Galeana-Sánchez et al. [26] defined the graph Gu, for H-colored multigraphs, as follows:
Let G be an H-colored multigraph and u be a vertex of G. Let Gu be the graph such that
V (Gu) = {e ∈ E(G) : e is incident with u}, and two different vertices a and b are joint by only
one edge in Gu if and only if c(a) and c(b) are adjacent in H. This graph was introduced by
Benkouar et al. [10] for edge-colored graphs, in an algorithmic proof of Theorem 2.7.

Galeana-Sánchez et al. [26] showed necessary and sufficient conditions for the existence of
closed Euler H-trails, as follows.

Theorem 2.11 (Galeana-Sánchez et al. [26]). Let H be a graph possibly with loops and G be an
H-colored multigraph without loops. Suppose that G is Eulerian and Gu is a complete ku-partite
graph, for every u in V (G) and for some ku in N. Then G has a closed Euler H-trail if and
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B C

A

D

(a) A intersection of four streets in a cer-
tain corner.

v

v1

v2 v3

v4

e+Ae−A
e+B

e−B e+C

e−C

e+D e−D

(b) Digraph representa-
tion.

v

v1

v2 v3

v4

e+Ae−A
e+B

e−B e+C

e−C

e+D e−D

H

(c) An H-coloring of the digraph representation.

Figure 2.4: An H-walk in an H-colored digraph can model in a better way the possible routes
of cars, respecting the traffic laws.

only if |Cu
i | ≤

∑
j ̸=i |Cu

j | for every u in V (G), where {Cu
1 , ..., C

u
ku
} is the partition of V (Gu)

into independent sets.

As a first approach to the definition of H-walk in H-colored multidigraphs, Arpin and Linek
described the H-walks as those “walks v1, v2, . . . , vn such that (color(vi, vi+1), color(vi+1, vi+2))
is an arc or loop of D for all i” (they used the vertices of a digraph D to color the arcs
of a multidigraph G). Inspired by this definition, Beńıtez-Bobadilla et al. [8] introduced a
generalization of H-walk, which uses and takes advantage of the existence of parallel arcs. They
allowed “lane changes”, i.e., they allowed concatenation of two H-walks as long as the last arc
of the first one and the first arc of the second one have the same tail and head. As a result, they
defined the following new concept: Let D be an H-colored multidigraph. A dynamic H-walk
in D is a sequence of vertices W = (v0, v1, . . . , vk) in D such that for each i ∈ {0, . . . , k−2} there
exists an arc fi = (vi, vi+1) and there exists an arc fi+1 = (xi+1, xi+2) such that (c(fi), c(fi+1))
is an arc in H. In Figure 2.5 the sequence W = (v3, v7, v4, v5, v6, v1) is a dynamic H-walk
in D, since there exist the arcs e8 = (v3, v7) and e18 = (v7, v4) such that (c(e8), c(e18)) =
(R,R) ∈ A(H), e18 = (v3, v7) and e10 = (v4, v5) such that (c(e18), c(e10)) = (R,R) ∈ A(H),
e11 = (v4, v5) and e13 = (v5, v6) such that (c(e11), c(e13)) = (B,B) ∈ A(H), and e13 = (v5, v6)
and e15 = (v6, v1) such that (c(e13), c(e15)) = (B,B) ∈ A(H). Other sequence of vertices that
are dynamic H-walks are W1 = (v1, v2, v3, v7, v4, v5, v6, v1) and W2 = (v6, v1, v2, v3, v2, v7, v1).

We believe that the study of the dynamic H-walk concept is very interesting as it general-
izes previous concepts of walk and it broadens the traditional way of studying the mobility in a
given system. Another motivation for the study of dynamic H-walks in H-colored directed and
undirected multigraphs, are their possible applications, since directed and undirected multi-
graphs can model several real world problems in a more natural way than simple graphs, see
[22, 47, 48]. Being able to take advantage of the existence of parallel edges can result in the
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D

v1

v2 v3

v4

v5v6

v7

e1

e2
e3

e4

e5
e6

e7

e8 e9

e10
e12

e13

e14

e15

e16

e17

e18

e19 e11

H

B R G

Figure 2.5: The sequence W1 = (v1, v2, v3, v7, v4, v5, v6, v1) is a dynamic H-walk in D and there
is no H-walk in D that contains this sequence of vertices.

improvement of a solution, especially when different processes can be done simultaneously, for
example, in project scheduling, where each person can perform a different task at the same
time and some task cannot be carried out without having finished another before. Another
possible application is when a company ships products from one warehouse to another. The use
of parallel edges can represent the different types of transportation that exist to ship products
between two warehouses, and the a lane change in a dynamic H-walk can mean that different
items were shipped on two or more different transports at the same time.
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Chapter 3

Dynamic H-trails in multigraphs

Beńıtez-Bobadilla et al. [8] introduced the concept of dynamic H-walk in the context of kernel
theory, where arcs do not play a major role. This is why in their definition they do not mention
the arcs that are part of the dynamic H-walk. This chapter is devoted to the study of dynamic
H-trails, in H-colored multigraphs. To achieve this we introduce a definition and notation of
dynamic H-walk in H-colored multigraphs, that allows us to know the edges that belong to
it. Motivated by Theorem 2.11, we think that it is possible to give conditions, similar to those
of this theorem, on an H-colored multigraph that guarantee the existence of a closed Euler
dynamic H-trail. In the process, we find an auxiliary graph that we call LDym

n,H (G), that allows
us to link closed dynamic H-trails in H-colored multigraphs, with cycles in non-colored simple
graphs.

3.1 Dynamic H-trails and the auxiliary graph LDym
n,H (G)

Let H be a graph possibly with loops and G be an H-colored multigraph. A sequence W =
(v0, e

1
0, . . . , e

k0
0 , v1, e

1
1, . . . , e

k1
1 , v2, . . . , vn−1, e

kn−1

n−1 , . . . , e
kn−1

n−1 , vn), where for each i ∈ {0, . . . , n−1},
ki ≥ 1 and eji = vivi+1 for every j ∈ {1, . . . , ki}, is a dynamicH-walk if c(ekii )c(e1i+1) is an edge
in H, for each i ∈ {0, . . . , n−2}. If W is a dynamic H-walk that does not repeat edges, then W
is a dynamic H-trail. We say that a dynamic H-trail, W , is an Euler dynamic H-trail if and
only if E(G) = E(W ). In Figure 3.1 W1 = (v3, e4, v4, e11, e12, v9, e9, v10, e8, v6, e6, v5, e5, e11, v9,
e13, v8) is a dynamic H-walk and W2 = (v1, e1, v2, e3, v3, e4, v4, e11, v9, e13, v8, e14, e15, v7, e16, v1)
is a dynamic H-trail.

We say that a dynamic H-trail is closed whenever a) v0 = vn and c(e
kn−1

n−1 )c(e
1
0) is an edge in

H; or b) v1 = vn and e
kn−1

n−1 and e10 are parallel in G. Let W = (v0, e
1
0, . . . , e

k0
0 , v1, e

1
1, . . . , e

k1
1 , v2,

. . . , vn−1 = v0, e
kn−1

n−1 , . . . , e
kn−1

n−1 , vn = v1) is a closed dynamic H -trail, then W can be rewritten

as W = (v1, e
1
1, . . . , e

k1
1 , v2, . . . , vn−1 = v0, e

kn−1

n−1 , . . . , e
kn−1

n−1 , e
1
0, . . . , e

k0
0 , vn = v1), i.e., if W satis-

fies condition b) of the definition of closed dynamic H-trail, then we can rewrite W in a way that
satisfies condition a (unless n = 1, i.e., W is of the form (x, e0, . . . , ek, y), where k ≥ 1). In Fig-
ure 3.1 W1 = (v1, e1, v2, e3, v3, e4, v4, e11, v9, e13, v8, e14, e15, v7, e16, v1) is not a closed H-trail, be-
cause c(e16)c(e1) is not an edge in H. However, W3 = (v1, e1, v2, e3, v3, e4, v4, e11, v9, e13, v8, e14,
e15, v7, e16, v1, e7, v2) is a closed H-trail (notice that W3 satisfies condition b of the definition)
and can be rewrite as W3 = (v2, e3, v3, e4, v4, e11, v9, e13, v8, e14, e15, v7, e16, v1, e7, e1, v2) (satisfy-
ing condition a of the definition).

In the following definition we introduce an auxiliary graph that will be essential in the rest
of this chapter.

Definition 3.1. Let G be an H-colored multigraph with |E(G)| = q. For n ≥ 2, LDym
n,H (G)

is the graph with nq vertices, obtained as follows: for each edge e = uv of G, we take two
vertices f(e, u) and f(e, v) in LDym

n,H (G), and adding a path with n−2 new intermediate vertices

13
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G

v1

v2
v3 v4

v5

v6

v7

v8 v9
v10

e1

e7

e16

e3 e4
e5

e10e12

e6

e7

e8

e14

e15 e13 e9

e11

H

B R L

Figure 3.1: The sequence P = (v2, e3, v3, e4, v4, e5, v5, e6, v6, e7, e8, v10, e9, v9, e12, v4, e10, e11, v9,
e13, v8, e14, e15, v7, e16, v1, e2, e1, v2) is a closed Euler dynamic H-trail in G and there is no closed
Euler H-trail in G.

connecting f(e, u) and f(e, v). The rest of the edges of LDym
n,H (G) are defined as follows: a)

f(e, u) and f(g, u) are adjacent if and only if e ̸= g and c(e)c(g) ∈ E(H); b) f(e, u) and f(g, v)
are adjacent if and only if u ̸= v and e and g are parallel in G.

Observation 1. It follows from the definition of LDym
n,H (G) that:

1. For every n ≥ 2, LDym
n,H (G) is a simple graph.

2. MJ = {f(e, x)f(e, y) ∈ E(LH
2 (G)) : e = xy ∈ E(G)} is a perfect matching of LDym

2,H (G).

This matching will be called the joint matching of LDym
2,H (G).

Figure 3.2 shows an example of the auxiliary graph LDym
2,H (G) an its joint matching.

G v1 v2

v3 v4

e1

e3e2 e6 e5

e4

H

B R

(a) G is an H-colored multigraph.

f(e1, v1)

f(e2, v1)

f(e3, v1)

f(e1, v2)

f(e6, v2)

f(e5, v2)

f(e3, v3)

f(e4, v3)

f(e2, v3)

f(e4, v4)

f(e5, v4)

f(e6, v4)

(b) LDym
2,H (G).

Figure 3.2: In (b), the dashed edges correspond to the joint matching.

Recall that Gu is the graph such that V (Gu) = {e ∈ E(G) : e is incident with u}, and two
different vertices a and b are joining by only one edge in Gu if and only if c(a) and c(b) are
adjacent in H. Notice that for each e = xy in E(G), by the definition of Gx and Gy, we have
that e ∈ V (Gx) and e ∈ V (Gy). So, we will say that f(e, x) and f(e, y) are the copies of e seen
as a vertex in Gx and Gy, respectively. If Exy is the set of all the edges with end-vertices x and
y, then we define the set Ex

xy = {f(e, x) : e ∈ Exy}.
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Let H be graph possibly with loops and G an H-colored graph. The graph LDym
n,H (G) can

be constructed as follows: First take the disjoint union of Gx, for every x in V (G). Then, for
every pair of distinct vertices, x and y in V (G), such that |Exy| = m ≥ 1, add all possible
edges until a complete bipartite graph Km,m between Ex

xy and Ey
xy is obtained. Finally, for

every e = xy ∈ E(G), change the edge joining f(e, x) and f(e, y) by a path with n − 2 new
intermediate vertices. The construction of LDym

3,H (G) is illustrated in Figure 3.3.

3.2 Euler dynamic H-trails

In this section we study the relationship between closed dynamic H-trails in G, an H-colored
multigraph, and cycles in the auxiliary graph LDym

n,H (G).

The following two lemmas show how to construct a cycle in LDym
2,H (G), based on the order

of the edges in a closed dynamic H-trail in G, and vice versa.

Lemma 3.1. Let G be an H-colored multigraph. If P = (x0, e1, . . . , ep0 , x1, ep0+1, . . . , ep0+...+p1 ,
x2, . . . , xn−1, ep0+...+pn−2+1, . . . , ep0+...+pn−1 , xn) is a closed dynamic H-trail in G, then C =
(f(e1, x0), f(e1, x1), . . . , f(ep0 , x0), f(ep0 , x1), f(ep0+1, x1), f(ep0+1, x2), . . . , f(ep0+...+pn−1 , xn),

f(e1, x0)) is a cycle in LDym
2,H (G).

Proof. It follows from the definition of LDym
2,H (G) that f(e, xi)f(e, xi+1) is an edge of LDym

2,H (G),
for every e = xixi+1 ∈ E(P ).

Let ei and ei+1 be consecutive edges in P (if i = p0+. . .+pn−1, then ei+1 = e1). If ei and ei+1

are parallel, such that xj and xj+1 are the ends of both edges, then f(ei, xj+1) and f(ei+1, xj)

are adjacent in LDym
2,H (G), by the definition of LDym

2,H (G). Otherwise, ei and ei+1 are incident
with xj , for some xj in V (P ). Since P is a closed dynamic H-trail, we have that c(ei)c(ei+1)

is an edge in H and f(ei, xj)f(ei+1, xj) ∈ E(LH
2 (G)). Hence, C is a walk in LDym

2,H (G). Since
P is a closed dynamic H-trail, it follows that C does not repeat vertices and, so C is a cycle.
Moreover, C alternate edges between E(LH

2 (G)) \MJ and MJ .

Lemma 3.2. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G). If

C = (f(e1, x1), f(e1, y1), f(e2, x2), f(e2, y2) . . . , f(eq, yq), f(e1, x1)), where ei = xiyi ∈ E(G), is

a cycle in LDym
2,H (G) that alternates edges between E(LH

2 (G)) \MJ and MJ , then the following
steps generate a closed dynamic H-trail P in G.

1. Start with P1 = (x1, e1, y1) and k = 2.

2. Let ek, with end-vertices xk and yk. If ek−1 and ek are parallel, xk = xk−1 and yk = yk−1,
then Pk = (x1, Pk−1, ek−1, ek, yk). Otherwise, Pk = (x1, Pk−1, yk−1 = xk, ek, yk).

3. k = k + 1.

4. If k = q + 1, P = Pq. Otherwise, go to step 2.

Proof. First, we will prove that P is a dynamic H-trail in G.

Let ek−1 and ek be edges of G with 2 ≤ k ≤ q.

Since f(ek−1, yk−1)f(ek, xk) ∈ E(C), we have that f(ek−1, yk−1)f(ek, xk) is in E(LH
2 (G)).

Hence, yk−1 = xk and c(ek−1)c(ek) ∈ E(H) or yk−1 ̸= xk and ek−1 and ek are parallel in G.

If yk−1 = xk and c(ek−1)c(ek) ∈ E(H), then ek−1 and ek are incident in yk−1 = xk and
Pk = (x1, Pk−1, yk−1 = xk, ek, yk) is a dynamic H-walk in G.

Otherwise, yk−1 ̸= xk and ek−1 and ek are parallel edges in G, and Pk = (x1, Pk−1, ek−1, ek,
yk−1 = yk) is a dynamic H-walk in G.

Hence, every Pk is a dynamic H-walk in G, in particular P = Pq.
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G v1 v2

v3 v4

e1

e7e2 e6 e5

e4

e3

H

B R

(a) G is an H-colored multigraph.

f(e1, v1)

f(e2, v1) f(e7, v1)

Gv1 f(e1, v2) Gv2

f(e7, v3)f(e2, v3)

Gv3 Gv4

(b) Gv1 .

f(e1, v1)

f(e2, v1) f(e7, v1)

Gv1 f(e1, v2) Gv2

f(e7, v3)f(e2, v3)

Gv3 Gv4

(c) Since Ev1v3 ̸= ∅, make a complete bipartite
graph with partition sets {f(ei, v1) : ei = v1v3} and
{f(ei, v3) : ei = v1v3}.

f(e1, v1)

f(e2, v1) f(e7, v1)

Gv1 f(e1, v2) Gv2

f(e7, v3)f(e2, v3)

Gv3 Gv4

(d) Repeat for every Evivj ̸= ∅.

f(e1, v1)

f(e2, v1) f(e7, v1)

Gv1 f(e1, v2) Gv2

f(e7, v3)f(e2, v3)

Gv3 Gv4

m(e1)

(e) Change the edge f(e1, v1)f(e1, v2) by a path with
3− 2 = 1 new intermediate vertices.

f(e1, v1)

f(e2, v1) f(e7, v1)

Gv1 f(e1, v2) Gv2

f(e7, v3)f(e2, v3)

Gv3 Gv4

m(e1)

m(e2) m(e7)

(f) LDym
3,H (G).

Figure 3.3: Procedure to construct the graph LDym
3,H (G).
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G

v1

v2 v3

v4

v5v6

v7

e1

e2

e3

e4

e5

e6
e7

e8

e9
e10

e12
e13

e14

e15
e16

e11

(a) G is an H-colored multigraph.

f(e1, v1)

f(e3, v1)

Gv1

f(e1, v2)f(e5, v2)

Gv2

f(e5, v3)

f(e8, v3)

f(e11, v3)
Gv3

f(e8, v4)

f(e12, v4) f(e13, v4)

Gv4

f(e14, v5)

Gv5
f(e3, v6)

Gv6

Gv7

(b) LDym
2,H (G).

Figure 3.4: The P = (v1, e1, v2, e5, v3, e11, e8, v4, e12, e13, v5, e14, v6, e3, v1), highlighted in yellow,
is a closed H-trail in G. So, Lemma 3.1 ensures that the walk highlighted in (b) is a cycle in
LDym
2,H (G).

On the other hand, since C is a cycle, the arc ei appears exactly once in P , for every
i ∈ {1, . . . , q}, and so P is a dynamic H-trail.

Now, we prove that P is closed.

Recall that ei = xiyi, for every i ∈ {1, . . . , q}, and yi = xi+1; or (xi = xi+1 and yi = yi+1)
(if i = q + 1, then xi+1 = x1 and yi+1 = y1). We will consider two cases.

Case 1. xi = xj and yi = yj , for every pair of distinct elements, {i, j} ⊆ {1, . . . , q}.
It follows from the construction of P that P = (x1, e1, . . . , eq, y1). Since C is a cycle in

LDym
2,H (G), we have that q ≥ 2 and, so P is closed.

Case 2. There exists i ∈ {1, . . . , q} such that yi = xi+1.

If yq = x1, then c(eq)c(e1) ∈ E(H). Therefore, P is closed.

Otherwise, eq and e1 are parallel and, so P is closed.

Therefore, P is a closed dynamic H-trail in G.

Figure 3.5 shows the construction Lemma 3.2 established.

It follows from Lemmas 3.1 and 3.2 the following result.

Theorem 3.3. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G).

Then, there is a bijection between the set of closed dynamic H-trails in G and the set of cycles
in LDym

2,H (G) that alternate edges between E(LH
2 (G)) \MJ and MJ .

Proof. Let G be an H-colored multigraph and MJ the joint matching of LDym
2,H (G). We will

denote by P the set of closed dynamic H-trails in G and by C the set of cycles in LDym
2,H (G) that

alternate edges between E(LH
2 (G)) \MJ and MJ .

Consider the function T : P → C defined by T (P ) = C, where P = (x0, e1, . . . , ep0 , x1, ep0+1,
. . . , ep1 , x2, ep1+1, . . . , xn−1, ep0+...+pn−2+1, . . . , ep0+...+pn−1 , xn), and C = (f(e1, x0), f(e1, x1),
. . . , f(ep0 , x0), f(ep0 , x1), f(ep0+1, x1), . . . , f(ep0+...+pn−1 , xn), f(e1, x0)).

Claim 1. T is well-defined.

It follows from Lemma 3.1 that T (P ) ∈ C.
Consider two closed dynamic H-trails in P, say P1 = (x0, e0, . . . , ep0 , x1, ep0+1, . . . , ep0+p1 ,

x2, . . . , xn−1, ep0+...+pn−2+1, . . . , ep0+...+pn−1 , xn) and P2 = (y0, f0, . . . , fq0 , y1, fq0+1, . . . , fq0+q1 ,
y2, . . . , yn−1, fq0+...+qn−2+1, . . . , fq0+...+qn−1 , yn) such that P1 = P2.
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Gv1

Gv2

f(g7, v3)

f(g8, v3)f(g9, v3)

Gv3

f(g7, v4)

f(g8, v4)

f(g12, v4)

Gv4

Gv5
Gv6

f(g9, v7)

f(g10, v7)

f(g15, v7)f(g16, v7)

Gv7

(a) Consider the cycle C = (f(g8, v3), f(g8, v4),
f(g12, v4), f(g12, v5), f(g16, v5), f(g16, v7), f(g15, v5),
f(g15, v7), f(g9, v7), f(g9, v3), f(g10, v7), f(g10, v3),
f(g7, v3), f(g7, v4), f(g8, v3)). Dashed edges of C are
in MJ .
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v5v6

v7

g1

g2
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g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(b) Start with P1 = (v3, e8, v4).

G

v1

v2 v3

v4

v5v6

v7
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g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(c) For k = 2, e2 = g12, x2 = v4 and y2 = v5.
So, P2 = (v3, g8, v4, g12, v5).

G

v1

v2 v3

v4

v5v6

v7

g1

g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(d) For k = 3, e3 = g16, x3 = v5 and y3 = v7.
So, P3 = (v3, g8, v4, g12, v5, g16, v7).

G

v1

v2 v3

v4

v5v6

v7

g1

g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(e) For k = 4, e4 = g15, x4 = v5 and y4 = v7.
So, P4 = (v3, g8, v4, g12, v5, g16, g15, v7).

G

v1

v2 v3

v4

v5v6

v7

g1

g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(f) For k = 5, e5 = g9, x5 = v7 and y5 = v3.
So, P5 = (v3, g8, v4, g12, v5, g16, g15, v7, g9, v3).

G

v1

v2 v3

v4

v5v6

v7

g1

g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(g) For k = 6, e6 = g10, x6 = v7
and y6 = v3. So, P5 = (v3, g8, v4,
g12, v5, g16, g15, v7, g9, g10, v3).

G

v1

v2 v3

v4

v5v6

v7

g1

g2

g3

g4

g5

g6
g7

g8

g9
g10

g12
g13

g14

g15
g16

g11

(h) For k = 7, e7 = g7, x7 = v3
and y7 = v4. So, P5 = (v3, g8, v4,
g12, v5, g16, g15, v7, g9, g10, v3, g7, v4).

Figure 3.5: Construction of a closed dynamic H-trail in G from a cycle in LDym
2,H (G).
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Since P1 = P2, E(P1) = E(P2) and there exists k ∈ N such that ei = fi+k(mod p0+...+pn−1)

(since the edges are traversed in the same order but the first edge is not the same). It follows
from the definition of T that V (T (P1)) = V (T (P2)) and the order of the vertices are the same.
Then, we have that T (P1) = T (P2). Therefore, T is well-defined.

Claim 2. T is injective.
Let P1 and P2 in P such that P1 ̸= P2.
If E(P1) ̸= E(P2), then there is e = xy ∈ E(G) such that (e ∈ E(P1) and e ̸∈ E(P2)) or

(e ̸∈ E(P1) and e ∈ E(P2)). Without loss of generality, suppose that e ∈ E(P1) and e ̸∈ E(P2).
Then, f(e, x)f(e, y) ∈ V (P1) and f(e, x)f(e, y) ̸∈ V (P1), that is V (T (P1)) ̸= V (T (P2)) and, so
T (P1) ̸= T (P2).

If E(P1) = E(P2), then there exists {ei, ei+1} ⊆ E(P1) = E(P2) such that ei is the edge
preceding ei+1 in P1 and ei is not the edge preceding ei+1 in P2 (since P1 ̸= P2). Therefore,
T (P1) ̸= T (P2) and T is injective.

Claim 3. T is surjective.
Let C be a cycle in C. Since C alternate edges between E(LH

2 (G))\MJ and MJ , C must be
of the form C = (f(e1, x1), f(e1, y1), . . . , f(eq, xq), f(eq, yq), f(e1, x1)), where ei = xiyi ∈ E(G).

It follows from the definition of T that T (P ) = C, where P is the closed dynamic H-trail
obtained by applying Lemma 3.2 to the cycle C. Hence, T is surjective.

Therefore, T is a bijection.

Recall the following classical lemma, which will be useful in what follows.

Lemma 3.4. Let M and M ′ be two perfect matchings of a graph G. If M ∩M ′ = ∅, then there
exists a partition of the vertices of G into vertex-disjoint even cycles. Moreover, every cycle
alternates edges between M and M ′.

Theorem 3.5. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G).

There exists a perfect matching M in LDym
2,H (G) \MJ if and only if there exists a partition of

the edges of G into closed dynamic H-trails. (Notice that some of the closed dynamic H-trails
can be of the form (x, e0, . . . , ek, y), where k ≥ 1).

Proof. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G).

Suppose that there exists a perfect matching M in LDym
2,H (G) \MJ .

By Lemma 3.4, it follows that there exists a partition of the vertices of LDym
2,H (G) into vertex-

disjoint cycles, say C = {C1, . . . , Cn}. Moreover, each cycle in C alternates edges between MJ

and M .
Let P = {P1, . . . , Pn} be the set of closed dynamic H-trails in G such that T (Pi) = Ci, for

every i ∈ {1, . . . , n}.

Claim 1 E(Pi) ∩ E(Pj) = ∅, for every {i, j} ⊆ {1, . . . , n}.
Suppose to the contrary that there exists a pair of distinct elements, i and j in {1, . . . , n},

such that E(Pi) ∩ E(Pj) ̸= ∅.
Let e = xy ∈ E(Pi) ∩ E(Pj). By the definition of T (see the proof of Theorem 3.3), the

vertices f(e, x) and f(e, y) belong to V (Ci) ∩ V (Cj), a contradiction.

Claim 2
⋃n

i=1E(Pi) = E(G).
By the definition of T , we have that

⋃n
i=1 E(Pi) ⊆ E(G).

On the other hand, let e ∈ E(G) with end-vertices x and y. Since C is a partition of the
vertices of LDym

2,H (G), there exists a cycle in C, say Cj , such that f(e, x)f(e, y) ∈ E(Cj). By
the construction of Pj , it follows that e ∈ E(Pj). Therefore, e ∈

⋃n
i=1E(Pi) and E(G) ⊆⋃n

i=1E(Pi).

Hence, P = {P1, . . . , Pn} is a partition of the edges of G into closed dynamic H-trails.
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Conversely, suppose that there exists a partition of the edges of G into closed dynamic
H-trails, say P = {P1, . . . , Pk}.

Let C = {C1, . . . , Ck} be a set of cycles in LDym
2,H (G) such that T (Pi) = Ci for every i ∈

{1, . . . , k}.
Claim 3 If i ̸= j, then V (Ci) ∩ V (Cj) = ∅.
For a contradiction, suppose that there exists {i, j} ⊆ {1, . . . , k}, such that V (Ci)∩V (Cj) ̸=

∅. Consider f(e, x) ∈ V (Ci) ∩ V (Cj), for some e ∈ E(G) and x ∈ V (G), such that e is incident
with x.

By the construction of Ci and Cj , it follows that e ∈ E(Pi) and e ∈ E(Pj), a contradiction.

Claim 4
⋃k

i=1 V (Ci) = V (LH
2 (G)).

By the construction of Ci, we have that
⋃k

i=1 V (Ci) ⊆ V (LH
2 (G)).

Let f(e, x) ∈ V (LH
2 (G)), with e ∈ E(G) and x ∈ V (G) such that e is incident with x.

Since P is a partition of the edges of G, there exists Pi ∈ P such that e ∈ E(Pi). By
the construction of Ci, it follows that f(e, x) ∈ V (Ci) ⊆

⋃k
j=1 V (Cj). Hence, V (LH

2 (G)) ⊆⋃k
j=1 V (Cj).

Therefore,
⋃k

i=1 V (Ci) = V (LH
2 (G)).

Claim 5 M =
⋃k

i=1E(Ci) \MJ is a perfect matching in LDym
2,H (G).

Recall that MJ = {f(e, x)f(e, y) ∈ E(LH
2 (G)) : e = xy ∈ E(G)}.

By the construction of Ci, and Claims 3 and 4, we conclude that M is a perfect matching
in LDym

2,H (G).

Therefore, M is a perfect matching in LDym
2,H (G) such that M ∩MJ = ∅.

Figure 3.6 shows an example of a partition of E(G) into dynamic H-trails and its cor-
responding partitioning of V (LDym

2,H (G)) into cycles that alternate edges between two perfect
matchings, one of them is the joint matching.

H

BR L

G

v1

v2 v3

v4

v5v6

v7

e1

e2

e3

e4

e5

e6
e7

e8

e9
e10

e12
e13

e14

e15
e16

e11

(a) G is an H-colored multigraph.

Gv1

Gv2 Gv3

Gv4

Gv5
Gv6

Gv7

(b) LDym
2,H (G).

Figure 3.6: In (a) there is a partition of E(G) into three closed dynamic H-trails, each of them
is highlighted in a different color. In (b) there is a partition of V (LDym

2,H (D) into three cycles,
each of them is obtained by applying the bijection T , which alternate edges between MJ and
M , where M is a perfect matching.

Theorem 3.6. Let G be an H-colored multigraph. Then:

a. If G has a closed Euler dynamic H-trail, then LDym
n,H (G) is Hamiltonian, for every n ≥ 2.

b. If LDym
n,H (G) is Hamiltonian for some n ≥ 3, then G has a closed Euler dynamic H-trail.
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c. G has a closed Euler dynamic H-trail if and only if LDym
n,H (G) is Hamiltonian, for every

n ≥ 3.

Proof. Let G be an H-colored multigraph.
a. It follows from Theorems 3.3 and 3.5 and the definition of LDym

n,H (G).

b. Suppose that there exist n ≥ 3 such that LDym
n,H (G) is Hamiltonian. Let C ′ be a Hamil-

tonian cycle in LDym
n,H (G).

By the definition of LDym
n,H (G), every path from f(e, x) to f(e, y) belongs to V (C ′) in some

order for every e = xy in E(G). Hence, we replace the path for the edge f(e, x)f(e, y) in C ′,
and we get a Hamiltonian cycle in LDym

2,H (G), say C.

Since C is a Hamiltonian cycle, we have that P = T−1(C) is a closed Euler dynamic H-trail
in G, by Theorem 3.5.

c. It follows from a and b.

In Theorem 3.6, we cannot change n ≥ 3 by n ≥ 2 because there are H-colored multigraphs
without closed Euler dynamic H-trails and where LDym

2,H (G) is Hamiltonian, see Figure 3.7.

G
v1 v2 v3

v4 v5 v6

e1

e2

e6

e7

e3 e8

e5e4

H

B R

(a) G is an H-colored multigraph.

LDym
2,H (G)

(b) LDym
2,H (G).

Figure 3.7: The graph LDym
2,H (G) is Hamiltonian but there is no closed Euler dynamic H-trail

in G.

Recall that Exy is the set of all the edges with end-vertices x and y.

Definition 3.2. Let G be an H-colored multigraph and M be a matching in LDym
2,H (G). For

each x in V (G), we will say that Mx = {f(e, x)f(g, x) ∈ M}, i.e., Mx consists of the edges
in Gx that are in M . And, for every pair of vertices x and y in V (G), such that Exy ̸= ∅,
we will define the following sets: AM

xy = {e ∈ Exy : f(e, x) is Mx-saturate and f(e, y) is not

My-saturate}; BM
xy = {e ∈ Exy : f(e, y) is My-saturate and f(e, x) is not Mx-saturate}; CM

xy =

{e ∈ Exy : f(e, x) is Mx-saturate and f(e, y) is My-saturate}; and DM
xy = {e ∈ Exy : f(e, x) is

not Mx-saturate and f(e, y) is not My-saturate}.

Consider the H-colored multigraph of the Figure 3.2. Note that if in the above definition
we take M = MJ , then AMJ

xy = BMJ
xy = CMJ

xy = ∅ and DMJ
xy = Exy, for every {x, y} ⊂ V (G) such

that Exy ̸= ∅, see Figure 3.8(a). However, if we consider M = M1, as shown in Figure 3.8(b),
then AM1

v1v2 = CM1
v1v2 = DM1

v1v2 = ∅ and BM1
v1v2 = {e1} since f(e1, v2) is M1 saturate with an edge

in Gv2 ; A
M1
v1v3 = CM1

v1v2 = ∅, DM1
v1v2 = {e2} and BM1

v1v2 = {e3}; AM1
v3v4 = BM1

v3v4 = DM1
v3v4 = ∅ and

CM1
v3v4 = {e4}; AM1

v2v4 = {e6}, BM1
v2v4 = {e5} and CM1

v2v4 = DM1
v2v4 = ∅.
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f(e1, v1)

f(e2, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e3, v3)

f(e4, v3)

f(e2, v3)

Gv3 f(e4, v4)

f(e5, v4)

f(e6, v4)

Gv4

(a) Dashed edges correspond to the matching MJ .

f(e1, v1)

f(e2, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e3, v3)

f(e4, v3)

f(e2, v3)

Gv3 f(e4, v4)

f(e5, v4)

f(e6, v4)

Gv4

(b) Dashed edges correspond to the matching M1.

Figure 3.8: Examples for Definition 3.2.

Theorem 3.7. Let G be an H-colored multigraph. There exists a partition of the edges of G
into closed dynamic H-trails, none of them in the form (x, a1, . . . , al, y), l ≥ 2, if and only if
there exists a non empty matching, say M , in LDym

2,H (G), such that for each set Exy ̸= ∅ one of

the following conditions hold: a) CM
xy = Exy; or b) |CM

xy | < |Exy| and 1 ≤ |AM
xy| = |BM

xy |.

Proof. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G).

Suppose that P = {P1, . . . , Pk} is a partition of the edges of G into closed dynamic H-trails,
such that none of them have the form (x, a1, . . . , al, y), l ≥ 2.

By Theorem 3.5, there exists a perfect matching in LDym
2,H (G) \MJ . Let M be the perfect

matching obtained as in the proof of Theorem 3.5, i.e, M =
⋃k

i=1E(T (Pi)) \MJ .
Let x and y be a pair of vertices in G, such that Exy = {e1, . . . , eq}, with q ≥ 1. Since

P is a partition of the edges of G into closed dynamic H-trails, there exists Pi ∈ P such that
Exy ∩ E(Pi) ̸= ∅, say Pi = P1.

Since P1 is not of the form (x, a1, . . . , al, y), l ≥ 2, and Exy ∩ E(P1) ̸= ∅, we have that
P1 = (. . . , f0, x, et1 , . . . , etp1 , y, f1, . . .), where p1 ≤ q and {f0, f1} ⊂ E(G). (Recall that Mx

consists of the edges in Gx that are in M).
If p1 = 1, then P1 = (. . . , f0, x, et1 , y, f1, . . .). Hence, f(f0, x)f(et1 , x) and f(et1 , y)f(f1, y)

are in M .
Therefore, f(f0, x)f(et1 , x) ∈Mx, f(et1 , y)f(f1, y) ∈My and et1 ∈ CM

xy .
On the other hand, if p1 ≥ 2, then f(f0, x)f(et1 , x), f(etp1 , y)f(f1, y) and f(eti , y)f(eti+1 , x)

are in M , for every i ∈ {1, . . . , p1 − 1}, see Figure 3.9. Hence, et1 ∈ AM
xy, etp1 ∈ BM

xy and

eti ∈ DM
xy, for every i ∈ {2, . . . , p1 − 1}.

x y

e1

e2

ep1−1

ep1

f0 f1

(a) P1 = (. . . , f0, x, e1, . . . , ep1 , y, f1, . . .).

f(e1, x)

f(e1, y)

f(e2, x)

f(e2, y)

f(ep1−1, x)

f(ep1−1, y)

f(ep1 , x)

f(ep1 , y)

f(f0, x) f(f1, y)

(b) The cycle in LDym
2,H (G) obtained from P1.

Figure 3.9: In (b), the continued edges are in M and the dashed edges are in MJ .

If Exy \ {et1 , . . . , etp1} = ∅, then CM
xy = Exy (when p1 = 1 occurs) or |CM

xy | < |Exy| and
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1 ≤ |AM
xy| = |BM

xy | (when p1 ≥ 2). So, suppose that E1 = Exy \ {et1 , . . . , etp1} ≠ ∅. Then there
exists P ∈ P, such that E(P ) ∩ E1 ̸= ∅.

Since P is not of the form (x, a1, . . . , al, y), l ≥ 2, and E1 ∩ E(P ) ̸= ∅, we have that
P = (. . . , f2, x, es1 , . . . , esp2 , y, f3, . . .), where {f2, f3} ⊂ E(G). We will consider two cases.

If p2 = 1, then P = (. . . , f2, x, es1 , y, f3, . . .). By the construction of M , we have that
the edges f(f2, x)f(es1 , x) and f(es1 , y)f(f3, y) are in M . Hence, f(f2, x)f(es1x) ∈ Mx and
f(es1 , y)f(es1 , y) ∈My, therefore es1 ∈ CM

xy .

On the other hand, if p2 ≥ 2, then f(f2, x)f(es1 , x), f(esp2 , y)f(f3, y) and f(esi , y)f(esi+1 , x)

are in M , for every i ∈ {1, . . . , s2 − 1}. Hence, es1 ∈ AM
xy, esp2 ∈ BM

xy and esi ∈ DM
xy, for every

i ∈ {2, . . . , p2 − 1}.
If E2 = E1 \ {es1 , . . . , esp2} = ∅, then CM

xy = Exy (when p1 = p2 = 1) or |CM
xy | < |Exy|

and 1 ≤ |AM
xy| = |BM

xy | (when p1 ≥ 2 or p2 ≥ 2). Otherwise, there exists P ′ ∈ P, such that
E2 ∩ E(P ′) ̸= ∅ and we can repeat this procedure and after a finite number of steps we obtain
that CM

xy = Exy or (|CM
xy | < |Exy| and 1 ≤ |AM

xy| = |BM
xy |).

Now, suppose that there exists M , a matching in LDym
2,H (G), such that for every set Exy ̸= ∅,

it holds that: CM
xy = Exy or (|CM

xy | < |Exy| and 1 ≤ |AM
xy| = |BM

xy |).
If M is a perfect matching in LDym

2,H (G) \MJ , then there exists a partition of E(G) into
closed dynamic H-trails, by Theorem 3.5. So, suppose that M is not a perfect matching in
LDym
2,H (G) \MJ . Recall that Mx = M ∩ E(Gx), for every x ∈ V (G).

Since CM
xy = Exy ̸= ∅ or 1 ≤ |AM

xy|, it follows that for every x ∈ V (G), Mx ̸= ∅.
LetN =

⋃
x∈V (G)Mx. Notice thatN is a matching in LDym

2,H (G)\MJ , A
M
xy = AN

xy, B
M
xy = BN

xy,

CM
xy = CN

xy and DM
xy = DN

xy, see Figure 3.10(a). Therefore, for every set Exy ̸= ∅, it holds that:
CN
xy = Exy or (|CN

xy| < |Exy| and 1 ≤ |AN
xy| = |BN

xy|).
Let x and y be two different vertices in V (G), such that Exy ̸= ∅.
If CN

xy = Exy, then f(e, x) and f(e, y) are N -saturate for every e ∈ Exy. Then, we do not
add any edge to N .

On the other hand, if |CN
xy| < |Exy| and 1 ≤ |AN

xy| = |BN
xy|, then we will consider Gxy, the

subgraph of LDym
2,H (G) induced by the set {f(e, x) : e ∈ Exy \ CN

xy} ∪ {f(e, y) : e ∈ Exy \ CN
xy},

see Figure 3.10(b).

Since |CN
xy| < |Exy|, V (Gxy) ̸= ∅. Let AN

xy = {e1, . . . , et} and BN
xy = {f1, . . . , ft}. Since

1 ≤ |AN
xy| = |BN

xy|, we have that t ≥ 1.

If DN
xy = ∅, then we add the edges f(ei, y)f(fi, x) to N for every i ∈ {1, . . . , t}. By the

definition of the edges of LDym
2,H (G) and the definition of Gxy, we have that f(ei, y)f(fi, x) ∈

E(Gxy). Moreover, N ∪ {f(ei, y)f(fi, x) : i ∈ {1, . . . , t}} is still a matching, see Figure 3.11(a).

On the other hand, when DN
xy ̸= ∅, let DN

xy = {g1, . . . , gs}. We add the edges f(e1, y)f(g1, x),
f(f1, x)f(gs, y), f(ei, y)f(fi, x) and f(gj , y)f(gj+1, x) to N for every i ∈ {2, . . . , t} and j ∈
{1, . . . , s− 1}, see Figure 3.11(b).

By the definition of the edges of LDym
2,H (G) and the definition of Gxy, we have that all the

edges we add to N are in E(Gxy) and N is still a matching.

Thus, we add edges to N in such a way every vertex in Gxy is N -saturate.

We repeat the same process for x and y in V (G) such that Exy ̸= ∅.
Therefore, N is a perfect matching in LDym

2,H (G) \MJ and there exists a partition of E(G)
into closed dynamic H-trails, by Theorem 3.5 and, by the construction of N , none of them is
of the form (x, a1, . . . , al, y), with l ≥ 2.

The following result shows a condition on the graph Gx that guarantees the existence of
closed Euler dynamic H-trail.

Theorem 3.8. Let G be a connected H-colored multigraph, such that Gu is a complete ku-partite
graph for every u ∈ V (G) and for some ku in N \ {1}. Then G has a closed Euler dynamic
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Ax

Bx

Cx
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(a) Red and blue edges are in the matching M
(blue edges may no exist). The matching N is
obtained by removing the blue edges from M .
Dashed edges are in MJ .

Ax

Bx

Dx

Ay

By

Dy

Gx

Gy

(b) Representation of the graph Gxy. The thick
edges represent that there is an edge between all
the vertices of both sets.

Figure 3.10
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Figure 3.11: The blue edges are added to the matching N .
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H-trail if and only if there exists a matching M in LDym
2,H (G), such that for every set Exy ̸= ∅

one of the following conditions holds: a) CM
xy = Exy; or b) |CM

xy | < |Exy| and 1 ≤ |AM
xy| = |BM

xy |.

Proof. Let G be a connected H-colored multigraph, such that Gu is a complete ku-partite graph
for every u ∈ V (G) and for some ku in N \ {1}.

Suppose that G has a closed Euler dynamic H-trail, say P .

Case 1. P is not of the form (x, e1, . . . , ek, y), with k ≥ 2.

In this case, by Theorem 3.7, there exists a matching, say M , in LDym
2,H (G), such that for

every set Exy ̸= ∅ one of the following conditions holds: a) CM
xy = Exy; or b) |CM

xy | < |Exy| and
1 ≤ |AM

xy| = |BM
xy |.

Case 2. P = (x, e1, . . . , ek, y), with k ≥ 2.

In this case, since Gx is a complete kx-partite graph, for some kx ≥ 2, it follows that
there exists two edges e and f in E(G) = E(P ), such that c(e)c(f) ∈ E(H). Without loss of
generality, suppose that c(e1)c(e2) ∈ E(H).

If k = 2, then P ′ = (x, e1, y, e2, x) is a closed Euler dynamic H-trail. Otherwise k ≥ 3, since
Gx is a complete kx-partite graph, we have that c(e1)c(ek) ∈ E(H); or c(e2)c(ek) ∈ E(H).

Hence, P ′ = (x, e1, y, e2, . . . , ek, x) or P ′ = (x, e1, e3, . . . , ek, y, e2, x) is a closed Euler dy-
namic H-trail. By Theorem 3.7, there exists a matching M in LDym

2,H (G), such that for every

set Exy ̸= ∅, CM
xy = Exy or (|CM

xy | < |Exy| and 1 ≤ |AM
xy| = |BM

xy |).
Conversely, suppose that there exists a matching M in LDym

2,H (G), such that for every set

Exy ̸= ∅ one of the following conditions holds: a) CM
xy = Exy; or b)|CM

xy | < |Exy| and 1 ≤
|AM

xy| = |BM
xy |.

It follows from Theorem 3.7 that there exists a partition of E(G) into closed dynamic H-
trails, none of them in the form (x, e1, . . . , el, y), with l ≥ 2, say P = {P1, . . . , Pk}.

If k = 1, then E(P1) = E(G) and P1 is a closed Euler dynamic H-trail. Otherwise, since G
is connected, it follows that there exists Pi ∈ P \ {P1}, say P2, such that V (P1) ∩ V (P2) ̸= ∅.
Since P1 and P2 are closed, we can suppose that P1 = (x0, e1, . . . , em, x0), where e1 = x0x1 and
em = xk1x0, and P2 = (y0, f1, . . . , fn, y0), where f1 = y0y1 and fn = yk2y0, such that x0 = y0.
By the definition of dynamic H-trail, we have that c(e1)c(em) and c(f1)c(fn) are in E(H).
Furthermore, e1, f1, em and fn are incident with x0 = y0. Hence, e1em and f1fn are in E(Gx0).

We will consider the following: if {e1, f1} ⊆ Ex0
j or {em, fn} ⊆ Ex0

j , for some j ∈ {1, . . . , kx0},
it follows that e1fn and emf1 are in E(Gx0), because Gx0 is a complete kx0-partite graph. In
other case, e1f1 and emfn are in E(Gx0), see Figure 3.12.

By the definition of Gx0 , we have that c(e1)c(fn) and c(em)c(f1) are edges of H or c(e1)c(f1)
and c(em)c(fn) are edges of H.

If c(e1)c(fn) and c(em)c(f1) are edges of H, we have that Q1 = P1 ∪ P2 is a closed dynamic
H-trail. And, if c(e1)c(f1) and c(em)c(fn) are edges of H, we have that Q1 = P1 ∪ P−1

2 is a
closed dynamic H-trail.

If E(Q1) = E(G), then Q1 is a closed Euler dynamic H-trail. Otherwise, since G is con-
nected, it follows that there exists Pi ∈ P \ {P1, P2}, say P3, such that V (Q1) ∩ V (P3) ̸= ∅.
Since Q1 and P3 are closed, we can suppose that P1 = (v1, a1, . . . , as, v0), where a1 = v0v1
and as = vk3v0, and P3 = (u0, g1, . . . , gt, u0), where g1 = u0u1 and gt = uk3u0, such that
v0 = u0. By the definition of dynamic H-trail, we have that c(a1)c(as) and c(g1)c(gt) are in
E(H). Furthermore, a1, g1, as and gt are incident with u0 = v0. Hence, a1as and g1gt are in
E(Gv0).

We will consider the following: if {a1, g1} ⊆ Ev0
j or {as, gt} ⊆ Ev0

j , for some j ∈ {1, . . . , kv0},
it follows that a1gt and asg1 are in E(Gv0), because Gv0 is a complete kv0-partite graph. In
other case, a1g1 and asgt are in E(Gv0).

By the definition of Gv0 , we have that c(a1)c(gt) and c(as)c(g1) are edges of H or c(a1)c(g1)
and c(as)c(gt) are edges of H.
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Figure 3.12: Possible adjacencies between edges e1, em, f1 and fn in the auxiliary graph Gx0 .

If c(a1)c(gt) and c(as)c(g1) are edges of H, we have that Q2 = Q1 ∪ P3 is a closed dynamic
H-trail. And, if c(a1)c(g1) and c(as)c(gt) are edges of H, we have that Q2 = Q1 ∪ P−1

3 is a
closed dynamic H-trail.

If E(Q2) = E(G), then Q2 is a closed Euler dynamic H-trail. Otherwise, we repeat the
procedure until we get the desired closed Euler dynamic H-trail.

In Theorem 3.8 we cannot change the hypothesis “Gu is a complete ku-partite for every
u ∈ V (G)” to “Gu has a complete ku-partite spanning subgraph”, as Figure 3.13 shows.

Corollary 3.9. Let G be an H-colored multigraph. Then Gx has a perfect matching, for every
x ∈ V (G), if and only if there exists a partition of E(G) into closed H-trails.

Proof. Let G be an H-colored multigraph and MJ be the joint matching of LDym
2,H (G).

Suppose that Gx has a perfect matching, for every x ∈ V (G), sayMx. LetM =
⋃

x∈V (G)Mx.
It follows from the definition of MJ that M ∩MJ = ∅. Hence, G has a partition of its edges

into closed dynamic H-trails, by Theorem 3.5.
Let P be the partition that is obtained as in the proof of Theorem 3.5. It follows from the

construction of each dynamic H-trail in P that there is no lane change. So, P is a partition of
E(G) into closed H-trails.

Now, suppose that there exists a partition of E(G) into closed H-trails, say P. By Theorem
3.5, there exists a perfect matching in LDym

2,H (G) \MJ . Let M be the perfect matching that is
obtained as in the proof of Theorem 3.5.

Let f(e, x) ∈ V (LH
2 (G)). Then, there exists P ∈ P such that e ∈ E(P ). Since P is an H-

trail and by the construction of M , it follows that P = (u, g, x, e, v, . . .) and f(g, x)f(e, x) ∈M .
Moreover, f(g, x)f(e, x) ∈M ∩ E(Gx).

Therefore, M ∩ E(Gx) is a perfect matching of Gx.

The following classical theorem will be useful.

Theorem 3.10 (Tutte [53]). G has a perfect matching if and only if o(G \ S) ≤ |S| for all
proper subset S of V (G).
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(a) G is an H-colored multigraph.

LDym
2,H (G)

Gx1

Gx2

Gx3

Gx4

Gx5

Gx6

(b) LDym
2,H (G).

Figure 3.13: Gu is a complete ku-partite graph, for u ∈ V (G) \ {x4}, Gx1 is a 3-partite graph,
Gx2 , Gx3 , Gx5 and Gx6 are bipartite graphs and Gx4 has a bipartite spanning subgraph but there
is no closed Euler dynamic H-trail in G.

Notice that if H is a complete graph without loops and G is an H-colored multigraph, then
P is a properly colored closed trail if and only if P is a closed H-trail.

Corollary 3.11 (Kotzig [37]). Let G be a c-edge-colored Eulerian multigraph. Then G has a
properly colored closed Euler trail if and only if δi(x) ≤

∑
j ̸=i δj(x), where δi(x) is the number

of edges with color i incident with x, for each vertex x of G.

Proof. Let G be an H-colored multigraph, where H is a complete graph without loops and
|V (H)| = c.

Let Gu, with u ∈ V (G). It follows from the definition of Gu and H is a complete graph that
Gu is a complete ku-paritite graph with independent sets Eu

i = {e ∈ E(G) : e = ux for some x ∈
V (G) and c(e) = i}, for every i ∈ {j : δj(u) > 0}. Moreover, |Eu

i | = δi(u).
Suppose that G has a closed Euler H-trail. By Corollary 4.8, Gu has a perfect matching,

for every u ∈ V (G).
Hence, δi(u) = |Eu

i | = o(G \ S) ≤ |S| =
∑

j ̸=i |Eu
j | =

∑
j ̸=i δi(u), where S = V (Gu) \Eu

i , by
Theorem 3.10.

Conversely, suppose that |Eu
i | = δi(x) ≤

∑
j ̸=i δj(x) =

∑
j ̸=i |Eu

j |, for each vertex x of G.
Claim 1. Gu has a perfect matching.
Let S be a proper subset of V (Gu). Consider Gu \ S.
Case 1. Gu \ S is connected.
Then o(Gu \ S) ≤ 1 ≤ |S|.

Case 2. Gu \ S is disconnected.
Since Gu is a complete ku-partite graph, V (Gu \ S) ⊆ Eu

i , for some i ∈ {1, . . . , c}. Hence
o(Gu \ S) = |V (Gu \ S)| ≤ |Eu

i | ≤
∑

j ̸=i |Eu
j | ≤ |S|.

Therefore, it follows from Theorem 3.10 that Gu has a perfect matching.
Let M =

⋃
u∈V (G)Mu, where Mu is a perfect matching in Gu. So, M is a perfect matching

in LDym
2,H (G) and CM

xy = Exy, for every Exy ̸= ∅.
It follows from Theorem 3.8 and Corollary 3.9 that G has a closed Euler H-trail.
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Corollary 3.12 ([26]). Let H be a graph possibly with loops and G be an H-colored multigraph
without loops. Suppose that G is Eulerian and Gu is a complete ku-partite graph, for every u in
V (G) and for some ku in N. Then G has a closed Euler H-trail if and only if |Cu

i | ≤
∑

j ̸=i |Cu
j |

for every u in V (G), where {Cu
1 , ..., C

u
ku
} is the partition of V (Gu) into independent sets.

Proof. First suppose that G has a closed Euler H-trail. By Corollary 3.9, Gx has a perfect
matching, say Mx, for every x ∈ V (G). Consider Cx

i a part of the partition of V (Gx) into
independent sets. Since Mx is a perfect matching in Gx, we have that for every e ∈ Cx

i there
is a vertex fe in V (Gx) \ Cx

i such that efe ∈ Mx and |{fe : e ∈ Cx
i }| = |Cx

i |. Therefore,
|Cu

i | = |{fe : e ∈ Cx
i }| ≤

∑
j ̸=i |Cu

j |, because {fe : e ∈ Cx
i } ⊆

⋃
j ̸=iC

x
j and Cx

j ∩ Cx
k = ∅, for

every j ̸= k.
Now suppose that |Cu

i | ≤
∑

j ̸=i |Cu
j | for every u in V (G), where {Cu

1 , ..., C
u
ku
} is the partition

of V (Gu) into independent sets. It follows from Theorem 3.10 that Gx has a perfect matching,
and by Theorem 3.8 and Corollary 3.9 that G has a closed Euler H-trail.



Chapter 4

Dynamic H-trails in digraphs

In this chapter we will study the existence of closed Euler dynamicH-trails inH-colored multidi-
graphs. In order to obtain our results we define the auxiliary directed graphs Du and LDym

n,H (D).
Then we will prove that there exists a bijection between the set of closed Euler dynamic H-
trails in D and the set of directed cycles in LDym

2,H (D). As a consequence, D has a closed Euler

dynamic H-trail if and only if LDym
n,H (D) is Hamiltonian for every n ≥ 2.

Since dynamic H-trails generalized the H-trails, in Section 4.3, we study the existence of
closed Euler H-trails using the results obtained in Section 4.2. We will show conditions on
an H-colored directed graph that guarantee the existence of closed Euler H-trail. Finally, we
extend Theorem 2.8 for c-arc-colored digraphs with c ≥ 3 under an additional condition.

We finish the chapter by showing some H such that for any H-coloring of D, a multidigraph
without isolated vertices, satisfies that UDu, the underlying graph of the digraph Du, is union
of complete bipartite graphs.

4.1 Dynamic H-trails and the auxiliary digraph LDym
n,H (D)

Let H be a digraph possibly with loops and G be an H-colored multidigraph. We say that W =
(v0, e

1
0, . . . , e

k0
0 , v1, e

1
1, . . . , e

k1
1 , v2, . . . , vn−1, e

1
n−1, . . . , e

kn−1

n−1 , vn) is a dynamic H-trail if W does

not repeat arcs and (c(ekii ), c(e1i+1)) is an arc in H for every i ∈ {0, . . . , n− 2}, where for ki ≥ 1

and eji = (vi, vi+1) for every j ∈ {1, . . . , ki} and i ∈ {0, . . . , n− 1}. The dynamic length of a

dynamicH-trail is
∑kn−1

i=0 ki. We say that a dynamicH-trail, W , is a Euler dynamic H-trail if
A(D) = A(W ). In Figure 4.1, W1 = (v1, e1, v2, e5, e6, v7, e19, v6, e14, v5, e11, e12, v4, e9, v3, e7, v2)
is a dynamic H-walk which does not repeat arcs, i.e., W1 is a dynamic H-trail and the dynamic
length of W1 is nine.

We will say that a dynamic H-trail is closed whenever a) v0 = vn and (c(e
kn−1

n−1 ), c(e
1
0)) is

an arc in H; or b) v1 = vn and e
kn−1

n−1 and e10 are parallel in D. Notice that if W is a closed
dynamic H-trail that satisfies condition b), then W can be rewritten as W = (v1, e

1
1, ..., vn−1 =

v0, e
1
n−1, . . . , e

kn−1

n−1 , e
1
0, . . . , e

k0
0 , vn = v1), and W satisfies condition a) (unless n = 1, i.e., W is of

the form (x, e0, . . . , ek, y), where k ≥ 1).

Throughout this chapter we will use the auxiliary digraphs Du and LDym
n,H (D), which are

defined below.

Definition 4.1. Let D be a digraph and u be a vertex of D. The digraph Du is defined by
the digraph such that V (Du) = {f(e, u) | e ∈ A(D) and e is incident with u}, and two different
vertices f(e, u) and f(g, u) are joint by only one arc from f(e, u) to f(g, u) in Du if e = (x, u)
and g = (u, y) for some x and y in V (D) and (c(e), c(g)) ∈ A(H).

29



30 CHAPTER 4. DYNAMIC H-TRAILS IN DIGRAPHS
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Figure 4.1: The sequence P = (v1, e1, v2, e4, v3, e8, v7, e18, v4, e10, v5, e13, v6, e16, e15, v1, e3, v7, e19,
v6, e14, v5, e11, e12, v4, e9, v3, e7, v2, e5, e6, v7, e17, v1, e2, v2) is a closed Euler dynamic H-trail in D
and there is no closed Euler H-trail in D.

Observation 2. Du is a bipartite digraph with bipartition (X,Y ), where X = {f(e, u) ∈
V (Du) : e = (x, u) for some x ∈ V (D)} and Y = {f(e, u) ∈ V (Du) : e = (u, y) for some y ∈
V (D)}. Moreover, if (f(e, u), f(g, u)) ∈ A(Du), then f(e, u) ∈ X and f(g, u) ∈ Y .

Definition 4.2. Let D be an H-colored digraph with |A(D)| = q. For n ≥ 2, LDym
n,H (D) is the

digraph with nq vertices, obtained as follows: for each arc e = (u, v) of D, we take two vertices
f(e, u) and f(e, v) in LDym

n,H (D), and add a directed path from f(e, u) to f(e, v) with n− 2 new

intermediate vertices. The rest of the edges of LDym
n,H (D) are defined as follows: a) f(e, u) and

f(g, u) are joint by only one arc from f(e, u) to f(g, u) if e = (x, u) and g = (u, y) for some x
and y in V (D) and (c(e), c(g)) ∈ A(H); b) f(e, v) and f(g, u) are joint by only one arc from
f(e, u) to f(g, v) if e ̸= g, e and g are parallel in D, where both arcs have head v and tail u.

Observation 3. Let D be an H-colored multidigraph.

1. LDym
n,H (D) is a digraph with neither parallel arcs nor symmetry arcs.

2. For every e = (u, v) ∈ A(D), we have that d+(f(e, u)) = d−(f(e, v)) = 1 in LDym
n,H (D)

for each n ≥ 2. Moreover, when n = 2, we have that N+(f(e, u)) = {f(e, v)} and
N−(f(e, v)) = {f(e, u)}.

3. The underlying graph of LDym
n,H (D) will be denoted by ULDym

n,H (D). It follows from the

definition of LDym
2,H (D) that MJ = {f(e, x)f(e, y) ∈ E(ULDym

2,H (D)) : e = (x, y) ∈ A(D)}
is a perfect matching of ULDym

2,H (D), that we will call the joint matching of ULDym
2,H (D).

Figure 4.2 shows an example of an H-colored digraph and its auxiliary digraph LDym
2,H (D).

Notice that the digraph LDym
n,H (D) can be constructed as follows: First take the disjoint

union of Dx, for every x ∈ V (D). Then, for every e = (u, v) ∈ A(D), add a directed path from
f(e, u) to f(e, v) with n − 2 new intermediate vertices. Finally, add the arcs (f(e, v), f(g, u))
and (f(g, v), f(e, u)) if and only if e = (u, v) and g = (u, v) in D. The construction of LDym

3,H (D)
is illustrated in Figure 4.3.

4.2 Euler dynamic H-trails in digraphs

Theorem 4.1. Let D be an H-colored digraph. Then there is a bijection between the set of
closed dynamic H-trails in D and the set of directed cycles in LDym

2,H (D).

Proof. Let D be an H-colored digraph. We denote by P the set of closed dynamic H-trails in
D, and by C the set of directed cycles in LDym

2,H (D).
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(a) G is an H-colored multigraph.
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2,H (D).

Figure 4.2: Example of the auxiliary digraph LDym
2,H (D) of an H-colored digraph.

Let T : P → C be a function, defined by T (P ) = C, where P = (x0, e1, . . . , ep0 , x1, ep0+1, . . . ,
xn−1, ep0+...+pn−2+1, . . . , ep0+...+pn−1 , xn) and C = (f(e1, x0), f(e1, x1), . . . , f(ep0 , x0), f(ep0 , x1),
f(ep0+1, x1), . . . , f(ep0+...+pn−1 , xn), f(e1, x0)), see Figure 4.4.

Claim 1. T is well-defined.
First we will prove that T (P ) = C ∈ C.
It follows from the definition of LDym

2,H (D) that (f(e, xi), f(e, xi+1)) is an arc of LDym
2,H (D),

for every e = (xi, xi+1) ∈ A(P ).
Let ei and ei+1 be consecutive arcs in P (if i = p0 + . . . , pn−1, then ei+1 = e1). If ei and

ei+1 are parallel, such that xj and xj+1 are the tail and the head of both arcs, then f(ei, xj+1)

is adjacent to f(ei+1, xj) in LDym
2,H (D), by the definition of LDym

2,H (D). Otherwise, ei and ei+1

are incident with xj , for some xj in V (P ). Since P is a closed dynamic H-trail, it follows

that (c(ei), c(ei+1)) ∈ A(H) and (f(ei, xj), f(ei+1, xj)) ∈ A(LDym
2,H (D)). Hence, C is a walk in

LDym
2,H (D). Since P is a closed dynamic H-trail, C does not repeat vertex and C is a cycle, i.e.,

T (P ) = C ∈ C.
Let P1 = (x0, e0, . . . , ep0 , x1, ep0+1, . . . , ep0+p1 , x2, . . . , xn−1, ep0+...+pn−2+1, . . . , ep0+...+pn−1 ,

xn) and P2 = (y0, f0, . . . , fq0 , y1, fq0+1, . . . , fq0+q1 , y2, . . . , yn−1, fq0+...+qn−2+1, . . . , fq0+...+qm−1 ,
ym) in P such that P1 = P2.

Since P1 = P2, A(P1) = A(P2) and there exists k ∈ N such that ei = fi+k(mod p0+...+pn−1)

(because the arcs are traversed in the same order but the first arc may not be the same). It
follows from the definition of T that V (T (P1)) = V (T (P2)) and the order of the vertices are the
same. Thus, we have that T (P1) = T (P2). Therefore, T is well-defined.

Claim 2. T is injective.
Let P1 and P2 in P such that P1 ̸= P2.
If A(P1) ̸= A(P2), then V (T (P1)) ̸= V (T (P2)) and T (P1) ̸= T (P2). Otherwise, since

P1 ̸= P2, there exists {ej , ek} ⊆ A(P1) = A(P2) such that ej = (xj , yj) is the arc preceding ek =
(xk, yk) at P1 and ej is not the arc preceding ek at P2. Hence, (f(ej , yj), f(ek, xk)) ∈ A(T (P1))
and (f(ej , yj), f(ek, xk)) ̸∈ A(T (P2)). Therefore, T (P1) ̸= T (P2) and T is injective.

Claim 3. T is surjective.
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D v1 v2

v3 v4

e1

e7e2 e6 e5

e8

e9

e3

e4

H

B R

(a) D is an H-colored multigraph.

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e2, v3) f(e7, v3)

f(e9, v3)

Gv3

f(e5, v4)f(e6, v4)

f(e9, v4) Gv4

(b) The disjoint union of Dvi , for every i ∈ {1, 2, 3, 4}.

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e2, v3) f(e7, v3)

f(e9, v3)

Gv3

f(e5, v4)f(e6, v4)

f(e9, v4) Gv4

(c) Since e1 = (v2, v1) inD, add a path from f(e1, v2)
to f(e1, v1) with a new intermediate vertex, namely
m1.

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e2, v3) f(e7, v3)

f(e9, v3)

Gv3

f(e5, v4)f(e6, v4)

f(e9, v4) Gv4

(d) Repeat for every e ∈ A(D).

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e2, v3) f(e7, v3)

f(e9, v3)

Gv3

f(e5, v4)f(e6, v4)

f(e9, v4) Gv4

(e) Since e2, e3 and e7 are parallel in D, add the
arcs (f(e2, v3), f(e3, v1)),(f(e2, v3), f(e7, v1)),
(f(e3, v3), f(e2, v1)),(f(e3, v3), f(e7, v1)),
(f(e7, v3), f(e2, v1)) and (f(e7, v3), f(e3, v1)).

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

Gv1

f(e1, v2)

f(e6, v2)

f(e5, v2)

Gv2

f(e2, v3) f(e7, v3)

f(e9, v3)

Gv3

f(e5, v4)f(e6, v4)

f(e9, v4) Gv4

(f) Repeat for every set of parallel arcs and we ob-
tained LDym

3,H (D).

Figure 4.3: Procedure to construct the auxiliary digraph LDym
3,H (D).
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D

v1

v2 v3

v4

v5v6

v7

e1

e2

e3e4
e5

e6

e7

e8e9

e10

e11

e12

e13

e14

(a) D is an H-colored multigraph.

f(e1, v1)

f(e12, v1)

Dv1

f(e1, v2)

Dv2

f(e7, v3)

Dv3

f(e7, v4)

f(e8, v4)

Dv4

f(e8, v5)

f(e10, v5)

Dv5

f(e10, v6)

Dv6

f(e4, v7)f(e5, v7)

Dv7

(b) LDym
2,H (D).

Figure 4.4: The trail P = (v1, e1, v2, e4, e5, v7, e13, v3, e7, v4, e8, v5, e10, v6, e12, v1), that
is highlighted in (a), is a closed dynamic H-trail in D. Then, T (P ) = (f(e1, v2), f(e1, v2),
f(e4, v2), f(e4, v7), f(e5, v2), f(e5, v7), f(e13, v7), f(e13, v3), f(e7, v3), f(e7, v4), f(e8, v4), f(e8, v5),
f(e10, v5), f(e10, v6), f(e12, v6), f(e12, v1), f(e1, v1)), that is highlighted in (b), is a cycle in
LDym
2,H (D).

Let C be a cycle in LDym
2,H (D). It follows from the fact that (f(e, x), f(e, y)) ∈ A(LDym

2,H (D))
and Observation 3 .2, for every e = (x, y) ∈ A(D), that C must be of the form C = (f(e1, x1),
f(e1, y1), . . . , f(eq, xq), f(eq, yq), f(e1, x1)), where ei = (xi, yi) ∈ A(D).

We construct a closed dynamic H-trail in D from the vertices of C, considering the following
steps.

1. Start with P1 = (x1, e1, y1) and k = 2.

2. Let ek, with tail xk and head yk. If ek−1 and ek are parallel, xk = xk−1 and yk = yk−1,
then Pi = (x1, Pi−1, ek−1, ek, yk). Otherwise, Pi = (x1, Pi−1, yk−1 = xk, ek, yk).

3. k = k + 1.

4. If k = q + 1, then P = Pq and finish. Otherwise, go to step 2.

Claim 4. P is a dynamic H-trail in D.

Let ek−1 and ek be arcs of D with 2 ≤ k ≤ q.

Since (f(ek−1, yk−1), f(ek, xk)) ∈ A(C), it follows that (f(ek−1, yk−1), f(ek, xk)) is an arc of
LDym
2,H (D). Hence, by the definition of LDym

2,H (D), (yk−1 = xk and (c(ek−1), c(ek)) ∈ A(H)) or
(yk−1 ̸= xk and ek−1 and ek are parallel in D).

If yk−1 = xk and (c(ek−1), c(ek)) ∈ A(H), then ek−1 and ek are incident in yk−1 = xk and
Pk = (e1, Pk−1, yk−1 = xk, ek, yk) is a dynamic H-walk in D. Otherwise, yk−1 ̸= xk and ek−1

and ek are parallel in D, hence Pk = (x1, Pk−1, ek−1, ek, yk−1 = yk) is a dynamic H-walk in D.

Hence, P is a dynamic H-walk in D.

On the other hand, since C is a cycle, ei appears once in P , for every i ∈ {1, . . . , q1}, and P
is a dynamic H-trail.

Claim 5. P is closed.

Recall that ei = (xi, yi), for every i ∈ {1, . . . , q}, and yi = xi+1 or (xi = xi+1 and yi = yi+1)
(if i = q + 1, then xi+1 = x1 and yi+1 = y1). We will consider two cases.

Case 1. xi = xj and yi = yj , for every pair of distinct elements, {i, j} ⊆ {1, . . . , q}.
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It follows from the construction of P that P = (x1, e1, . . . , eq, y1). Since C is a directed cycle

in LDym
2,H (D), we have that q ≥ 2 and P is closed.
Case 2. There exists i ∈ {1, . . . , q} such that yi = xi+1.
If yq = x1, then (c(eq), c(e1)) ∈ A(H). Therefore, P is closed.
Otherwise, eq and e1 are parallel and P is closed.

Therefore, P is a closed dynamic H-trail in D.
It follows from the definition of T that T (P ) = C. Therefore, T is surjective.
By Claims 2 and 3, we have that T is a bijection.

Theorem 4.2. Let D be an H-colored digraph. There exists a partition of the arcs of D into
closed dynamic H-trails if and only if ULDym

2,H (D)\MJ has a perfect matching, where MJ is the

joint matching of ULDym
2,H (D).

Proof. Let D be an H-colored digraph and MJ the joint matching of LDym
2,H (D).

Suppose that there exists a partition of the arcs of D into closed dynamic H-trails, say
P = {P1, . . . , Pk}.

By Theorem 4.1, it follows that C = {C1, . . . , Ck} is a set of cycles in LDym
2,H (D), where Ci =

T (Pi). Since P = {P1, . . . , Pk} is a partition of the arcs of D, we have that V (Ci) ∩ V (Cj) = ∅
(because A(Pi) ∩ A(Pj) = ∅) and V (LDym

2,H (D)) =
⋃k

i=1 V (Ci) (because A(D) =
⋃k

i=1A(Pi)).

Therefore, C is a partition of the vertices of LDym
2,H (D) into cycles. Moreover, C ′ = {C ′

1, . . . , C
′
k}

is a partition of the vertices of ULDym
2,H (D) into cycles, where C ′

i is the underlying cycle of Ci,
for each Ci ∈ C .

By construction of C ′
i, we have that C

′
i alternate edges between MJ and E(ULDym

2,H (D))\MJ .

Hence, M =
⋃k

i=1E(Ci) \MJ is a perfect matching of ULDym
2,H (D) \MJ .

Conversely, suppose that M is a perfect matching of ULDym
2,H (D) \MJ . By Lemma 3.4, we

have that there exists a partition of G into even cycles, say C ′ = {C ′
1, . . . , C

′
k}, such that every

cycle alternate edges between M and MJ .
Consider C ′

i ∈ C ′. Since C ′
i alternate edges between MJ and M , C ′

i must be of the form
C ′
i = (f(ei1, x

i
1), f(e

i
1, x

i
2), . . . , f(e

i
n, x

i
n), f(e

i
n, x

i
1), f(e

i
1, x

i
1)).

By Observation 3.2, it follows that if (f(ei1, x
i
1), f(e

i
1, x

i
2)) ∈ A(LDym

2,H (D)), then C ′
i is a

directed cycle in LDym
2,H (D). Otherwise, (f(ei1, x

i
2), f(e

i
1, x

i
1)) ∈ A(LDym

2,H (D)) and C
′−1
i is a

directed cycle in LDym
2,H (D). So, Ci will be the directed cycle, i.e., Ci = C ′

i or Ci = C
′−1
i , for

every i ∈ {1, . . . , k}.
Consider the set C = {C1, . . . , Ck}. Since C ′ is a partition of the vertices of ULDym

2,H (D)

into cycles, we have that C is a partition of the vertices of LDym
2,H (D) into directed cycles.

By Theorem 4.1, it follows that P = {P1, . . . , Pk} is a set of closed dynamic H-trails, where
Pi = T−1(Ci). Since C is a partition of the vertices of LDym

2,H (D), we have that P is a partition
of the arcs of D into closed dynamic H-trails.

Definition 4.3. Let D be an H-colored digraph. The dynamic H-line digraph, denoted by
LDym
1,H (D), is the digraph such that V (LDym

1,H (D)) = A(D), and two different vertices e = (x, y)

and g = (u, v) are joining by only one arc from e to g in LDym
1,H (D) whenever y = u and

(c(e), c(g)) ∈ A(H). Finally, we add a symmetric arc between the vertices e and g if and only
if e and g are parallel in D.

Observation 4. The digraph LDym
1,H (D) can be obtained from LDym

2,H (D) by contracting the arc

(f(e, u), f(e, v)), for each e = (u, v) ∈ A(D), in LDym
2,H (D). The construction is illustrated in

Figure 4.5.
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D v1 v2

v3 v4

e1

e7e2 e6 e5

e8

e9

e3

e4

H

B R

(a) D is an H-colored multigraph.

f(e1, v1)

f(e2, v1) f(e7, v1)

f(e3, v1)

f(e1, v2)

f(e6, v2)

f(e5, v2)

f(e2, v3) f(e7, v3)

f(e9, v3)

f(e5, v4)f(e6, v4)

f(e9, v4)

(b) LDym
2,H (D).

f(e2, v1) f(e7, v1)

f(e3, v1)

f(e6, v2)

f(e5, v2)

f(e2, v3) f(e7, v3)

f(e9, v3)

f(e5, v4)f(e6, v4)

f(e9, v4)

e1

(c) Contraction of the vertices f(e1, v1) and f(e1, v2).

e1

e2
e3

e4

e5e6e7

e8

e9

(d) LDym
1,H (D).

Figure 4.5: Procedure to construct the auxiliary digraph LDym
1,H (D).

Theorem 4.3. Let D be an H-colored digraph. Then:

a. If D has a closed Euler dynamic H-trail, then LDym
n,H (D) is Hamiltonian, for every n ≥ 1.

b. If LDym
n,H (D) is Hamiltonian for some n ≥ 1, then D has a closed Euler dynamic H-trail.

c. D has a closed Euler dynamic H-trail if and only if LDym
n,H (D) is Hamiltonian, for every

n ≥ 1.

Proof. a. Suppose that D has a closed Euler dynamic H-trail, say P . Let C = T (P ), we have
by Theorem 4.2 that C is a Hamiltonian cycle in LDym

2,H (D).
On the other hand, by Observation 3.2, we have that (f(e, u), f(e, v)) ∈ A(C), for every

e = (u, v) ∈ A(D). We construct a cycle Cn in LDym
n,H (D) replacing the arc (f(e, u), f(e, v)) in

C by the directed path joining f(e, u) with f(e, v) in LDym
n,H (D), for every e = (u, v) ∈ A(D),

then Cn is a Hamiltonian cycle in LDym
n,H (D).

By Observation 4, if we contract the arc (f(e, u), f(e, v)) and delete the corresponding loop
for each e = (u, v) ∈ A(D), in C, then we obtain a Hamiltonian cycle in LDym

1,H (D). Therefore,

LDym
n,H (D) is Hamiltonian, for every n ≥ 1.

b. Suppose that there exist n ≥ 1 such that LDym
n,H (D) is Hamiltonian. Let C ′ be a Hamil-

tonian cycle in LDym
n,H (G).
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Case 1. n = 1.

Let C ′ = (e1, a1, e3, a2, . . . , e2k+1, ak+1, e1), where e2i+1 = (x2i+1, x2i+2) ∈ V (LDym
1,H (D)) =

A(D), for each i = {0, . . . , k}. So, we construct a cycle C in LDym
2,H (D) as follows: C =

(f(e1, x1), f(e1, x2), f(e3, x3), . . . , f(e2k+1, x2k+1), f(e2k+1, x2k+2), f(e1, x1)). By the definition
of LDym

2,H (D), it follows that C is a Hamilton cycle in LDym
2,H (D) and, by Theorem 4.2, P = T−1(C)

is a closed dynamic H-trail in D.

Case 2. n ≥ 2.

By the definition of LDym
n,H (D), we have that the directed path from f(e, x) to f(e, y) is in

V (C ′), for every e = (x, y) in A(D). Hence, we construct a cycle in LDym
2,H (D) by replacing the

path from f(e, x) to f(e, y) for the arc (f(e, x), f(e, y)) in C ′, and we get a Hamilton cycle C
in LDym

2,H (D). Hence, P = T−1(C) is a closed dynamic H-trail. Since C is a Hamiltonian cycle,
we have that P is a closed Euler dynamic H-trail in D, by Theorem 4.2.

c. It follows from a and b.

H

B R

D

v1

v2 v3

v4

v5v6

v7

e1

e2

e3e4
e5

e6

e7

e8e9

e10

e11

e12

e13

e14

(a) D is an H-colored multigraph.

f(e1, v1)

f(e12, v1)

Dv1

f(e1, v2)

Dv2

f(e7, v3)

Dv3

f(e7, v4)

f(e8, v4)

Dv4

f(e8, v5)

f(e10, v5)

Dv5

f(e10, v6)

Dv6

f(e4, v7)f(e5, v7)

Dv7

(b) A Hamiltonian cycle C in LDym
2,H (D) is highlighted in yellow.

Figure 4.6: T−1(C) = (v1, e1, v2, e4, e5, v7, e13, v3, e7, v4, e8, v5, e9, v7, e14, v6, e11, v2, e3, e2, v3, e6,
v5, e10, v6, e12, v1) is a closed Eulerian H-trail in D.

Let D be an H-colored digraph with q arcs. We will say that D is a dynamic H-
pancircular digraph whenever it contains a closed dynamic H-trail of dynamic length L, for
each 2 ≤ L ≤ q.

Corollary 4.4. Let D be an H-colored digraph with q arcs. Then, D is dynamic H-pancircular
digraph if and only if LDym

1,H (D) is pancyclic.

4.3 Euler H-trails in digraphs

In this section we will show a characterization of those digraphs containing a closed Euler H-
trail, and as a consequence, we will give conditions to know if a 2-arc-colored digraph has a
closed Euler H-trail. We begin by taking a subdigraph of LDym

2,H (D) to obtain similar results to
those of the previous section.

Definition 4.4. Let D be an H-colored multigraph with |A(D)| = q. For n ≥ 2, LH
n (D) is

the digraph with nq vertices, obtained as follows: for each arc e = (u, v) of D, we take two
vertices f(e, u) and f(e, v) in LH

n (D), and we add a directed path from f(e, u) to f(e, v) with
n − 2 new intermediate vertices. And the rest of the arcs of LH

n (D) are defined as follows:
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(f(e, u), f(g, u)) ∈ A(LH
n (D)) if and only if e = (x, u) and g = (u, y) in D, for some x and y in

V (D), and (c(e), c(g)) ∈ A(H).

Notice that the digraph LH
n (D) is a subdigraph of LDym

n,H (D) and can be constructed as
follows: take the disjoint union of Dx, for every x ∈ V (D), and for every e = (x, y) ∈ A(D),
add a directed path from f(e, u) to f(e, v) with n − 2 new intermediate vertices. Figure 4.7
shows an example of the digraph LH

2 (D).

D

v1

v2

v3

v4
v5

e1

e2

e3

e4

e12

e5

e7e8
e9

e10

e11

e6

H

B R G

(a) G is an H-colored multigraph.

f(e1, v1)

f(e3, v1)

f(e9, v1)

f(e11, v1)

Gv1

f(e1, v2)

f(e2, v2)

f(e4, v2)

f(e12, v2)

Gv2

f(e5, v3)f(e6, v3)

f(e12, v3)

f(e7, v3)

f(e8, v3)Gv3

f(e3, v4)

f(e8, v4)

f(e9, v4)

f(e10, v4)

Gv4

f(e4, v5)

f(e10, v5)

f(e11, v5)

Gv5

(b) LH
2 (D).

Figure 4.7: Note that LH
2 (D) is a subdigraph of LDym

2,H (D), that can be found in Figure 4.2(b).

Theorem 4.5. Let D be an H-colored digraph. Then, there is a bijection between the set of
closed H-trails in D and the set of directed cycles in LH

2 (D).

Proof. Let D be an H-colored digraph, Q the set of closed H-trails in D and C′ the set of
directed cycles in LH

2 (D).
It follows from the definition of dynamic H-trail that Q ⊆ P, recall that P is the set of

closed dynamic H-trails in D.
Consider T ′ = T |Q : Q → C. By Theorem 4.1, we just need to verify that T ′(P ) ∈ C ′, for

every P ∈ Q.
Consider P = (x1, e1, x2, e2, . . . , xn, en, x1) a closed H-trail in D. Then, T ′(P ) = (f(e1, x1),

f(e1, x2), f(e2, x2), . . . , f(en, xn), f(en, x1), f(e1, x1)).
By the definition of the graph LH

2 (D) and the fact that P is an H-trail, we have that
(f(ei, xi+1), f(ei+1, xi+1)) ∈ A(LH

2 (D)), for every i ∈ {1, . . . , n} (if i = n, then en+1 = e1 and
xi+1 = x1), and T ′(P ) is a walk in LH

2 (D). Since P is a closed H-trail, it follows that T ′(P ) is
a cycle in LH

2 (D). Therefore T ′ is a bijection.

The following result is obtained from Theorems 4.2 and 4.5.

Theorem 4.6. Let D be an H-colored digraph. There exists a partition of the arcs of D into
closed H-trails if and only if UDx has a perfect matching, for every x ∈ V (D).

Definition 4.5. Let D be an H-colored digraph. The H-line digraph, denoted by LH
1 (D), is the

digraph such that V (LH
1 (D)) = A(D), and for two different vertices e = (x, y) and g = (u, v),

there is an arc with tail e and head g in LH
1 (D) if and only if y = u and (c(e), c(g)) ∈ A(H).
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Notice that LH
1 (D) is a subdigraph of LDym

1,H (D), and it can be obtained from LH
2 (D) by

contracting the arc (f(e, u), f(e, v)) and deleting the corresponding loop, for each e = (u, v) ∈
A(D), in LH

2 (D).

The following result is the H-colored version in H-colored digraphs of Theorem 2.6.

Theorem 4.7. Let D be an H-colored digraph. Then,

a. If D has a closed Euler H-trail, then LH
n (D) is Hamiltonian, for every n ≥ 1.

b. If LH
n (D) is Hamiltonian for some n ≥ 1, then D has a closed Euler H-trail.

c. D has a closed Euler H-trail if and only if LH
n (D) is Hamiltonian, for every n ≥ 1.

Let D be an H-colored digraph with q arcs. We will say that D is an H-pancircular
digraph if and only if D contains a closed H-trail of length L, for each 2 ≤ L ≤ q.

Corollary 4.8. Let D be an H-colored digraph with q arcs. Then, D is H-pancircular digraph
if and only if LH

1 (D) is pancyclic.

An H-colored digraph D is H-trail connected if and only if there is an H-trail starting
with arc f1 and ending with arc f2, for any pair of distinct arcs f1 and f2 in D.

Recall the following classical theorem, which will be useful for what follows.

Theorem 4.9 (Hall’s Theorem). A bipartite graph with bipartition (X,Y ) has a matching that
saturates every vertex in X if and only if |N(S)| ≥ |S|, for every S ⊆ X.

Theorem 4.10. Let D be an H-colored digraph such that UDu =
⋃ku

i=1Knu
i ,m

u
i
, for every u in

V (D) and some ku ≥ 1. Then D has a closed Euler H-trail if and only if D is H-trail connected
and, for every u ∈ V (D), nu

i = mu
i for each i ∈ {1, . . . , ku}.

Proof. Let D be an H-colored digraph and Du =
⋃ku

i=1Knu
i ,m

u
i
, for every u in V (D) and some

ku ≥ 1.

Suppose that D has a closed Euler H-trail. Then, D is H-trail connected and by Theorem
4.6, UDu has a perfect matching, for every u ∈ V (D), say Mu. Since UDu =

⋃ku
i=1Knu

i ,m
u
i
and

Mu is a perfect matching, we have that nu
i = mu

i , for every i ∈ {1, . . . , ku}.
Conversely, suppose that D is H-trail connected and, for every u ∈ V (D), nu

i = mu
i for

every i ∈ {1, . . . , ku}. Hence, UDu =
⋃ku

i=1Knu
i ,n

u
i
.

By Theorem 4.9, it follows that UDu has a perfect matching, for every u ∈ V (D). So, by
Theorem 4.6, D has a partition of the arcs of D into closed H-trails, say P = {P1, . . . , Pk}.

If k = 1, then D has a closed Euler H-trail. Otherwise, since D is H-trail connected, there
is an H-trail in D starting with arc e1 ∈ A(P1) and ending with arc e2 ∈ A(D) \A(P1), say Q1.

Let g1 = (x1, x2) ∈ A(Q1) be the first arc in A(Q1) \ A(P1) and g0 = (x0, x1) the arc prior
to g1 in Q1. Hence, g0 ∈ A(P1) and (c(g0), c(g1)) ∈ A(H). Without loss of generality, suppose
that g1 ∈ A(P2).

Let P1 = (x1, f1, . . . , x0, g0, x1) and P2 = (x1, g1, x2, . . . , f0, x1). By the definition of closed
H-trail, we have that {(c(g0), c(f1)), (c(f0), c(g1))} ⊆ A(H). By the definition of Dx1 , we have
that (g0, f1), (f0, g1) and (g0, g1) are arcs in A(Dx1). By the Observation 3.2 and the fact that

UDx1 =
⋃kx1

i=1Kn
x1
i ,n

x1
i
, we have that (f0, f1) ∈ A(Dx1). Therefore, (c(f0), c(f1)) ∈ A(H) and

T1 = P1 ∪ P2 = (x1, f1, . . . , x0, g0, x1, g1, x2, . . . , f0, x1) is a closed H-trail.

If A(T1) = A(D), then T1 is a closed Euler H-trail. Otherwise, there is an H-trail in D
starting with arc e3 ∈ A(T1) and ending with arc e4 ∈ A(D) \A(T1), say Q2.

Let g3 = (v1, v2) ∈ A(Q2) be the first arc in A(Q2) \ A(T1) and g2 = (v0, v1) the arc prior
to g3 in Q2. Hence, g2 ∈ A(T1) and (c(g2), c(g3)) ∈ A(H). Without loss of generality, suppose
that g3 ∈ A(P3).
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Let T1 = (v1, f3, . . . , g2, v1) and P3 = (v1, g3, v2, . . . , f2, v1). By the definition of closed H-
trail, we have that {(c(g2), c(f3)), (c(f2), c(g3))} ⊆ A(H). By the definition of Dv1 , we have that
(f(g2, v1), f(f3, v1)), (f(f2, v1), f(g3, v1)) and (f(g2, v1), f(g3, v1)) are arcs in A(Dv1). By the

Observation 3.2 and the fact that UDv1 =
⋃kv1

i=1Kn
v1
i ,n

v1
i
, we have that (f(f2, v1), f(f3, v1)) ∈

A(Dv1). Therefore, (c(f2), c(f3)) ∈ A(H) and T2 = T1∪P3 = (v1, f3, . . . , g2, v1, g3, v2, . . . , f2, v1)
is a closed H-trail.

If A(T2) = A(D), then T2 is a closed Euler H-trail. Otherwise, we can repeat this procedure
and after a finite number of steps we obtain a closed Euler H-trail in D.

Although in the proof of Theorem 4.10 the importance of the hypothesis “D is H-trail
connected” is evident, Figure 4.8 shows that this hypothesis cannot be removed.

D
v1 v2

v3v4

v5 v6e1

e2
H

B R

H ′

B R

Figure 4.8: If D is an H-colored digraph, then there is no H-trail starting with arc e1 and
ending with arc e2, so D is not an H-trail connected. However, if D is an H ′-colored graph,
then D is H ′-trail connected and, by Theorem 4.10, D has a closed Euler H ′-trail.

Let D be a k-arc-colored digraph and v ∈ V (D). We say that Fv = {e ∈ A(D) :
e is incident with v}, and c(Fv) = {i ∈ {1, . . . , k} : there exists e ∈ Fv such that c(e) = i}.
We say that D is properly colored trail connected if and only if there is a properly colored
trail starting with arc f1 and ending with arc f2, for any pair of different arcs f1 and f2 of D.

Corollary 4.11. Let D be a k-arc-colored digraph such that c(Fv) = {cv1, cv2}, for every v ∈
V (D). Then, D is properly colored Euler if and only if D is properly colored trail connected and
for every v ∈ V (D), d+cvi

(v) = d−cv3−i
(v), for i ∈ {1, 2}.

Proof. Suppose that D is a k-arc-colored digraph. Then, D is an H-colored digraph, where H
is the complete digraph without loops and V (H) = {1, 2, . . . , k}. Notice that if P is a (closed)
trail in D, then P is a properly colored (closed) trail if and only if P is a (closed) H-trail.

Suppose that c(Fv) = {cv1, cv2}, for every v ∈ V (D). Let u be a vertex in V (D).

Claim 1. UDu = Kn1,m1 ∪Kn2,m2 , where ni = d−cui
(u) and mi = d+cu3−i

(u).

Let E+
u = {f = (u, x) ∈ A(D)} and E−

u = {g = (x, u) ∈ A(D)}. Hence, F+
cui

= {f ∈ E+
u :

c(f) = cui } and F−
cui

= {f ∈ E−
u : c(f) = cui } are independent sets in UDu, for every i ∈ {1, 2}.

Moreover, for every i ∈ {1, 2}, fg ∈ E(UDu) if and only if f ∈ F−
cui

and g ∈ F+
cu3−i

.

Notice that |F+
cui
| = d+cui

(u) and |F−
cui
| = d−cui

(u). Therefore, UDu = Kn1,m1 ∪Kn2,m2 , where

ni = d−cui
(u) and mi = d+cu3−i

(u).

Suppose that D is properly colored Euler. Then, D has closed Euler H-trail. By The-
orem 4.10 and Claim 1, it follows that D is H-trail connected and d−cui

(u) = d+cu3−i
(u), for

every i ∈ {1, 2}. Therefore, D is properly colored trail connected and for every v ∈ V (D),
d+cui

(u) = d−cu3−i
(u), for i ∈ {1, 2}.
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Conversely, supposed that D is properly colored trail connected and for every v ∈ V (D),
d+cvi

(v) = d−cv3−i
(v), for i ∈ {1, 2}. Since D is properly colored trail connected, we have that D is

H-trail connected.

Since d+cui
(u) = d−cu3−i

(u), for i ∈ {1, 2}, it follows from Claim 1 that UDu = Kn1,n1 ∪Kn2,n2 .

Hence, by Theorem 4.10, D has a closed Euler H-trail, i.e., D is properly colored Euler.

Figure 4.9(b) shows an example of a 3-arc-colored digraph that fulfill the hypothesis of
Corollary 4.11.

The following result is a direct consequence of Corollary 4.11.

Corollary 4.12 ([49]). Let D be a 2-arc-colored digraph. Then, D is properly colored Euler if
and only if D is properly colored trail connected and for every v ∈ V (D), d+i (v) = d−3−i(v), for
each i ∈ {1, 2}.

Figure 4.9(a) shows an example of a 2-arc-colored digraph with a partition of its arcs into
closed properly colored trails that does not have a closed properly colored Eulerian trail.

D

v1

v2 v3

v4

v5v6

v7 v8

e1 e2

(a) D is a 2-arc-colored digraph that is not properly col-
ored trail connected since there is no properly colored trail
starting with arc e1 and ending with arc e2.

D′

v1

v2

v3

v4

v5

v6

v7

v8

(b) D′ is a 3-arc colored multigraph such that
every vertex in D′ has incident arcs of just two
colors and is properly colored trail connected.

Figure 4.9: (a) D has a partition of its arcs into two closed properly colored trails, namely W1 =
(v2, v7, v6, v8, v2) and W2 = (v1, v2, v3, v4, v5, v6, v1), but D is not properly colored Eulerian; (b)
W = (v1, v2, v8, v4, v2, v3, v1, v7, v3, v4, v5, v6, v7, v8, v1) is a closed properly colored Eulerian trail
in D′.

Theorem 4.13. Let D be an H-colored digraph. Then, D is H-trail connected if and only if
LH
2 (D) is strongly connected.

Proof. Let D be an H-colored digraph.

Suppose that D is H-trail connected. Let f(e, u) and f(g, x) be two vertices in V (LH
2 (D)).

Since D is H-trail connected, there exists an H-trail such that e = (u1, u2) is the first
arc and g = (x1, x2) is the last arc, say P = (u1, e, u2, e1, . . . , x1, g, x2). Notice that T ′(P ) =
(f(e, u1), f(e, u2), f(e1, u2), . . . , f(g, x1), f(g, x2)) is a path.

Since f(e, u) and f(g, x) are in V (LH
2 (D)), it follows that (u = u1 or u = u2) and (x = x1 or

x = x2). Therefore, there exists a path from f(e, u) to f(g, x) and LH
2 (D) is strongly connected.

Conversely, suppose that LH
2 (D) is strongly connected. Let e = (x, y) and g = (u, v) be two

arcs in A(D).
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Since LH
2 (D) is strongly connected, there exists a path from f(e, x) to f(g, v), say P .

By Observation 3.2, it follows that P must be of the form P = (f(e, x), f(e, y), f(e1, y), . . . ,
f(g, u), f(g, v)). So, T

′−1(P ) = (x, e, y, e1, . . . , u, g, v) is an H-trail such that its first arc is e
and its last arc is g. Therefore, D is H-trail connected.

The next assertion follows directly from the previous results.

Corollary 4.14. Given a 2-arc-colored digraph, we can check in polynomial time whether D
has a close properly colored Eulerian trail.

4.4 The auxiliary digraph Du

This section is devoted to answering the question, which arises naturally after reading Theorem
4.10, when does a digraph satisfy the hypothesis that UDu =

⋃ku
i=1Knu

i ,m
u
i
, for every u in V (D)?

Recall that V (Du) is the set of arcs in D incident with u, so in this section we will use a
simplified notation for the vertices of Du, the vertex f(e, u) will denote by e.

In the remainder of this section we will denote the empty graph with n vertices by Kn,0.

Theorem 4.15. Let H be a digraph, possibly with loops, such that for every pair of vertices u
and v of H, N+

H (u) = N+
H (v) or N+

H (u) ∩N+
H (v) = ∅. Then, for every multidigraph D without

isolated vertices, and every H-coloring of D, UDu =
⋃ku

i=1Knu
i ,m

u
i
, for every u ∈ V (D) and for

some ku ≥ 1.

Proof. Suppose that H is a digraph, possibly with loops, such that for every pair of vertices u
and v of H, N+

H (u) = N+
H (v) or N+

H (u) ∩N+
H (v) = ∅.

Let D be an H-colored digraph without isolated vertices and u ∈ V (D).

We define V0 = {e ∈ V (UDu) : dUDu(e) = 0}. Notice that UDu[V0] = Km,0, for a non-
negative integer m. Thus, we only need to prove that each component in UDu \V0 is a complete
bipartite graph.

Let B be a component of UDu with at least two vertices. By Observation 2, we have that
B is a bipartite graph with partition sets XB = X ∩ V (B) and YB = Y ∩ V (B), where X and
Y are the partition set of Du defined in Observation 2.

Now we will prove that every vertex in X is adjacent to every vertex in Y . So, let x ∈ XB

and y ∈ YB. Since B is a component of UDu, there is an xy-path in B, namely T = (x =
e1, e2, . . . , e2p = y).

Notice that for every i ∈ {1, . . . , p}, e2i−1 ∈ XB and e2i ∈ YB. By the definition of Du,
it follows that (c(e2i−1), c(e2i)) ∈ A(H) and (c(e2(i+1)−1), c(e2i)) ∈ A(H), i.e., N+

H (c(e2i−1)) ∩
N+

H (c(e2(i+1)−1)) ̸= ∅. By hypothesis, we have that N+
H (c(e2i−1)) = N+

H (c(e2(i+1)−1)). Thus,

N+
H (c(e1)) = N+

H (c(e2p−1)). Moreover, c(e2p) ∈ N+
H (c(e2p−1)) = N+

H (c(e1)). Hence, x = e1 and
y = e2p are adjacent in B and B is a complete bipartite graph.

Thus, every component in UDu \V0 is a complete bipartite graph and UDu =
⋃ku

i=1Knu
i ,m

u
i
,

for every u ∈ V (D) and for some ku ≥ 1.

In Figure 4.10 we show an example of a digraph H such that for every pair of vertices u and
v of H, N+

H (u) = N+
H (v) or N+

H (u)∩N+
H (v) = ∅. Moreover, we H-color the digraph D in such a

way that for every u in V (D), Du has no isolated vertices. So, by Theorem 4.15, we have that
Du is a complete bipartite digraph or a union of two complete bipartite digraphs.

Proposition 4.16. Let H be a complete digraph with a loop in each vertex. Then, for every
multidigraph D without isolated vertices, and every H-coloring of D, UDu is complete bipartite
graph or an empty graph, for every u ∈ V (D).
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H
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Figure 4.10: The digraph D is an H-colored digraph. By Theorem 4.10, we have that D has a
closed Euler H-trail, namely P = (v1, v2, v3, v4, v5, v6, v2, v4, v6, v1).

Proof. Suppose that H is a complete digraph with a loop in each vertex. Let D be an H-colored
multidigraph without isolated vertices, and u a vertex of D.

Case 1. d−(u) = 0 or d+(u) = 0.
By Observation 2, it follows that UDu is an empty graph.
Case 2. d−(u) ̸= 0 and d+(u) ̸= 0.
Let X = {e ∈ A(D) : e = (x, u) for some x ∈ V (D)} and Y = {f ∈ A(D) : f =

(u, x) for some x ∈ V (D)}. Since d−(u) ̸= 0 and d+(u) ̸= 0, we have that X ̸= ∅ and Y ̸= ∅.
Consider e ∈ X and f ∈ Y . Given that H is a complete graph with loop at each vertex, it

follows that (c(e), c(f)) is an arc in H. Therefore, (e, f) is an arc in Du.
By Observation 2, it follows that V (G) = X ∪ Y . Therefore, UDu is a complete bipartite

graph.

Corollary 4.17. Let H be a digraph such that d+(x) = 1, for every vertex u in V (H). Then, for
every multidigraph D without isolated vertices, and every H-coloring of D, UDu =

⋃ku
i=1Knu

i ,m
u
i
,

for every u ∈ V (D) and for some ku ≥ 1.

Proof. Let H be a digraph such that d+(x) = 1, for every vertex u in V (H). Hence, for every
pair of vertices, u and v, in H, we have that N+

H (u) = N+
H (v) or N+

H (u) ∩N+
H (v) = ∅.

Therefore, by Theorem 4.15, every multidigraph D without isolated vertices, and every
H-coloring of D, UDu =

⋃ku
i=1Knu

i ,m
u
i
, for every u ∈ V (D) and for some ku ≥ 1.

Corollary 4.18. If H is a digraph with only loops, then for every multidigraph D without
isolated vertices, and every H-coloring of D, UDu =

⋃ku
i=1Knu

i ,m
u
i
, for every u ∈ V (D) and for

some ku ≥ 1.

Corollary 4.19. If H is a cycle, then for every multidigraph D without isolated vertices, and
every H-coloring of D, UDu =

⋃ku
i=1Knu

i ,m
u
i
, for every u ∈ V (D) and for some ku ≥ 1.

Corollary 4.20. If H is a path with a loop only in the end-vertices, then for every multidigraph
D without isolated vertices, and every H-coloring of D, UDu =

⋃ku
i=1Knu

i ,m
u
i
, for every u ∈

V (D) and for some ku ≥ 1.

In Figure 4.11, we show an example of a digraph H1 and an H1-colored digraph such that
every UDu is the union of complete bipartite graphs.
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H1
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Figure 4.11: The trail P1 = (v2, v3, v4, v5, v6, v1, v2, v6, v4, v1, v3, v5, v2) is a closed Eulerian H1-
trail but is not an H2-trail, and P2 = (v2, v3, v5, v2, v6, v4, v1, v3, v4, v5, v6, v1, v2) is a closed
Eulerian H2-trail but is not an H1-trail.
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Chapter 5

Finding H-trails in H-colored
digraphs

5.1 Introduction

In view of the relevance in applications of finding properly colored walks, the problem of finding
properly colored trails and paths, between two given vertices, has been studied from an algo-
rithmic perspective. For example, Abouelaoualim et al. [1] proved that finding the shortest
properly colored trail between two vertices can be done in polynomial time. Szeider [52] proved
that given a c-edge-colored graph, c ≥ 2, it can be found a properly colored path between two
vertices in linear time on the number of edges of the graph.

Theorem 5.1 (Abouelaoualim et al. [1]). Let G be a c-edge-colored graph, with c ≥ 2. The
problem of finding the shortest properly colored trail in G (if any) can be solved in polynomial
time.

Theorem 5.2 (Szeider [52]). Let s and t be two vertices in a c-edge-colored graph G, with c ≥ 2.
Then, either we can find a properly edge-colored path between s and t or else decide that such a
path does not exist in G in linear time on the size of the graph.

Gourvès et al. [30] proved that decided whether a planar c-arc-colored digraph with no
properly colored cycle contains a properly colored s − t path is NP-complete. However, they
also proved that the problem of finding a directed properly colored trails from a vertex s to a
vertex t in a c-arc-colored digraph can be done within polynomial time. Moreover, they proved
that the problem of maximizing the number of arc disjoint properly colored trails between two
vertices can be solved in polynomial time.

Theorem 5.3 (Gourvès et al. [30]). Deciding whether a planar c-arc-colored digraph with no
properly colored cycle contains a properly colored s− t path is NP-complete.

Theorem 5.4 (Gourvès et al. [30]). Let D be a c-arc-colored digraph, with c ≥ 2. The problem
of finding a directed properly colored trail in D (if any) can be solved in polynomial time.

Theorem 5.5 (Gourvès et al. [30]). The problem of maximizing the number of arc disjoint
properly colored trails from s to t in D can be solved in polynomial time.

A transition in a digraph D is a pair of adjacent arcs of D such that the head of one is the
tail of the other one. A transition system of a digraph D is a set of transitions in D. Let T
be a transition system, we say that a transition is permitted if it is in T and it is forbidden
otherwise. We say that a walk is T -compatible whenever all its transitions are permitted. For
every vertex v ∈ V (D), the set of allowed transitions define a digraph T (v), called transition
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digraph of v, with vertex set the set of arcs incident with v, and there is an arc from e to f
in T (v) if and only if {e, f} ∈ T , where v is the head of e and the tail of f .

Szeider [52] studied the computational complexity of finding T -compatible paths between
two given vertices of a graph, with a transition system T , proving that the problem is in NP,
but find a class of transition systems that can be solve in linear time, for example, if T (v) are
complete graphs, for every v ∈ V (G). Several authors have studied the existence of T -compatible
trails, paths and cycles in graphs with a given transition system, from an algorithmic point of
view (see, [6, 7]).

Note that H-walks in H-colored digraphs and T -compatibles walks in a digraph with a
transition system T are equivalent. To see this equivalence consider the following constructions.

Let D be an H-colored digraph. We define the transition system of v ∈ V (D) as the set
T (v) = {(e, f) : e = (x, v), f = (v, y), for some x, y ∈ V (D) and (c(e), c(f)) ∈ A(H)}. Hence, if
T = {T (v) : v ∈ V (D)}, then every T -compatible walk is an H-walk.

One the other hand, let D be a digraph with arc set A(D) = {f1, . . . , fm} and T a transition
system of D. Consider the digraph H defined as follows: V (H) = {c1, . . . , cm}; and (ci, cj) ∈
A(H) if and only if {fi, fj} ∈ T . If we color the arc fi with the vertex ci, then every H-walk
is a T -compatible walk. (In a natural way it arises the following question. Given a digraph D
with transition system T , find a digraph H with the minimum number of vertices such that
there exists an H-coloring of D where a walk is an H-walk if and only if is a T -compatible walk.
Notice that such a digraph H exists and |V (H)| ≤ |A(D)|).

It is important to notice that transition systems provide local information about the allowed
transitions at each vertex. On the other hand, H-colorings provide global information about
the allowed transitions.

In this chapter we study the problem of finding H-trail between two different vertices, in
H-colored digraphs. We proved that determine if there exists an H-trail starting with the arc
e and ending at arc f can be done in polynomial time. As a consequence, we give a polynomial
time algorithm to find (if any exists) the shortest H-trail from the vertex s to the vertex t.
Moreover, we show that the problem of maximizing the number of arc disjoint s− t H-trails in
D can be solved in polynomial time. We also study the computational complexity of finding an
H-path between two given vertices of an H-colored digraph in terms of the digraph H.

5.2 Complexity of finding H-trails

In this section, we are interested in the complexity of finding H-trails in H-colored digraphs.
To achieve this we will use the auxiliary digraph LH

2 (D). The following observations follow as
a direct consequence of the definition.

Observation 5. Let D be an H-colored digraph. Then:

1. For every e = (x, y) in A(D), d+(f(e, x)) = d−(f(e, y)) = 1 in LH
2 (D). Moreover,

N+(f(e, x)) = {f(e, y)} and N−(f(e, y)) = {f(e, x)}.

2. For every u ∈ V (D), Du is a bipartite digraph with partition {A+
u , A

−
u }, where A+

u (re-
spectively, A−

u ) is the set of arcs in D with head u (respectively, with tail u). Moreover,
every arc in Du has tail in A−

u and head in A+
u .

3. LH
2 (D) is a bipartite digraph.

The Algorithm 1 is a linear time algorithm that starting with a path in LH
2 (D) obtains an

H-trail in D.

Lemma 5.6. Let H be a digraph possibly with loops and D an H-colored digraph. Given a path
T = (f(e1, x1), f(e2, x2), . . . , f(ek, xk)) in LH

2 (D) such that x1 ̸= x2 and xk−1 ̸= xk, Algorithm
1 returns an x1 − xk H-trail in G.
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Algorithm 1 Path to H-trail

Require: A path T = (f(e1, x1), f(e2, x2), . . . , f(ek, xk)) in LH
2 (D) such that x1 ̸= x2 and

xk−1 ̸= xk.
Ensure: An H-trail in D.
i← 1
P
while i ̸= k/2 + 1 do

if i = 1 then
P ← P = (x1, e1, x2)

else
P ← P = P ∪ (x2i−1, e2i−1, x2i).

end if
end while

Proof. Let T = (f(e1, x1), f(e2, x2), . . . , f(ek, xk)) be a path in LH
2 (D) such that x1 ̸= x2 and

xk−1 ̸= xk.
By the definition of LH

2 (D) and the fact that x1 ̸= x2, we have that (f(e1, x1), f(e2, x2)) is
not an edge of Gx1 . So, by Observation 5.1, it follows that e1 = e2 and e1 = (x1, x2). Hence,
P = (x1, e1, x2) is an H-path in D. By the definition of LH

2 (D) and Observation 5.1, we have
that x2 = x3 and (f(e2, x2), f(e3, x3)) ∈ A(Gx2), that is, (c(e1), c(e3)) ∈ A(H). By Observation
5.1, it follows that x3 ̸= x4, hence e3 = e4 and e3 = (x3, x4). So, P = (x1, e1, x2 = x3, e3, x4) is
an H-trail (notice that e1 ̸= e3 otherwise f(e1, x1) = f(e3, x3) which is impossible since x1 ̸= x2
and x2 = x3).

By Observation 5.1, we have that x4 = x5 and (f(e4, x4), f(e5, x5)) ∈ A(Gx4), that is,
(c(e3), c(e5)) ∈ A(H). By Observation 5.1, it follows that x5 ̸= x6, hence e5 = e6 and e5 =
(x5, x6). So, P = (x1, e1, x2 = x3, e3, x4 = x5, e5, x6) is an H-trail (notice that e5 ̸∈ {e1, e3}
otherwise T is not a path).

Following this reasoning, we have that x2i = x2i+1, x2i+1 ̸= x2i+2, (c(e2i−1), c(e2i+1)) ∈
A(H) and e2i+1 = (x2i+1, x2i+2), for every i ∈ {1, . . . , k/2 − 1}. (Notice that k is even since
xk−1 ̸= xk).

Hence, P = (x1, e1, x2 = x3, e3, x4 = x5, . . . , xk−1, ek−1, xk) is an H-walk in D. Moreover,
since T is a path, it follows that P is an H-trail.

Therefore, Algorithm 1 returns an H-trail in D in linear time.

Lemma 5.7. Let D be an H-colored digraph and e = (x1, y1), g = (x2, y2) different arcs of D.
If there is no f(e, y1)− f(g, x2) path in LH

2 (D), then there is no H-trail in D starting in e and
ending in g.

Proof. Proceeding by contradiction, assume that there exists an H-trail in D starting in e and
ending in g, namely P = (x1, e, y1, e1, v2, . . . , vk, ek, x2, g, y2).

Hence, T = (f(e, x1), f(e, y1), f(e1, v2), . . . , f(ek, vk), f(ek, x2), f(g, x2), f(g, y2)) is a path in
LH
2 (D).
Therefore, there exist an f(e, y1)− f(g, x2) path in LH

2 (D), a contradiction.

Theorem 5.8. Given an arbitrary H-colored digraph D, finding an H-trail starting with the
arc e and ending with the arc g (if any) can be done within polynomial time.

Proof. Let D be an H-colored digraph, e = (x1, y1) and g = (xq, yq) two arcs in D. Construct
the auxiliary digraph LH

2 (D).
Consider the vertices f(e, y1) and f(g, xq) in LH

2 (D). Find a path from f(e, y1) to f(g, xq),
namely P . (If there is no f(e, y1)− f(g, xq) path in LH

2 (D), then there is no H-trail starting in
e and ending in g in D).



48 CHAPTER 5. FINDING H-TRAILS IN H-COLORED DIGRAPHS

It follows from Observation 5.1 that P ′ = (f(e, x1), f(e, y1), P, f(g, xq), f(g, yq)) is also a
path in LH

2 (D).
Therefore, by Algorithm 1, there is an H-trail in D starting with the arc e and ending with

the arc g. Notice that each step can be done in polynomial time.

Corollary 5.9. Given an arbitrary H-colored digraph D, finding a closed H-trail containing
the arc e (if any) can be done within polynomial time.

Proof. Let D be an H-colored digraph and e = (x, y) an arc in A(D). Construct the auxiliary
digraph LH

2 (D).
Consider the vertices f(e, y) and f(e, x) in LH

2 (D). Find a path from f(e, y) to f(e, x),
namely C. (If there is no f(e, y) − f(e, x) path in LH

2 (D), then there is no closed H-trail
containing the arc e in D).

It follows directly from Observation 5.1 that C ′ = (f(e, y), C, f(e, x), f(e, y)) is a cycle in
LH
2 (D).
Therefore, by Theorem 4.5, there is a closed H-trail in D that contains the arc e.

Theorem 5.10. Let D be an H-colored digraph. It can be find the shortest H-trail between any
pair of arcs in polynomial time, if any exists.

Proof. Let D be an H-colored digraph, e = (x1, y1) and g = (xq, yq) two arcs in D. Construct
the auxiliary digraph LH

2 (D).
Consider the vertices f(e, y1) and f(g, xq) in LH

2 (D). Find the shortest path from f(e, y1)
to f(g, xq), say P . (If there is no f(e, y1) − f(g, xq) path in LH

2 (D), then there is no H-trail
starting in e and ending in g).

Then, P ′ = (f(e, x1), f(e, y1), P, f(g, xq), f(g, yq)) is also a path in LH
2 (D) because of the

Observation 5.1.
Therefore, by Algorithm 1, there is an H-trail in D starting with the arc e and ending with

the arc g, namely T . Notice that each step can be done in polynomial time.
Notice that if there is a shorterH-trail from e to g inD than T , namely Q = (v1 = x1, g1 = e,

v2 = y1, g2, v3, . . . , vj−1 = xq, gj−1 = g, vj = yq), then W = (f(g1, v2), f(g2, v2), f(g2, v3), . . . ,
f(gj−1, vj−1)) is a shorter f(e, y1)− f(g, xq) path than P in LH

2 (D), a contradiction.

It follows from Theorem 5.8 that finding an s− t H-trail in D (if any) can be done within
polynomial time. This can be done using Theorem 5.8 with all the possible pairs of arcs, one
with tail s and the other one with head t. This method can be improved using the following
variation of the auxiliary digraph LH

2 (D).

Definition 5.1. Let D be an H-colored digraph and s, t a pair of distinct vertices in V (D). The
digraph LH

2 (s, t) is the digraph with vertex set V (LH
2 (s, t)) = V (LH

2 (D)) ∪ {xs, xt}; and arc set
A(LH

2 (s, t)) = A(LH
2 (D))∪{(xs, f(e, s)) : e = (s, u) ∈ A(D)}∪{(f(e, t), xt) : e = (u, t) ∈ A(D)}.

Theorem 5.11. Given an arbitrary H-colored digraph D, finding an s− t H-trail in D (if any)
can be done within polynomial time.

Proof. Let D be an H-colored digraph and s and t two vertices of D. Construct the auxiliary
digraph LH

2 (s, t).
Find a path from xs to xt in the digraph LH

2 (s, t) (if any), namely P . (If there is no xs− xt
path in LH

2 (s, t), then there is no s− t H-trail in D).
Hence, P ′ = P \ {xs, xt} is a path in LH

2 (D), and by Algorithm 1, there is an s− t H-trail
in D.

Corollary 5.12. Let D be an H-colored digraph. It can be found the shortest H-trail between
any pair of distinct vertices in polynomial time, if any exists.
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(a) D is an H-colored digraph.
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(b) LH
2 (D).

Figure 5.1: P = (s, e1, v1, e2, v2, e4, v4, e8, v3, e7, v2, e3, t) is an s− t H-trail in D but there is no
H-path from s to t in D. Moreover, P is obtained by applying Algorithm 1 to the dashed path
of LH

2 (D).

If D is an H-colored digraph, we say that an (s, t)-H-trails-separator by arcs is a subset
X ⊆ A(D) with the property that D −X has no s− t H-trails.

Theorem 5.13. Let D be an H-colored digraph and s, t a pair of different vertices in V (D).
Then, the following assertions are equivalent.

a. The maximum number of arc-disjoint s− t H-trail in D is equal to k.

b. The maximum number of internally disjoint xs − xt-paths in LH
2 (s, t) is equal to k.

c. The minimum number of vertices in an (xs, xt)-separator in LH
2 (s, t) is equal to k.

d. The minimum number of arc in an (s, t)-H-trails-separator by arcs in D is equal to k.

Proof. Let k1 be the maximum number of arc-disjoint s − t H-trail in D, k2 the maximum
number of internally disjoint xs−xt-paths in LH

2 (s, t), k3 the minimum number of vertices in an
(xs, xt)-separator in LH

2 (s, t) and k4 the minimum number of arcs in an (s, t)-H-trails-separator
by arcs in D. We will prove that k1 = k2 = k3 = k4.

Claim 1. k1 = k2.

It follows by Algorithm 1 that k2 ≤ k1. Let {P1, . . . , Pk1} a set of k1 arc-disjoint s−t H-trails
in D. For each i in {1, . . . , k1}, we can construct an xs − xt-path in LH

2 (s, t) from the H-trail
Pi as follows: Let Pi = (s, ei0, x

i
1, e

i
1, x

i
2, . . . , x

i
ji
, eiji , t), so T1 = (xs, f(e

i
0, s), f(e

i
0, x

i
1), f(e

i
1, x

i
1),

f(ei1, x
i
2), . . . , f(e

i
ji
, xiji), f(e

i
ji
, t), xt) is a path in LH

2 (s, t).

It follows from the construction of each Ti and Observation 5.1 that Ti and Tj are internally
disjoint xs − xt-paths in LH

2 (s, t), for every {i, j} ⊆ {1, . . . , k1}. Hence, k1 ≤ k2 and the Claim
1 holds.

Claim 2. k3 ≤ k4.

Let A = {ei = (xi, yi) ∈ A(D) : i ∈ {1, . . . , k4}} be an (s, t)-H-trails-separator by arcs in D
with k4 arcs. Consider B = {f(ei, yi) ∈ LH

2 (s, t)}.
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Suppose that there exists an xs−xt-path in LH
2 (s, t) \B, namely P . Hence, by Algorithm 1

applied to the path P , there is T anH-trail from s to t inD such that ei ̸∈ A(T ), a contradiction.
Therefore, B is an (xs, xt)-separator in LH

2 (s, t) with k4 vertices, and the claim holds.
Claim 3. k4 ≤ k3.
Let A = {f(ei, xi) : i ∈ {1, . . . , k3}} be an (xs, xt)-separator in LH

2 (s, t).
It follows by Observation 5.1 that for every e = (x, y) ∈ A(D), at most one of the vertices

f(e, x) and f(e, y) is in a minimum (xs, xt)-separator in LH
2 (s, t). Hence, B = {ei ∈ A(D) :

f(ei, xi) ∈ A} has k3 arcs.
Notice that B is an (s, t)-H-trails-separator by arcs in D. Otherwise, there is an (s, t) H-

trail in D, say P , and we can found T an xs − xt-path in LH
2 (s, t) from P (as in Claim 1) such

that V (T ) ∩A = ∅, a contradiction. Therefore, k4 ≤ k3 and the claim holds.
Notice that k2 = k3 follows by Menger’s Theorem. Therefore, k1 = k2 = k3 = k4.

Corollary 5.14. The problem of maximizing the number of arc disjoint s− t H-trails in D can
be solved in polynomial time.

Recall that if H is a complete digraph without loops, then every H-trail is a properly colored
trail.

Corollary 5.15. Given an arbitrary c-arc-colored digraph D, finding an properly colored trail
starting with the arc e and ending with the arc f (if any) can be done within polynomial time.

Corollary 5.16. Given an arbitrary c-arc-colored digraph D and s and t vertices of D, finding
a properly colored s− t trail in D (if any) can be done within polynomial time.

Corollary 5.17. The problem of maximizing the number of arc disjoint properly colored s− t
trails in D can be solved in polynomial time.

Recall that if H is a complete digraph without loops, then every H-path is a properly colored
path. So, the following result follows immediately from Theorem 5.3.

Corollary 5.18. Deciding whether an H-colored digraph contains an s − t H-path is NP-
complete.

Beńıtez-Bobadilla et al. [9] gave a characterization of the digraphs H such that for every
digraph D and every H-coloring of D, it follows that every H-walk between two vertices in D
contains an H-path with the same endpoints.

Theorem 5.19 (Beńıtez-Bobadilla et al. [9]). Let H be a reflexive digraph. H is transitive if
and only if for every H-colored digraph D, and every pair of different vertices s and t of D,
every s− t H-walk in D contains an s− t H-path in D.

The following results are a direct consequence of Corollary 5.11 and Theorem 5.19.

Corollary 5.20. Let H be a transitive and reflexive digraph. Given an arbitrary H-colored
digraph D, finding an s− t H-path in D (if any) can be done within polynomial time.

Corollary 5.21. Given an arc-colored digraph D, finding a monochromatic s− t path in D (if
any) can be done within polynomial time.



Chapter 6

Dynamic H-cycles in H-colored
multigraphs

In this chapter, we study the existence of dynamic H-cycles, and the length of dynamic H-cycles
and dynamicH-paths inH-colored multigraphs. To accomplish this, we introduce a new concept
of color degree that allows us to extend some classic results, such as, Ore’s Theorems, for H-
colored multigraphs. Also, we give sufficient conditions for the existence of Hamiltonian dynamic
H-cycles in H-colored multigraphs with at most one “lane change”, and as a consequence, we
obtain sufficient conditions for the existence of properly colored Hamiltonian cycle in c-edge-
colored multigraphs, with c ≥ 3. Moreover, we improve the conditions given in Theorem 2.10
b) for an infinitely family of multigraphs. In most of the results in this chapter we use as a
hypothesis that the auxiliary graph Gu is a complete ku-partite graph, so we finish the chapter
by giving examples of H-colored multigraphs that fulfill this hypothesis.

6.1 Notation and Preliminaries

Let G be an H-colored multigraph, and W = (v0, e
1
0, . . . , e

k0
0 , v1, e

1
1, . . . , e

k1
1 , v2, . . . , vn−1, e

1
n−1,

. . . , e
kn−1

n−1 , vn) a dynamic H-walk in G. We define the length of W , denoted by l(W ), as the
number n. We will say that the dynamic H-walk W has ki − 1 changes from vi to vi+1, and
W has

∑n−1
i=1 (ki − 1) changes. Notice that if W is a dynamic H-walk with zero changes, then

W is an H-walk. In Figure 6.1, T = (v1, e4, v4, e10, v5, e14, e13, v6, e15, v7) is a dynamic H-path
of length 4 with one change, and C = (v4, e9, v5, e14, e13, v6, e15, v7, e11, v4) is a dynamic H-cycle
of length 4 with one change.

Let G be an H-colored multigraph and {u, v} ⊆ V (G). We will say that Euv is a dynamic
edge set if and only if there exists {e, f} ⊆ Euv such that NH(c(e)) ̸= NH(c(f)) and neither of
them is subset of the other. The dynamic degree of u, denoted by δdym(u), is the number of
vertices v such that Euv is a dynamic edge set. In Figure 6.1, the set Ev1v4 is a dynamic edge
set but Ev1v2 is not a dynamic edge set, since NH(c(e1)) = NH(c(e2)) = {R}.

Observation 6. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for some ku ≥ 2. If Euv is a dynamic edge set, then there exist e and f , in Euv, in different
partite sets of V (Gu).

Proposition 6.1. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 2. If T = (x0, x1, . . . , xp) is a walk in G such that for
each i ∈ {0, . . . , p−1}, Exixi+1 is a dynamic edge set, then there exist ei ∈ Exixi+1, for every i ∈
{0, . . . , p−1}, such that T ′ = (x0, e0, x1, . . . , xp−1, ep−1, xp) is an H-walk. Moreover, if Ex0xp is
a dynamic edge set, then there exists {ep, ep+1} ⊆ Ex0xp such that C = (x0, e0, x1, . . . , xp−1, ep−1,

51
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Figure 6.1: The sequence P = (v4, e9, v5, e14, e13, v6, e16, v7, e11, e12, v4) is a dynamic H-cycle in
G and there is no H-cycle of length greater than 2 containing v5, v6 or v7.

xp, ep, x0) is a closed H-walk or C = (x0, e0, x1, . . . , xp−1, ep−1, xp, ep, ep+1, x0) is a closed dy-
namic H-walk, i.e., there exists a closed dynamic H-walk with at most one change.

Proof. Suppose that G is an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku ≥ 2. Let T = (x0, x1, . . . , xp) be a walk in G such that
Exixi+1 is a dynamic edge set.

Consider the edge e0 = x0x1 in E(G), since Ex1x2 is a dynamic edge set, by Observation 6,
we have that there exist f1 = x1x2 and f2 = x1x2 in different partite sets of V (Gx1). It follows
from the fact that e0 ∈ V (Gx1) and Gx1 is a complete kx1-partite graph, that e0f1 ∈ E(Gx1)
or e0f2 ∈ E(Gx1). Let e1 be the edge such that e0e1 ∈ E(Gx1), i.e., e1 = f1 or e1 = f2 (in case
that both edges are adjacent to e0, we take e1 = f1).

Since Ex2x3 is a dynamic edge set, by Observation 6, we have that there exist g1 = x2x3
and g2 = x2x3 in different partite sets of V (Gx2). It follows from the fact that e1 ∈ V (Gx2) and
Gx2 is a complete kx2-partite graph, that e1g1 ∈ E(Gx2) or e1g2 ∈ E(Gx2). Let e2 be the edge
such that e1e2 ∈ E(Gx2), i.e., e2 = g1 or e2 = g2 (in case that both edges are adjacent to e1, we
take e2 = g1). Repeating this procedure, we have that for every i ∈ {0, . . . , n − 1}, there exist
ei ∈ Exixi+1 such that T ′ = (x0, e0, x1, e1, x2, . . . , xp−1, ep−1, xp) is an H-walk.

Now, suppose that Ex0xp is a dynamic edge set, since Gxp is a complete kxp-partite graph,
there exists ep = xpx0 such that ep−1ep ∈ E(Gxp).

If epe0 ∈ E(Gx0), then C = (x0, e0, x1, . . . , xp, ep, x0) is a closed H-walk.

Otherwise, epe0 ̸∈ E(Gx0). Since Expx0 is a dynamic edge set, there exist an edge ep+1 =
xpx0 such that ep and ep+1 are in different partite sets of V (Gx0). Now, since Gx0 is a
complete kx0-partite graph and epe0 ̸∈ E(Gx0), we have that ep+1e0 ∈ E(Gx0). Therefore,
C = (x0, T

′, xp, ep, ep+1, x0) is a closed dynamic H-walk.

The following result is a direct consequence of Proposition 6.1 and the definition of path,
cycle, H-path and dynamic H-cycle.

Corollary 6.2. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 2. If T = (x0, x1, . . . , xp) is a path in G such that
for every i ∈ {0, . . . , p − 1}, Exixi+1 is a dynamic edge set, then there exist ei ∈ Exixi+1, for
every i ∈ {0, . . . , p− 1}, such that T ′ = (x0, e0, x1, . . . , xp−1, ep−1, xp) is an H-path. Moreover,
if Ex0xp is a dynamic edge set, then there exist {ep, ep+1} ⊆ Ex0xp such that C = (x0, e0,
x1, . . . , xp−1, ep−1, xp, ep, x0) is an H-cycle or C = (x0, e0, x1, . . . , xp−1, ep−1, xp, ep, ep+1, x0) is
a dynamic H-cycle, i.e., there exists a dynamic H-cycle with at most one change.

The multigraph G, in Figure 6.2, is an H-colored multigraph such that Gvi is a complete
bipartite graph, for every i ∈ {1, 2, 3, 4, 5, 6, 7}. Moreover, Evivj is a dynamic edge set if and
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only if Evivj ̸= ∅. So, the path P = (v1, v2, v7, v4, v5) and the cycle C = (v1, v2, v3, v4, v5, v6, v1)
fulfill the hypothesis of Corollary 6.2. Therefore, there exist an H-path and a dynamic H-cycle
with at most one change with the same order of the vertices of P and C, respectively, namely
P ′ = (v1, e1, v2, , e8, v7, e13, v4, e12, v5) and C ′ = (v1, e2, v2, e5, v3, e10, v4, e11, v5, e16, v6, e3, v1).

G v2

v1

v6

v7

v3

v4

v5

e1

e2

e3

e4

e5

e6

e7

e8
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e10

e11

e12

e13

e14

e15

e16

e17

e18

H

B

R

L

Figure 6.2: Notice that T = (v6, v7, v2, v1, v6, v7, v4) is a trail that fulfill the hypothe-
sis of Proposition 6.1 but there is no H-trail with the same order of vertices. Although,
T ′ = (v6, e17, v7, e8, v2, e1, v1, e4, v6, e17, v7, e14, v4) is the H-walk that Proposition 6.1 states
that exists.

6.2 Dynamic H-cycles and H-paths

Theorem 6.3. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 2. If δdym(u) ≥ d ≥ 2 for every u ∈ V (G), then G
has a dynamic H-cycle of length at least d+ 1 and with at most one change.

Proof. Let T = (x0, x1, . . . , xk) be a path of maximum length such that Exixi+1 is a dynamic
edge set, for every i ∈ {0, . . . , k − 1}.

Claim 1. T has length at least d.
Suppose that T has length at most d− 1. Since δdym(xk) ≥ d, there exists a vertex xk+1 ∈

V (G) \ V (T ) such that Exkxk+1
is a dynamic edge set. Hence, T ′ = (x0, x1, . . . , xk, xk+1) is

a path of length k + 1 such that Exixi+1 is a dynamic edge set, for every i ∈ {0, . . . , k}, a
contradiction. Therefore, T has length at least d.

Since T is of maximum length, if Ex0u is a dynamic edge set, then u ∈ V (T ) (otherwise we
can extend T ). Let j = max{i : Ex0xi is a dynamic edge set}. Since δdym(x0) ≥ d, we have
that j ≥ d. Therefore, C ′ = (x0, x1, . . . , xj , x0) is a cycle such that Exixi+1 is a dynamic edge
set, for every i ∈ {0, . . . , j}, see Figure 6.3. Hence by Corollary 6.2, we have that there exists a
dynamic H-cycle of length j + 1 ≥ d+ 1 with at most one change.

x0 x1 x2 xd xj−1 xj xk−1 xk
T

C ′

Figure 6.3: For every i ∈ {1, . . . , k − 1}, Exixi+1 is a dynamic edge set. Moreover, Ex0xj is also
a dynamic edge set and there is no xq, with q > j, such that Ex0xq is a dynamic edge set.

Let K2
n be a complete multigraph with |Euv| = 2, for every {u, v} ⊆ V (K2

n), and H be a
complete simple graph with k ≥ 2 vertices. Consider the graph G that is the union of two K2

n
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that share a unique vertex. If we H-color G in such a way that every pair of parallel edges has
different color, then G has 2n− 1 vertices, δdym(x) ≥ n− 1, for every x ∈ V (G), and the length
of the maximum dynamic H-cycle in G is n, see Figure 6.4. So, we cannot improve the length
of the dynamic H-cycle in Theorem 6.3.

G v1

v2

v3

v4

v5

v6

v7

H

B

R

L

Figure 6.4: G is an H-colored graph with n = 7 vertices such that δdym(x) ≥ 3 and there is no
dynamic H-cycle of length greater than 4.

Corollary 6.4. Let G be an H-colored complete multigraph such that Gu is a complete ku-
partite graph, for every u ∈ V (G) and for some ku, ku ≥ 2. If Exy is a dynamic edge set, for
every {x, y} ⊆ V (G), then G has a Hamiltonian dynamic H-cycle with at most one change.

Theorem 6.5. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 3. If δdym(u) ≥ d ≥ 2, for every u ∈ V (G), then G
has an H-path of length at least min{2d, n}, or G has an H-cycle of length at least d+ 1.

Proof. Suppose that G is an H-colored multigraph such that for every u ∈ V (G), we have that
δdym(u) ≥ d ≥ 2, and Gu is a complete ku-partite graph, for some ku ≥ 3.

Then, for every x ∈ V (G), there exist ex, fx, gx ∈ E(G) such that {ex, fx} ⊆ Exvx , for some
vx ∈ V (G), gx = xyx ̸∈ Exvx and ex, fx and gx are in different partite sets of Gx (it is possible
by Observation 6 and the fact that δdym(x) ≥ 2).

Let T = (u0, u1, . . . , uj−1 = vx, uj = x, uj+1 = yx, . . . , uk) the longest path such that Euiui+1

is a dynamic edge set, for every i ∈ {0, . . . , j − 1, j + 1, . . . , k − 1}, i.e., Exyx is not necessarily
a dynamic edge set in T .

Notice that ex ∈ Euj−1uj , gx ∈ Eujuj+1 and l(T ) is at least d since δdym(u0) ≥ d and T is a
path of maximum length, it follows that k = l(T ) ≥ d. We divide the rest of the proof in two
cases.

Case 1. k ≥ 2d.
Since Euj−2uj−1 is a dynamic edge set, it follows that there is an edge ej−2 ∈ Euj−2uj−1 such

that c(ej−2)c(gx) ∈ E(H). So, following the same procedure as in the proof of Proposition 6.1,
we can construct the following: 1) An H-path from uj−1 to u0 starting with the edge ej−2, say
T0 = (uj−1, ej−2, uj−2, . . . , u1, e0, u0); and 2) an H-path from uj to uk starting with the edge
ex, say T1 = (uj , ex, uj+1, . . . , uk−1, ek, uk).

Hence, T ′ = (u0, T
−1
0 , uj−1, gx, uj , T1, uk) is an H-path of length k ≥ 2d.

Case 2. k ≤ 2d− 1.
Subcase 2.1 j + 1 ≤ d.
Notice that if Eu0v is a dynamic edge set, then v ∈ V (T ). Otherwise, T ′ = (v, u0, u1, . . . , uk)

is a path of length k+ 1 such that Evivi+1 is a dynamic edge set, for every i ∈ {0, . . . , j − 1, j +
1, . . . , k − 1}, contradicting the choice of T . Therefore, v ∈ V (T ).

On the other hand, since δdym(u0) ≥ d, there is up ∈ V (T ), where d ≤ p ≤ k such that Eu0up

is a dynamic edge set. Hence, C = (u0, u1, . . . , uj , uj+1, . . . , up, u0) is a cycle in G such that
Euiui+1 is a dynamic edge set, for every i ∈ {0, . . . , j − 1, j + 1, . . . , p− 1}. Hence, by Corollary
6.2, there is an H-path T ′ = (x, gx, yx, ej+1, uj+2, . . . , uj−2, ej−2, uj−1 = vx).
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Since ex and fx are incident with vx, we have that ej+2, ex and fx are vertices of Gvx .
We know that ex and fx are in different partite sets of V (Gvx), thus ej+2ex ∈ E(Gvx) or
ej+2fx ∈ E(Gvx). Hence, C

′ = (x, T ′, vx, ex, x) or C
′ = (x, T ′, vx, fx, x) is an H-cycle (because,

pairwise ex, fx and gx are in different partite sets of Gx) and C ′ has length at least d + 1, see
Figure 6.5.

u0 u1 uj−2 uj−1 = vx uj = x uj+1 = yx up uk

ex

fx

gx

Figure 6.5: T ′ is highlighted in yellow. Since ex, fx and gx are adjacent in Gx, we can choose
an edge between ex and fx to obtain an H-cycle.

Subcase 2.2 j + 1 > d.
Notice that if Eukv is a dynamic edge set, then v ∈ V (T ). Otherwise, T ′ = (u0, u1, . . . , uk,

uk+1 = v) is a path of length k + 1 such that Evivi+1 is a dynamic edge set, for every i ∈
{0, . . . , j − 1, j + 1, . . . , k}, contradicting the choice of T . Therefore, v ∈ V (T ).

On the other hand, since δdym(uk) ≥ d, there is up ∈ V (T ), where p ≤ 2d − d − 1 = d − 1,
such that Eukup is a dynamic edge set. Hence, by Corollary 6.2, there is an H-path T ′ =
(x, gx, yx, ej+1, uj+2, . . . , uk, ek, up, . . . , uj−1 = vx).

Since ex and fx are incident with vx, we have that ej+2, ex and fx are vertices of Gvx .
We know that ex and fx are in different partite sets of V (Gvx), thus ej+2ex ∈ E(Gvx) or
ej+2fx ∈ E(Gvx). Hence, C

′ = (x, T ′, vx, ex, x) or C
′ = (x, T ′, vx, fx, x) is an H-cycle (because,

pairwise ex, fx and gx are in different parts of the partition of Gx) and C ′ has length at least
d+ 1, see Figure 6.6.

Therefore, G has an H-path of length at least min{2d, n}, or G has an H-cycle of length at
least d+ 1.

u0 up uj−1 = vx uj = x uj+1 = yx uk

ex

fx

gx

Figure 6.6: T ′ is highlighted in yellow. Since ex, fx and gx are adjacent in Gx, we can choose
an edge between ex and fx to obtain an H-cycle.

Let G be an H-colored multigraph. We will say that the dynamic graph of G, denoted
by Gdym, is the simple graph such that V (Gdym) = V (G) and two different vertices u and v
are adjacent, with only one edge in Gdym, if and only if Euv is a dynamic edge set in G. An
example of an H-colored graph and its dynamic graphs is shown in Figure 6.7.

Theorem 6.6. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 2. If Gdym is connected and δdym(x) = 2px, where
px ≥ 1, then G has a spanning closed dynamic H-trail with at most one change.
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(a) G is an H-colored multigraph.

Gdym

v1

v2

v3

v4
v5

(b) Gdym.

Figure 6.7: The edge sets Ev1v2 , Ev1v4 , Ev2v3 and Ev4v5 are dynamic edge set but Ev3v4 is not a
dynamic edge set.

Proof. Suppose that Gdym is connected and δdym(x) = 2px, where px ≥ 1, then we have
that dGdym

(x) = 2px, for every x ∈ V (Gdym). So, Gdym has a closed Euler trail, say T =
(x0, x1, . . . , xn, x0).

Then, T is a spanning closed dynamic H-trail in G such that Exixi+1 is a dynamic edge set,
for every i ∈ {0, 1, 2, . . . , n} (if i = n, then xi+1 = x0). Therefore, by Proposition 6.1, there
exist a spanning closed dynamic H-walk in G with at most one change, namely T ′. Moreover,
since Gdym is a simple graph, we have that Exixi+1 ̸= Exjxj+1 , for every i ̸= j. Therefore, T ′

does not repeat edge and T ′ is a spanning closed dynamic H-trail.

Theorem 6.7. Let G be an H-colored multigraph with n vertices such that Gu is a complete
ku-partite graph, for every u in V (G) and for some ku, ku ≥ 2.

1. If dGdym
(u)+ dGdym

(v) ≥ n, for every {u, v} ⊆ V (G) such that Euv is not a dynamic edge
set, then G has a Hamiltonian dynamic H-cycle with at most one change.

2. If there is x0 ∈ V (G) such that kx0 ≥ 3, and δdym(x) + δdym(y) ≥ n + 1, for every
{x, y} ⊆ V (G), such that Exy is not a dynamic edge set, then G has a Hamiltonian
H-cycle.

Proof. 1. Notice that dGdym
(u) + dGdym

(v) ≥ n for every pair of non-adjacent vertices u and
v in Gdym. Hence, by Ore’s Theorem, we have that Gdym has a Hamiltonian cycle, say C =
(x1, x2, . . . , xn, x1).

Then, C is a Hamiltonian cycle in G such that Exixi+1 is a dynamic edge set, for every i ∈
{1, 2, . . . , n} (if i = n, then xi+1 = x1). Therefore, by Corollary 6.2, there exist a Hamiltonian
dynamic H-cycle with at most one change.

2. Suppose that G is an H-colored multigraph such that Gu is a complete ku-partite graph,
for some ku ≥ 2, for every u ∈ V (G), and δdym(x) + δdym(y) ≥ n + 1, for every {x, y} ⊆ V (G)
such that Exy is not a dynamic edge set and there is x0 ∈ V (G) such that kx0 ≥ 3.

It follows from 1 that G has a Hamiltonian cycle such that Exixi+1 is a dynamic edge set,
for every i ∈ {0, . . . , n} (if i = n, then xi+1 = x0), say C = (x0, x1, . . . , xn, x0).

Notice that Gxi [Exixi−1 ∪ Exixi+1 ] is a complete k′xi
-partite graph, where 2 ≤ k′xi

≤ kxi , for
every i ∈ {0, . . . , n} (we take subindex modulo n+ 1).
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Case 1. There exists i ∈ {0, . . . , n} such that k′xi
≥ 3.

Then there exist e ∈ Exi−1xi , g ∈ Exixi+1 and f ∈ Exixi−1 ∪ Exixi+1 which are in different
partite sets of Gxi [Exixi−1 ∪ Exixi+1 ] (it is possible by Observation 6).

If f ∈ Exixi−1 . By Corollary 6.2, there is an H-path T1 = (xi, g, xi+1, . . . , xi−2, ei−2, xi−1).
Hence, C = (xi, T1, xi−1, e, xi) or C ′ = (xi, T1, xi−1, f, xi) is a Hamiltonian H-cycle in G, see
Figure 6.8(a).

If f ∈ Exixi+1 . By Corollary 6.2, there is an H-path T2 = (xi, e, xi−1, . . . , xi+2, ei+2, xi+1).
Hence, C = (xi, T2, xi+1, f, xi) or C ′ = (xi, T2, xi−1, g, xi) is a Hamiltonian H-cycle in G, see
Figure 6.8(b).

x0 x1 xi−2 xi xi+1 xn−1 xn
e

f

g

(a) If f ∈ Exixi−1 .

x0 x1 xi−2 xi xi+1 xn−1 xn

e
g

f

(b) If f ∈ Exixi+1 .

Figure 6.8: Highlighted in yellow are the H-paths T1 and T2, respectively. Since e, f and g are
adjacent in Gxi , we can choose an edge to obtain an H-cycle.

Case 2. k′xi
= 2, for every x ∈ V (G), i.e., Gxi [Exixi−1 ∪ Exixi+1 ] is a complete bipartite

graph.

Let A = {g ∈ V (Gx0) : ge ∈ E(Gx0) for every e ∈ V (Gx0 [Ex0x1 ∪ Ex0xn ])}. Since Gx0 is a
complete kx0-partite graph with kx0 ≥ 3, it follows that A ̸= ∅. Let p = max{i : Ex0xi ∩A ̸= ∅}.
Notice that p ̸∈ {0, 1, n} because of the condition of the case and G contains no loops.

Subcase 2.1. Ex1xp+1 is a dynamic edge set.

By Corollary 6.2 and Expxp−1 is a dynamic edge set, there is an H-path T3 = (xp, ep, xp−1,
. . . , x1, e1, xp+1, ep+1, xp+2, . . . , xn) such that gep ∈ E(Gvp). Since Exnx0 is a dynamic edge set
and g ∈ A, we have that there is an edge en ∈ Exnx0 such that C = (x0, g, xp, T3, xn, en, x0) is
a Hamiltonian H-cycle in G, see Figure 6.9.

x0 x1 xp−1 xp xp+1 xn−1 xn

g

en

Figure 6.9: The H-path T3 is highlighted in yellow. By the property of the edge g, we can
find an edge en in Ex0xn such that adding the edges g and en to T3, we obtain a Hamiltonian
H-cycle.

Subcase 2.2 Ex1xp+1 is not a dynamic edge set.

By the hypothesis δdym(x1) + δdym(xp+1) ≥ n+ 1.

Subcase 2.2.1. There is j, where 2 < j ≤ p, such that Ex1xj and Exp+1xj−1 are dynamic
edge sets.

When j = p, Corollary 6.2 and the fact that Ex1xp is a dynamic edge set, imply that
T4 = (x0, g, xp, ep, x1, . . . , xp−1, ep−1, xp+1, . . . , xn) is an H-path. Since Exnx0 is a dynamic
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edge set and g ∈ A, there is an edge en ∈ Exnx0 such that C = (x0, g, xp, T4, xn, en, x0) is a
Hamiltonian H-cycle, see Figure 6.10(a).

Otherwise, the path T5 = (x0, g, xp, ep, xp−1, . . . , xj , ej , x1, e1, x2, . . . , xj−1, ej−1, xp+1, ep+1,
xp+2, . . . , xn) is an H-path. Since Exnx0 is a dynamic edge set and g ∈ A, there is an edge
en ∈ Exnx0 such that C = (x0, g, xp, T5, xn, en, x0) is a Hamiltonian H-cycle, see Figure 6.10(b).

x0 x1 xp−1 xp xp+1 xn−1 xn

g

en

(a) If j = p.

x0 x1 xj−1 xj xp xp+1 xn

g

en

(b) If 2 < j < p.

Figure 6.10: Highlighted in yellow are the H-paths T4 and T5, respectively.

Subcase 2.2.2. There is j, where p+2 ≤ j ≤ n, such that Ex1xj and Exp+1xj+1 are dynamic
edge sets.

When j = n, Corollary 6.2 and the fact that Expxp−1 is a dynamic edge set, imply that T6 =
(x0, g, xp, ep, xp−1, . . . , x1, e1, xn, en, xn−1, . . . , xp+1) is an H-path. Since Ex0xp+1 is a dynamic
edge set, g ∈ A and by the maximality of g; there is an edge ep+1 ∈ Exp+1x0 such that C =
(x0, T6, xp+1, ep+1, x0) is a Hamiltonian H-cycle, see Figure 6.11(a).

If p + 2 ≤ j < n, then T7 = (x0, g, xp, ep, xp−1, . . . , x1, e1, xj , ej , xj−1, . . . , xp+1, ep+1, xj+1,
ej+1, xj+2, . . . , xn) is an H-path. Since Exnx0 is a dynamic edge set and g ∈ A, there is an edge
en ∈ Exnx0 such that C = (x0, g, xp, T7, xn, en, x0) is a Hamiltonian H-cycle, see Figure 6.11(b).

x0 x1 xp−1 xp xp+1 xn−1 xn

g

ep+1

(a) If j = n.

x0 x1 xp xp+1 xj xj+1 xn

g

en

(b) If p+ 2 ≤ j < n.

Figure 6.11: Highlighted in yellow are the H-paths T6 and T7, respectively.

Subcase 2.2.3. For each j, where 2 < j ≤ p, at least one of Ex1xj or Exp+1xj−1 is not a
dynamic edge set, and for each k, where p + 2 ≤ k ≤ n, at least one of Ex1xk

or Exp+1xk+1
is

not a dynamic edge sets.

In this case, δdym(xp+1) ≤ (n−2)−(δdym(x1)−2) = n−δdym(x1). So, δdym(x1)+δdym(xp+1) ≤
n, a contradiction.

Therefore, G has a Hamiltonian H-cycle.

We think (but still we cannot prove) that the statement of Theorem 6.72 remains true if we
replace the condition δdym(x)+δdym(y) ≥ n+1 by δdym(x)+δdym(y) ≥ n. Moreover, we cannot
replace it by δdym(x) + δdym(y) ≥ n− 1, since we can H-color the multigraph G resulting from
the union of two K3

n that share a unique vertex, in such a way that every pair of parallel edges
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has different color, where H is a complete simple graph with at least three vertices. Thus, G
has no Hamiltonian H-cycle. Figure 6.12 shows an example of this construction.

G v1

v2

v3

v4

v5

v6
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Figure 6.12: G is anH-colored graph with n = 7 vertices such that δdym(x)+δdym(y) = 6 = n−1,
for every x ∈ {v1, v2, v3} and y ∈ {v5, v6, v7}, and there is no dynamic H-cycle of length greater
than 4.

Theorem 6.8. Let G be an H-colored multigraph with n vertices such that Gu is a complete
ku-partite graph, for every u in V (G) and for some ku, ku ≥ 2. If δdym(u) + δdym(v) ≥ n − 1,
for every pair of distinct vertices u and v of G such that Euv is not a dynamic edge set, then G
has a Hamiltonian H-path.

Proof. Suppose that G is an H-colored multigraph with n vertices such that Gu is a complete
ku-partite graph, for every u in V (G) and for some ku, ku ≥ 2, and δdym(u) + δdym(v) ≥ n− 1,
for every pair of distinct vertices u and v of G such that Euv is not a dynamic edge set.

Hence, dGdym
(u)+dGdym

(v) ≥ n−1, for every pair of non-adjacent vertices u and v in Gdym.
By Theorem 2.4, we have that Gdym has a Hamiltonian path, say P = (x1, x2, . . . , xn).

Then, P is a Hamiltonian path in G such that Exixi+1 is a dynamic edge set, for every
i ∈ {1, 2, . . . , n− 1}. Therefore, by Corollary 6.2, there exists a Hamiltonian H-path.

Theorem 6.9. Let G be an H-colored multigraph with n vertices such that Gu is a complete
ku-partite graph, for every u in V (G) and for some ku, ku ≥ 2. If δdym(u) + δdym(v) ≥ n + 1,
for every pair of distinct vertices u and v of G such that Euv is not a dynamic edge set, then
for every pair of distinct vertices x and y, there is a Hamiltonian H-path between x and y.

Proof. Suppose that G is an H-colored multigraph with n vertices such that Gu is a complete
ku-partite graph, for every u in V (G) and for some ku, ku ≥ 2, and δdym(u) + δdym(v) ≥ n+ 1,
for every pair of distinct vertices u and v of G such that Euv is not a dynamic edge set.

Hence, dGdym
(u)+dGdym

(v) ≥ n+1, for every pair of non-adjacent vertices u and v in Gdym.
By Theorem 2.5, we have that Gdym has a Hamiltonian path between any pair of different
vertices.

Therefore, by Corollary 6.2, there exists a Hamiltonian H-path between any pair of different
vertices in G.

Corollary 6.10. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u in V (G) and for some ku, ku ≥ 2. If δdym(u) ≥ n/2, for every u ∈ V (G), then G
has a Hamiltonian dynamic H-cycle with at most one change.

Corollary 6.11. Let G be an H-colored multigraph such that Gu is a complete ku-partite graph,
for every u ∈ V (G), and for some ku, ku ≥ 3. If δdym(x) ≥ (n+1)/2, for every x ∈ V (G), then
G has a Hamiltonian H-cycle.

Recall that a c-edge-colored multigraph can be represented as an H-colored multigraph if
H is a complete graph with c vertices and without loops. Moreover, if {e, f} ⊆ Exy, for some
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{x, y} ⊆ V (G), such that c(e) ̸= c(f) (i.e., e and f are parallel edges of different color), then
Exy is a dynamic edge set, by Observation 6.

Corollary 6.12. Let G be a c-edge-colored multigraph such that every vertex is incident to at
least two edges of different color. If at least one vertex is incident to at least three edges of
different color and, for every pair of distinct vertices x and y, δdym(x) + δdym(y) ≥ n+ 1, then
G has a properly colored Hamiltonian cycle.

Corollary 6.13. Let G be a c-edge-colored multigraph such that every vertex is incident to at
least two edges of different color. If δdym(x) ≥ (n + 1)/2, for every x ∈ V (G), and at least
one vertex is incident to at least three edges of different color, then G has a properly colored
Hamiltonian cycle.

Recall that in a c-edge-colored multigraph, say G, we say that NG
i (x) denotes the set of

vertices of G that are adjacent to x with an edge of color i. The ith degree of x, x ∈ V (G),
denoted by δGi (x), is equal to |NG

i (x)|, i.e., the cardinality ofNG
i (x). When there is no confusion,

for simplicity, we will write Ni(x) and δi(x) instead of NG
i (x) and δGi (x), respectively.

By the definition of δGi (x) it follows that if {e, f} ⊆ Exu for some u ∈ V (G), such that

e and f have the same color, then δG−e
i (x) = δG−f

i (x) = δGi (x). So, in what follows, we will
consider edge-colored multigraphs with no parallel edges with the same color. Therefore, if G
is an c-edge-colored multigraph, then |Euv| ≤ c, for every {u, v} ⊆ V (G).

Theorem 6.14. Let G be a c-edge-colored multigraph, c ≥ 3, with n vertices and |Euv| ≤ c− 1,
for every {u, v} ⊆ V (G). If for every x ∈ V (G), δi(x) ≥ n/2, for every i ∈ {1, . . . , c}, then G
has properly colored Hamiltonian cycle.

Proof. Suppose that G is a c-edge-colored multigraph, c ≥ 3, with n vertices, |Euv| ≤ c− 1, for
every {u, v} ⊆ V (G), and δi(x) ≥ n/2, for every x ∈ V (G) and for every i ∈ {1, . . . , c}.

Claim. δdym(x) ≥ (n+ 1)/2, for every x ∈ V (G).
Proceeding by contradiction, suppose that there is a vertex u ∈ V (G) such that δdym(u) =

k < (n+ 1)/2, then δdym(u) = k ≤ (n+ 1)/2− 1/2 = n/2.
On the one hand, since δi(u) ≥ n/2, for every i ∈ {1, . . . , c}, we have that d(u) ≥ cn/2, i.e.,

the number of edges incident to x is at least cn/2.
On the other hand, if Euy is a dynamic edge set, then 2 ≤ |Euy| ≤ (c−1). Otherwise, Euy is

not a dynamic edge set and 0 ≤ |Euy| ≤ 1. Then, d(u) ≤ (n−1−k)+(c−1)k = n−1+(c−2)k.
Therefore, d(u) ≤ n−1+(c−2)k ≤ n−1+(c−2)(n/2) = n−1+cn/2−n = cn/2−1 < d(u),

a contradiction.
Therefore, δdym(x) ≥ (n+ 1)/2, for every x ∈ V (G), and by Corollary 6.11, G has properly

colored Hamiltonian cycle.

We think (but still we cannot prove) that the previous theorem remains true, if we remove
the condition “|Euv| ≤ c− 1, for every {u, v} ⊂ V (G)”.

6.3 The auxiliary graph Gu

Throughout this chapter, as in Chapter 3, some theorems require that the H-colored multigraph
G satisfy the condition that Gu has to be a complete multipartite graphs, for every u in V (G).
Therefore, in this section we present different results and examples where this hypothesis is
fulfilled.

The following results follows immediately from the definition of Gu.

Proposition 6.15. If H is a complete multipartite graph and G is a multigraph without isolated
vertices, then for every H-coloring of G, Gx is a complete multipartite graph or it is an empty
graph, for every x in V (G).



6.3. THE AUXILIARY GRAPH GU 61

Proposition 6.16. If H is a complete multipartite graph with loop at each vertex, and G
is a multigraph without isolated vertices, then for every H-coloring of G, Gx is a complete
multipartite graph whenever dG(x) ≥ 2.

Corollary 6.17. If H is a complete graph with loop at each vertex and G is a multigraph without
isolated vertices, then for every H-coloring of G, Gx is a complete graph, for each x ∈ V (G).

The following construction given by Galeana-Sánchez et al. [25] shows how to obtain an
H-coloring of a complete simple graph K2n+1, where H is not a complete multipartite graph
and, for every x ∈ V (K2n+1), Gx is a complete multipartite graph.

Construction 1 (Galeana-Sánchez et al. [25]). Let n = 2k+1, Kn be the complete graph of or-
der n with set vertex {v1, . . . , vn}, and Hn a graph defined as follows: V (Hn) = {x1, x2, . . . , xn},
and xj is adjacent to xi, i < j, if and only if i = 1 or j − i ≤ k. Color the edges of Kn with the
following H-coloring:

c(vivj) =


x1 if vivj = v1vn

x⌈ i+j
2

⌉ otherwise.

An example of this construction is illustrated in Figure 6.13.
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Figure 6.13: An example of an H-colored complete graph.

The following result states that the edges of all graphs, except for odd cycles, can be colored
with two colors such that every vertex of degree at least 2 has at least one incident edge of each
color.

Lemma 6.18 (Bondy and Murphy [11]). Let G be a connected multigraph that is not an odd
cycle. Then G has a 2-edge-coloring in which both colors are represented at each vertex of degree
at least two.

Corollary 6.19. Let G be a connected multigraph. Then G has a 3-edge-coloring in which at
least two colors are represented at each vertex of degree at least two.
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Galena-Sánchez et al. [27] studied the existence of H-cycles in H-colored multigraphs,
where one of the hypotheses of the main theorem is that for every u in V (G), Gu is a complete
multipartite graph. They proved that for any multigraph G without isolated vertices and any
graphH with at least one edge, it is always possible toH-color G such that Gu is either complete
bipartite or an empty graph, for every u in V (G).

Theorem 6.20 (Galeana-Sánchez et al. [27]). Let H be a graph possibly with loops and G a
multigraph without isolated vertices. If E(H) ̸= ∅, then there exists an H-coloring c : E(G) →
V (H) such that Gx is a complete graph or it is a complete bipartite graph or it is an empty
graph for every x in V (G).

Corollary 6.21 (Galeana-Sánchez et al. [27]). Let H be a graph, without loops, such that
E(H) ̸= ∅ and G a multigraph without isolated vertices. If G is not an odd cycle, then there
exists an H-coloring of G such that Gx is a complete bipartite graph whenever dG(x) ≥ 2 for
every x in V (G).

In Figure 6.14, if we consider G as anH2-colored multigraph, then Gvi is a complete bipartite
graph, for every i ∈ {1, . . . , 7}. On the other hand, if we considerG as anH1-colored multigraph,
then Gvi is a complete kvi-partite graph, with kvi ≥ 3, for every i ∈ {1, . . . , 7}.

G

v1

v2 v3

v4

v5v6

v7

H1

B R

H2

B R

Figure 6.14

Let H be a graph possibly with loops, G a multigraph and c : E(G)→ V (H) an H-coloring
of G. We will say that c is a p-H-coloring of G whenever p = |Im(c)|, where Im(c) is the
image of c. The number of edges in a maximum matching of a multigraph G is called the
matching number of G, denoted by β(G).

Theorem 6.22 (Galeana-Sánchez et al. [27]). Let H be a connected graph, of order at least two,
without loops and G a connected multigraph of order at least two. For every p in {2, . . . , z+1},
with z = min{∆(H), β(G)}, there exists a p-H-coloring of G such that either Gx is a complete
bipartite graph or E(Gx) = ∅; for every x in V (G).

Theorem 6.23 (Galeana-Sánchez et al. [27]). Let H be a connected graph without loops and
G a connected multigraph, both of order at least two. If β(G) ≥ 3 and max{|NH(e)| : e ∈
E(H)} + 1 > ∆(H), then for every p in {3, 4, . . . , w + 2}, with w = min{max{|NH(e)| : e ∈
E(H)}, β(G)}, there exists a p-H-coloring for G such that either Gx is a complete bipartite
graph or E(Gx) = ∅ for every x in V (G).



Summary

The research work contained in this dissertation explores the existence of trails, cycles and
paths with restrictions in the color transitions and taking advantage of the existence of parallel
edges. The research started with the intention of finding some characterization of H-colored
multigraphs containing closed Eulerian dynamic H-trails with conditions similar to those in
Theorem 2.11. Although we did not succeed in obtaining such a characterization, we were able
to obtain several results such as a bijection between the set of closed dynamic H-trails in the
original graph and a subset of the cycles in LDym

n,H (G).

Subsequently, we carried out the previous study to a quite wide class of objects, called
digraphs, obtaining some similar results and some exclusive results for this class. For example,
the one-to-one correspondence is between the set of closed dynamic H-trails in an H-colored
digraph D and the set (not a subset) of directed cycles in LDym

n,H (D). This allowed us to
characterize a family of H-colored digraphs containing closed Eulerian H-trail. As a direct
consequence of this characterization, we obtained Theorem 4.10 and a generalization for c-arc-
colored digraphs. We also proved that the problem of determining the existence of an H-trail
starting with a given arc e and ending in a given arc f can be done in polynomial time. As a
consequence, we gave a polynomial time algorithm to find (if any exists) the shortest H-trail
from a vertex s to a vertex t in an H-colored digraph. Moreover, we showed that the problem
of maximizing the number of arc disjoint s− t H-trails in D can be solved in polynomial time.

Finally, we studied the existence and length of dynamic H-cycles in H-colored multigraphs
using the dynamic degree, that allowed us to extend some classic results for H-colored multi-
graphs. Also, we gave sufficient conditions for the existence of Hamiltonian dynamic H-cycles
in H-colored multigraphs with at most one “lane change”, and as a consequence, we obtained
sufficient conditions for the existence of properly colored Hamiltonian cycle in c-edge-colored
multigraphs, with c ≥ 3. Moreover, we improved the conditions given in Theorem 2.10 b) for
an infinitely family of multigraphs.

The main objective of this dissertation was to study of dynamic H-walks. In that sense,
this work opens a wider panorama where there are even more topics to be researched. Below,
we list a series of questions and open problems, some of them were stated throughout the text.

� Find a characterization of the H-colored multigraphs containing closed Eulerian dynamic
H-trails.

� In this work we considered dynamic H-trails without a restriction on the number of
changes between each pair of vertices. So, what happens if we ask that at most k changes
can be made?

� If we remove the condition “|Euv| ≤ c− 1, for every {u, v} ⊂ V (G)”, is Theorem 6.14 still
true?

� Study variations on the definition of H-walk, for example, ask that the succession of the
colors of the edges of the walk be a trail, a cycle or a path instead of a walk inH. Note that
if W = (x0, x1, . . . , xn) is a walk, in an H-colored graph, such that (c(x0x1), c(x1x2), . . . ,
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c(xn−1xn)) is a path in H, then W is a rainbow walk (that is a walk that has no two edges
of the same color).

As mentioned in Sections 4.4 and 6.3, several results presented in this dissertation are only
valid under the hypothesis that Gu (UDu) is a complete multipartite (union of complete
bipartite) graph.

� If we remove that hypothesis, what other conditions should we ask for H and G to obtain
the same conclusion?

� Given a multigraph G, a graph H and an integer p. Is there a possible way to H-color G
such that Gu is complete ku-partite graph, with ku ≥ p?
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Valdés, J. I. Some conditions for the existence of Euler H-trails. Graphs and Combina-
torics 35, 5 (2019), 1197–1208. DOI: 10.1007/S00373-019-02066-7/METRICS 9, 28

[27] Galeana-Sánchez, H., Rojas-Monroy, R., Sánchez-López, R., and Villarreal-
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end-vertices, 1

independent, 2

loop, 1

parallel, 1

edge set

dynamic, 51

edge-coloring, 3

graph, 1

Gu, 9

bipartite, 2

complete, 2

complete p-partite, 2

complete multipartite, 2

connected, 2

edge set, 1

69



70 INDEX

edges, 1
Hamiltonian, 2
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