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Chapter 1

Introduction

1.1 Background of the Problem

The notion of quasi-hereditary algebra and highest weight category were introduced and
studied by E. Cline, B. Parshall and L. Scott (8; 25; 28). Highest weight categories arise
in the representation theory of Lie algebras and algebraic groups. For the setting of finite
dimensional algebras, quasi-hereditary algebras were amply studied by V. Dlab and C.
M. Ringel in (9; 11; 12; 26). In addition, they introduced the set of standard modules
AA associated with an algebra A. In (26), C. M. Ringel studied the homological proper-
ties of the category F(pAA) of yA-filtered A-modules and constructed the characteristic
tilting module AT associated with F(,A). In (30), B. Zhu studied the triangular matrix
algebra A = [AT4 8] where T and U are quasi-hereditary algebras, and he proved that
under suitable conditions on M, A is a quasi-hereditary algebra.

On the other hand, B. Mitchell developed the idea that additive categories can be
thought as rings with several objects and he showed that a substantial amount of non-
commutative ring theory is still true in this generality (22).

Recently, R. Martinez-Villa and M. Ortiz studied tilting theory in arbitrary functor
categories, in (19; 20). They proved that most of the properties that are satisfied by a
tilting module over an artin algebra also hold for functor categories. Following the line of
the above mentioned works, M. Ortiz introduced in (24) the concept of quasi-hereditary
category to study the Auslander-Reiten components of a finite dimensional algebra A.
Similarly, as the standard modules appear in the theory of quasi-hereditary algebras,
the concept of standard functors appears in this context. We note that the notion of
standard functor is a generalization of the notion of standard module. As a consequence,
a connection is obtained between highest weight categories and quasi-hereditary cate-
gories as stated by H. Krause in (14).

Finally, the concept of the triangular matrix category is introduced in (15; 16), as
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the analogue of the triangular matrix algebra to the context of rings with several ob-
jects, and they obtain some applications to path categories given by infinite quivers, the
construction of recollements and the study of functorially finite subcategories in functor
categories.

The aim of this thesis is to show that the triangular matrix category A = [ 1\74 8],
where T and U are Hom-finite, Krull-Schmidt K-quasi-hereditary categories and M is
a U ® g TP-module that satisfies suitable conditions, is quasi-hereditary in the sense of
(15) and (24), generalizing some of the results obtained by B. Zhu in (30).

It is worth mentioning that recently in (18) similar results have been obtained in the
context of standardly stratified lower triangular K-algebras with enough idempotents.

1.2 Summary of results

In this thesis, we prove that the lower triangular matrix category A = [ ]\74 ﬁ], where T
and U are Hom-finite, Krull-Schmidt K-quasi-hereditary categories and M is an U Q@
T°P-module that satisfies suitable conditions, is quasi-hereditary. This result generalizes
the work of B. Zhu in his study on triangular matrix algebras over quasi-hereditary
algebras. Moreover, we obtain a characterization of the category of the pA-filtered
A-modules.

1.3 Thesis Outline

We outline the content of the thesis chapter-by-chapter as follows.

In Chapter 2, we recall basic results about K —categories, path categories, functor
categories, quasi-hereditary categories and triangular matrix categories.

In Chapter 3, that is part of (23), we give the main result of this thesis, see Theorem
3.4.1, which is a generalization of a result given in (30, Theorem 3.1), see 4.1.12, as
stated above, see Remark 3.4.7. Moreover, we obtain a characterization of the category
of the pA-filtered A-modules and we give an example a triangular matrix category A
which is quasi-hereditary with respect to certain filtration {A;};>0.

In Chapter 4, we provide a brief overview of quasi-hereditary algebras, outlining their
key concepts and significance in representation theory. The objective of this chapter is
to present Theorem 4.1.12; given by B. Zhu in (30, Theorem 3.1), which motivated
the development of the main results presented in the previous chapter. The results of
sections 4.1.1 and 4.1.2 are classical and were developed by C.M. Ringel in (26).




Chapter 2

Preliminaries

In this section, we will present a series of definitions and results, some of which are clas-
sical and for which we will not provide a proof, that will be essential for the development
of this work.

2.1 K-categories

Let’s begin by recalling some basic definitions to approach this work. The reader can
consult (1) and (6) for more details.

Let K be a field. A category C is a K-Category if for each pair of objects X and
Y in €, the set of morphisms C(X,Y) is equipped with a K-vector space structure such
that the composition o of morphisms in € is a K-bilinear map. A K-category € is called
Hom-finite if dimgC(X,Y) < oo.

A Krull-Schmidt category is an additive category such that each object decom-
poses into a finite direct sum of indecomposable objects with local endomorphism rings.

Let € be an additive K-category. A class I of morphisms of € is a two-sided ideal
in C if:

(a) the zero morphism Ox € C(X, X) belongs to I;
(b) if f,g: X — Y are morphisms in I and A\, u € K, then A\f + ug € I;

(c) if f € I and ¢ is a morphism in € that is left-composable with f, then go f € I
and

(d) if f € I and h is a morphism in € that is right-composable with f, then foh € I.

Equivalently, a two-sided ideal I of € can be considered as a subfunctor I(—, —) C
C(—,—) : C? x € — Mod K, defined by assigning to each pair (X,Y’) of objects X,
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Y of € a K-subspace I(X,Y) of C(X,Y) such that if f € I(X,Y), g € C(Y,Z) and
h € C(U,X) then gfh € I(U, Z).

Given a two-sided ideal I in an additive K-category C, the quotient category C/I is
the category whose objects are the same as the objects of € and the space of morphisms
from X to Y in C/I is the quotient space (C/I)(X,Y) = C(X,Y)/I(X,Y) of C(X,Y).
We can see that the quotient category €/I is an additive K-category, and the projection
functor 7w : € — C/I assigning to each f: X — Y in € the coset f+ I € (C/I)(X,Y) is

a K-linear functor. Moreover, 7 is full and dense, and Ker(r) = I.

The (Jacobson) radical of an additive K-category € is defined as the two-sided
ideal rade(—, —) in € given by the formula

rade(X,Y) ={h € C(X,Y) : 1x — gh is invertible for any g € C(Y, X)},

for all objects X and Y of C.

Tensor product of k-categories. Let C and € be K-categories. The tensor
product C® g €' is the category whose class of objects is Obj € x Obj €', where the set of
morphisms from (p1,q1) to (p2,¢2) is the ordinary tensor product C(p1, p2) ® €'(q1, ¢2)-
The composition

C(p1,p2) ® €'(g1,92) % Cp2,p3) ® €(q2,43) — C(p1,p3) ® €'(q1,g3)

is given by the rule ((f1 ® g1), (fo ® g2)) = (f2f1 ® g291). This composition is bilinear;
see (22).

2.2 Path Categories and Representations

A quiver is an oriented graph, formally denoted by a quadruple @ = (Qo, @1, s,t), with
a set of vertices Qg and a set of arrows (01, and two maps s,t : Q1 — Qo, called source
and target, defined by s(a — b) = a and t(a — b) = b, respectively, if « : @ — b is an
arrow in Q1.

A path of length [ > 1 from a to b in a quiver @ is of the form (a|ay,...,q|b) with
arrows «; satisfying ¢(a;) = s(a;41) for all 1 <i <[ and a = s(aq) as well as b = t(«y).
In addition, for any vertex a in Qq, a path of length 0 from a to itself is denoted by ¢,.

Given a quiver @), its path category KQ is an additive category, with objects being
direct sums of indecomposable objects. The indecomposable objects in the path category
are given by the set ()g, and given a,b € Qg, the set of maps from a to b is given by the
K-vector space with basis the set of all paths from a to b. The composition of maps is
induced from the usual composition of paths:
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(alag, ..., qq)b)(b| S, ..., Bsle) = (alaa, ..., 4B, ..., Bsle), (2.1)
where (alay, ..., q|b) is a path from a to b and (b|f1, ..., Bs|c) is a path from b to c.

Similarly, the path algebra of ) denoted by K@), is the K-vector space with basis
the set of all paths in @, and the product of two paths is defined by (2.1) if they are
composable, and it is zero if they are non-composable.

In K@, any ideal I is generated by a set of paths {p;|i}, that is I = (p;|i ). Let I
be an ideal in K@, then given a pair of finite sets of vertices {X;}7;, {Y;}L; we set
I(B, Xi, @71Y)) = {(fij) € KU, Xy, ®FL,Y;)|fij € I} This allows us to define an
ideal J in KQ, and we refer to it as the ideal generated by I. If I C K( is generated by
the set of paths {p;|i}, we say that J is generated by the set {p;|i}.

The ideal generated by all arrows is denoted by KQ*. Note that (KQ™)" is the
ideal generated by all paths of length > n. Given vertices a,b € Qg, a finite linear
combination ), ¢,w with ¢,, € K where w are paths of lengths > 2 from a to b is called
a relation on Q. Any ideal I C (KQ%)? can be generated, as an ideal, by relations. An
ideal I C KQ is called admisible if it is generated by a set of relations. We then say
that an ideal J in KQ is admissible if it is generated by an admissible ideal in KQ.

A representation of a quiver @ is a pair V = ((Vi)icQ,, (Va)ac@, ), where each
element of the family {V;}icq, is a vector space and V, : V(@) = Vi(a) is & K-linear map.
Let V and W be two representations of ). A morphism from V to W is a family of linear
maps f = (fi : Vi = Wj)icq, such that for each arrow o : i — j we have f;V, = Wo f;.
We denote by rep @ the abelian category that has as objects the representations of @)
and as morphisms just the morphisms of representations.

Let p = (alou, ..., oq|b) a path in @, we set V, =V, 0---0V,,. Let I C KQ be an
ideal, we then say the representation V' is bounded by [ if V, = 0 for all p € I. The full
subcategory of rep ) consisting of representations bounded by I is denoted by rep (@, I).

Let @ be a quiver. For x € Qg, we denote by 2 and 2~ the set of arrows starting
in x and the set of arrows ending in z, respectively. Recall that = is a sink vertex or
a source vertex if 27 = () or = = ). One says that @ is locally finite if ™ and 2~
are finite sets and interval finite if the set of paths from x to y is finite for any x,y € Qq.

For short, we say that Q is strongly locally finite if it is locally finite and interval
finite. In particular, () contains no oriented cycle in case it is interval finite. Note that
under these conditions, if @) is a strongly locally finite quiver, the path category KQ is
a Hom-finite Krull-Schmidt K-category; see (7).
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2.3 Functor Categories

Recall that a category C is said to be skeletally small if it has a small dense subcate-
gory € see (2). Let € be a Hom-finite Krull-Schmidt and skeletally small K —category.

The abelian category (C, Ab) is the category of all additive covariant functors from
C to the category of abelian groups, which we will call C-modules. Given two C-modules
F and G, the set of morphisms Hom e ap)(F, G) is denoted simply by Home(F, G). Fol-
lowing (2; 3), (€, Ab) is denoted by Mod(C).

A C-module M is finitely presented if an exact sequence P, = Py — M — 0 of
C-modules exist where Py and P; are finitely generated projective C-modules. We recall
that a C-module P is finitely generated projective if P is a direct summand of a
finite coproduct of representable functors.

We denote by mod(C€) the full subcategory of Mod(C€) consisting of finitely presented
C-modules. Let M be a C-module, so each C' in € the abelian group M (C') has a struc-
ture as a Ende(C)-module and hence as a K-module since Ende(C) is a K-algebra.

We denote by (€, mod K) the full subcategory of Mod(C) of all C-modules such that
M(C) is a finitely generated K-module. The category (€, mod K) is an abelian cate-
gory with the property that the inclusion (€, mod K) — Mod(C) is exact and contains
mod(C) as a full subcategory.

Let @ be a quiver and I be an ideal I C K@Q. Set € = KQ/7J. Then each represen-
tation V. = ((Vi)ieqy» (Va)aecq,) in rep (Q,I) defines a C-module V' in (€,mod K) by

setting V(i) = V; and V() = V.

In general, the functor D : (€,mod K) — (€%, mod K) given by
D(M)(X) =Homg(M(X), K)

for all X in € defines a duality between (€, mod K) and (C°?,mod K), and we refer to
it as the standard duality.

According to M. Auslander, see (2), there exists a unique functor, up to isomorphism,
— ®e — : Mod(C?) x Mod(C) — Ab, called the tensor product, with the following
properties:

(a) (i) For each C-module N, the functor — ®e¢ N : Mod(C?) — Ab, given by
(— ®e N)(M) = M ®e N is right exact. For each C-module N, the functor
— ®e N : Mod(C?) — Ab, given by (— ®e N)(M) = M ®¢ N is right exact.
(ii) For each C°’-module M, the functor M ®e — : Mod(C) — Ab, given by
(M ®e —)(N) = M ®¢ N is right exact.
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(b) The functors — ®e¢ N : Mod(C?) — Ab and M ®e — : Mod(C) — Ab preserve
arbitrary sums.

(c) For each object C € €, (C,—)®e N = N(C) and M ®¢ (—,C) = M(C).

Now we will see an important pair of adjoint functors. Given a subcategory € of €,
the restriction functor is defined as

res: Mod(C) — Mod(C)
res(M) := Hompypae)(—, M)

e/?
which has a right adjoint
F : Mod(C') — Mod(C)

FM)(C) = (C, —)ler @er M,
for all M € Mod(€') and C € €, see (2). This is also called tensor product and is
denoted by C®e : Mod(C") — Mod(C).

Proposition 2.3.1. (2, Proposition 3.1). Let € be a full subcategory of C. The functor
C®er : Mod(C') — Mod(C) satisfies the following properties:

(a) C®er is right exact and preserves arbitrary sums.

C®er res . . .
(b) The composition Mod(C) e Mod(C) —= Mod(C') is the identity on Mod(C").

(¢) For each object C' € C, C®e C'(—,C") = C(—,C").
(d) C®e is fully faithful.

(e) CRe preserves projective objects.

The functor M € Mod(C) is said to be projectively presented over €' if there exists
an exact sequence

Hie] (-, Cz/) - Hje] C(—, CJ/) —M—0,

with C},C} € €. The category C ®¢ Mod(C'), is the subcategory of Mod(€C) whose
objects are the functors projectively presented over €. Moreover, the functors res and
C®e induce an equivalence between Mod(€') and € ®e Mod(C').

Proposition 2.3.2. (2, Proposition 3.2). Let C'be a full subcategory of the skeletally

small category C. The following conditions are equivalent for a C—module M.
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(a) The canonical morphism C ®e (M|e) — M is an isomorphism.
(b) There exists an exact sequence
[Tics €(=, Cl) — HjeJ (-, CJ/') — M —0,

of €—=modules, with C; and C} in the subcategory C'.

2.4 Triangular Matrix Categories
In this section we recall some results from the article (15). The notion of triangular ma-

trix categories is introduced in (15; 16) in order to define the analogous of the triangular
matrix algebras to the context of rings with several objects.

Definition 2.4.1. (15, Definition 3.5) Given T and U additive K-categories and a func-

T 0
tor M : U ®kg TP — Mod(K), the triangular matrix category A = is the
M U
T 0
additive K-category whose collection of objects are the matrices , where U
M U
and T are objects in U and T, respectively.
T 0 T 0 T 0
Let X = , X' = and X" = be objects in A. The set
M U M U M U’
T(T,T") 0
of morphisms from X to X' is A(X, X') = , where

MU', T) WU,U"

TT,T) 0 f o / , ,
= cfeT (T, T),g e WU, U),me M(U,T) ;,
MU', T) WU,U) m g

and the composition A(X’, X”) x A(X, X") — A(X, X") is defined by
fa 0 fi 0 fao fi 0
H
ma g2 mi g1 moletfi +g2om1 g2oq

with mq e fl = M(lUH X ffp>(m2> and go e my 1= M(gg X lT)<m1).

‘We note that
M(lU// X ffp) : M(U”, T/) — M(U”, T),
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M(QQ 02y 1T> : M(Ula T) - M(Uﬂa T)

are morphisms in Mod(K).

The triangular matrix category A is a preadditive category and, furthermore, it
satisfies the following property.

Proposition 2.4.2. (15, Proposition 3.7) If W and T have finite coproducts, then the

T
triangular matriz category A = has finite coproducts.

M U

Moreover, in (15), the authors compute the radical of the category A.

Proposition 2.4.3. (15, Proposition 3.8) Let U and T be preadditive categories and

T 0
M € Mod(U ® T°P). Consider the category of triangular matrices A = LIt

M U
follows that

T 0 T 0 rads(T,T") 0
radp , =
M U M U MU, T) rady(U,U")

t 0 c rad T 0 7 0
m ou) M\ \vw v)\m v) )
and let ¢ : T/ — T and v’ : U' — U be morphisms in T and U espectively. Consider
t 0 cH T 0 T 0
0 o o\ v)\m u))e
’ Y
Then lr 0 (¢ 0, E0y _ lT, b 0 , | is invertible in A and
0 1y 0 u m u —u'em 1y —uu

therefore 17 — 't and 1y — v/u are invertible in T and U respectively. From this, we
conclude that ¢t € rads(T,T") and u € rady(U,U").

Proof:

For the other inclusion, let t € rads(T,T"), u € rady(U,U’) and m € MU', T). We

assert that
t 0 c rad T 0 T 0
m u A \\pou )\ v ) )
t 0 cH T 0 T 0
m' o\ v)\wm o u))

Indeed, let
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Since 1p — 't and 1y — «/u are invertible, there exist t” € Homg(T,T) and U” €
Homy (U, U) such that

(1p =ttt =t"(1p — t't) = 1, and (1y —d'u)u” =u"(1y —v'u) = 1p.

Let m” :== u" o (m' et +u em)et’" € M(U,T). Since (1y — v'u)u” = 1y and
t"(1p — t't) = 1p we have that

()G I 2)-
(5 0)~ (wedvnm ) (e 1))

(

(om0 ) (G 2))

_ < (1p — t't)t 0 >
(

—(m et+u em)et’ + (1y —u'u) em” (1y — v'u)u”

17 0
—(m'et+u em)et’" + (1y —v'u)em” 1y

(17 0
o 1)’
where the final equality is due to
(m'et+u em)et’ =1y e ((m et+u em)et”)
= ((ly —dw)u") o ((m' ot +u em) et”)
=1y —du)e (u" e (m'et+u em)et”)

=1y — v'u) em”.

On the other hand,

(G )0 )-

(o)) (7 10) (oo )
(ERNE

(o

" O lT—tt 0
m!” ot+u om) 1U—u’u

t"(1p — t't) 0 >

m"e(lp —t't)—u" e (m et+u em) u'(ly —u'u)

17 0
m" e (lp —t't) —u" e (m et +u em) 1y

10



2.4 Triangular Matrix Categories

(17 0
- \0 1y)’
where the last equality is a consequence of

u o (m' et +u em) ( "o (m ot+u'om))01T

= (u" o (m' ot +u' em)) e (t"(1r —t't))
(m' et +u em)et”) e (lp —t't)

(1T_tt)

m
Thus, (¢ °) € rad ted n
US, m u raapn M U/ asS we wanted.

Let M € Mod(U ®x T). Then, there exists a covariant functor

- e

E : T — Mod(U)?
defined as follows:

(a). For T € T, we have a covariant functor E(T") := M : U — Ab given as:
(i) Mp(U) := M(U,T), for all U € U.
(il) Mp(u) := M(u® 17), for all u € Homy (U, U").

(b). Now, given a morphism ¢ : T — T” in T we define the natural transformation
E(t) :=t : Mp — My where t = {[tly : Mp(U) — Mp(U)}yey with [ty =
M(1ly @ t°?) : M(U,T") — M(U,T).
Now, let
Y : Mod(U) — Mod (Mod(U)O”>

be the Yoneda functor given as follows Y (B) := Homyjqq)(—, B); and consider the
following functor

I:Mod (Mod(U)°p> s Mod(T),
which is induced by composing with E : T — Mod(U)?. We set
G:=10oY :Mod(U) — Mod(7).
Hence we have the comma category (Mod(‘J’), G(Mod(U)));

i) whose objects are the triples (A, f, B) with A € Mod(T), B € Mod(U), and f :
A — G(B) is a morphism of T-modules.

11



2. PRELIMINARIES

ii) A morphism between two objects (A, f, B) and (A4’, f, B') is a pair of morphism
(o, B) whereaw : A — A’ is a morphism of T-modules and 5 : B — B’ is a
morphism of U-modules such that the diagram

Ao u
fl lf’
G(B) 55 G(B)

commutes.

Now, given (A, f, B) € (Mod(‘J’), GMod(U)), we can construct a functor
Ally B: A — Ab

defined as follows:

(a) For L\:’; g] € A we set (A1l B) (G’; 3)) .— A(T)T1 B(U) € Ab.

t 0 T 0 7 0
(b) If <m u> € Homp <<M U> , <M U’)) we define the map

<A 11 B) ((t 0>> = <A 2 B?u>>  A(T) L B(U) — A(T') 11 B(U")

m u m

. Alt) 0 A A(t)(z) e

given by ( m B(u)) (y) = (mx—l—B(u)(y)) for (z,y) € A(T) I B(U),
where m - x := [fr(z)]y(m) € B(U').

We define f : (Mod(T), G(Mod(W))) — Mod(A) as f((A, 7, B)) — AIl; B and it is a

covariant functor (see (15, Proposition 3.12)). We have the following Theorem.

Theorem 2.4.1. (15, Theorem 3.17) There exists an equivalence of categories
f: (Mod(T), G(Mod(U))) — Mod(A).

Hence, given a A-module C, there exists a pair of functors CV) : T — Ab, C? :

U — Ab and CM —f>G(C(2) ) such that §((CW, f,C®?))) = C, where we have that

c(T :c((T/ O)) and C(U") :C((O 0))
M 0 M U

Now, we have the following Proposition.

12



2.4 Triangular Matrix Categories

Proposition 2.4.4. Let C € Mod(A) and consider CV) : T — Ab and C? : U — Ab

and ) Lo G(C® ) such that ((CV), f,CP)) = C. Suppose that there exists exact

Sequences

T(Ty, —) —= T(Tp, —) oW 0, To,Th €T and

U(Ul,—)HU(Uo,—) 0(2) 0, Uy, U; €U

Then there exists an exact sequence in Mod(A)

T 0 Ti 0
A ' y T > A ‘ s f((c(l),f’C(Z))) ? O?
M U M Uy
T; 0
where Pj := A ,— | is a projective A—module for j =0,1.
M U;
Proof:
It is similar to the proof of (15, Proposition 6.3). [ |

Proposition 2.4.5. (15, Proposition 5.5) The subcategory proj(Mod(A)) of Mod(A)
consisting of finitely generated projective A-modules is equivalent to the subcategory of

(Mod(‘J’), GMOd(U)) consisting of morphism of T-modules
g:T(T, ) — G(MT T U(U, —))

given by g := {[Q]T' (T, T") — Homygoqq) (M, MrIIW(U, —)) }T,g; with [g]7/(t) ==

t
: My — My TTW(U, =) for allt € T(T,T"), where for U' € U, the map

0 0
U/

” (m) := (M(1y ® t7)(m),0) =
U

t
MU, T - MU', T)DWU,U') is defined by |:|:
0

(met,0),Yme MU' T).
Proposition 2.4.6. (15, Proposition 5.6) A sequence of maps

0 (A4 £.B) "2 5. 8) R By 0

13
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is exact in (Mod(fT), (G(Mod(l())) if and only if the following are eract sequences

0 A2 A 25 A 0,

0—>p-Lop _Popr_ g

in Mod(T) and Mod(U) respectively.

The following results are also available.

Lemma 2.4.7. (15, Lemma 6.6) Let U and T be K —wvarieties that are Hom— finite, and
suppose that M € Mod(U @k TP) satisfies My € mod(WU), for allt € T. Then

T 0 Homg(T,T) 0
M U MU, T)  Homy(U,U)

is an Artin K—algebra.

Proposition 2.4.8. (15, Proposition 6.8) Assume that T and U are additive categories

with splitting idempotents. Then A is also an additive category with splitting idempotents.

(o ) (o 0) = e 0)

be an idempotent morphism with ¢t € Homg(T,T), uw € Homy(U,U) and m € M (U, T).

Then,
t 0\ _ [t 0\ [t 0)_ t2 0
m u) \m u)\m uw) \met+uem w2/’

Thus, m =met+uem = M(ly @t?)(m) + M(u® 17)(m), t> = t and u? = .

Proof:
Let

Let 4 : L — T be the kernel of the endomorphism ¢t : 7' — T and v : K — U
be the kernel of the endomorphism w : U — U, which exist since U and T have split
idempotents.

Then 0 = ¢t and therefore 0 = M (1y ® (tp)?) = M(1y @ u?) o M(1y ® t°P). From
which we have

0= (M(1y @ u) o M(1y @ t)) (m) = (m e t) e .

14
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Therefore,

mepu=met+uem)eu=(met)eu+(uem)eyu=_(uem)euc M(U,L).

7 0N (L O T 0.
We assert that (—mO,u y) : (M K> —>(M U is the kernel of

t 0\ (T © R T 0
m u) \M U M U)°
Indeed, first let’s see that
t 0 " 0\ ti 0\ ti 0
m u)\-meu v) \meput+ue(—meu) uv) \meu—ue(mepyu) uv
B tu 0y (0 O
" \mepu—(uem)ep uv) \0 0)°

, . a 0 T 0
Let’s consider now <n 5) : <M U’)

T — T and 3 : U’ — U, such that

6 0) =G ) G 5) = (aeaFuen )

Then, mea =—uen e M(U,T).

T 0\ . N
— (M U) with n € M(U,T"), « :

Let’s take v : K — U, and we have ve (mea) =ve(—uen) e M(U,T").

/ !
We want a morphism <a, 0> : (T 0> —
m

/B/ M U/
such that

(r 5) = e ) (v ) = (Comonfowsvam o)

For this, we consider v/ : K/ — U the kernel of 1y — u. Since idempotents split, we
have U ~ K’ ® K with v: K — U and v/ : K’ — U being the natural inclusions. In
particular, there exists p: U — K and p’ : U — K’ such that

L o\ .., ,
(M K> with m" € M(K,T"),

ly =vp+ Yy, pr =1k, PV =1k

It can be seen that u = v/p’. From this we have that n = v(pen) + v/(p' en). We
let m' :=pen € M(K,T'). Then we have

(_(m°ﬂ))’a/:—(m°(ﬂoal))=—(m0a) =uen.
On the other hand,

vem'=ve(pen)=n—1ve(pen)=n—(Veplen=n—-uen.

15
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Therefore,
(~(mep)ea’) +vem =n,

/ /
oy o o 0\ (17 0 L 0.
and a = pa’ and f = vf" . Thus, we prove that (m’ 5’) : (M U’) — <M K) s

the desired morphism.

1

Now, for uniqueness, suppose that <m" ) is such that

0
6//

(memto s vemt o) = (oo uemn o) = (0 5):

We then have o/ = o’ and 8’ = 3” and thus vem’ = vem”. Composing withp : U — K
we have

m' =1gem' = (pov)em' =pe(vem')=pe(vem”) = (pov)em’ =1 em”" =m".

This proves uniqueness, thereby concluding the proof, i.e., A is a category with splitting
idempotents. |

Proposition 2.4.9. (15, Proposition 6.9) Let U and T be Hom— finite K —varieties wich
are Krull—Schmidt and M € Mod(U ®xk T) satisfies that Mr € mod(U) for all T € 7.
Then,

T 0
(a) A= is a Hom—finite K—wvariety and Krull—Schmidt, and
M U

(b) mod(A) is also a Hom—finite K—wvariety and Krull—Schmidt.

Proof:

(a) By Lemma 2.4.7, we have that

B T 0\\ _ (Homs(T,T) 0
I'= Endy <<M U)> - ( MU, T)  Homy(U, U))’
T 0
M U
Since U and T are Krull—Schmidt, we have by (13, Corollary 4.4), that U and

T have splitting idempotents. Furthermore, by Propositions 2.4.2 and 2.4.8, we
have that A is an additive category with splitting idempotents. Therefore, also by

Corollary (13, Corolario 4.4), A = (]\‘Z ,3) is Krull—Schmidt.

is an Artin K —algebra for every ( > € A and therefore semiperfect.
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(b) This follows from part (a) and from (21, Proposition 2.4).

2.5 Quasi-hereditary Categories

In this section, we provide some results given by M. Ortiz in (24) that will be essential
for the development of the main results that we will obtain in this thesis.

From now on, we will consider K to be an algebraically closed field. We will also as-
sume that every subcategory B of € is closed under finite direct sums and isomorphisms.

For each E € B, a function kg : ObC — N is defined by kg(X) := dimg C(E, X).
Let {g1, -+, 9ku(x)} be a K-basis of C(E, X). Ortiz defines the following morphism of
C-modules for every C' € C,

) e, B)FE™) 5 e(C, X),
kp(X)
(91, Gp(x)) = Z figi-
=1

Then, the induced morphism is given by
(E,X) . _ mke(X) _
((p )Eeg.]ge( L E)EE) 5 e(—, X).

Recall that
TT{G(*,E)}Eege(_7 X) = Z {Im¢ | ¢ € HomMod((‘f)(e(_7 E)? G(—, X))}
{€(=E)}Ees

is the largest subfunctor of C(—, X) generated by {C(—, E)} pes.

Let B be a full additive subcategory of €. Given C,C’ € €, we denote by Is(C,C")
the subset of C(C,C") consisting of morphisms which factor through some object in
B. Then, we can define a two-sided ideal Iz(—,?). The following lemma relates the
ideal I(—,?7) with the trace T'r{e(— g)} . €(—, X) of the family of projective C-modules
[€(~, B)}bpes in €(—, X).

Lemma 2.5.1. (24, Lemma 3.1) Let (cp(E’X))E@B Hges C(—, B)rr(X) — (-, X) be

the morphism defined earlier. It follows that,

Im (w(E’X)> =Trie(=,B)}pes C(— X) = I3(—, X).

Eec3B

17
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Proof:
For every E € B we assert that Im ((QD(E’X))Eeﬁ) = Z Im(€(—, f))

fee(e,x)
FEeB

Let {f1, -+, fup(x)} be a K-basis of C(E, X). Then,

kp(X)
Im ((@éE,X))EeB) - { Z figi | 9: € C(C,E), E € B} .

i=1
On the other hand, we have that

3 Im(e(—,f)c): 3 Im(e(c,f))

fee(e,x) fee(e,x)
FeB FEecB

{Z gs’fseeEX) QSGG(C’E) EEB,m>1}.

It follows that I'm ((@(E’X))E€3> C Z Im(C(—, f)) For the other inclusion,
fee(B,Xx)
EeB
o ke(X)
let us consider the morphism f; = Z ¢isfis ¢is € K en C(E, S). Then it follows that
i=1
mo m ke (X) kp(X) m
Zfs.gs = Z Z cisfi | 9s = Z fi <Zcis> .
s=1 s=1 =1 =1 s=1
From which it follows that Z Im(€(—, f)) € Im ((QD(E’X)> ), as we wanted.
—~ EeB
fee(E,x)
EeB

We assert that for every E € B, Im ((w(E’X))Eeg) = Tr{e(=,E)} pes C(—, X). Indeed,
by the Yoneda lemma and the previous assertion, we have that

Trie(-.5)) pen €= X) = > Im(3)
peHom pr04(e) (€(—,E),C(—=,X))
{e(_vE)}EE‘B
= ) = (E,X)
X I ) =1m((59) ).
Fee(B,X)
EeB
Finally, we observe that f € I'm ((go(E’X))Eeg) (C) if and only if f € I3(C, X). |

18



Chapter 3
Triangular Matrix Categories Over

Quasi-hereditary Categories

The class of quasi-hereditary algebras was introduced by E. Cline, B.J. Parshall, and
L.L. Scott, and is defined through a given order on the indecomposable projective mod-
ules via a very special chain of ideals. They have been extensively studied since the late
1980s; see (8; 25; 28). They also appear in the study of Algebraic Groups, Lie Algebras,
Highest-Weight Categories, Invariant Theory, Algebraic Geometry, and certain homo-
logical properties in finite-dimensional associative algebras over a field.

Another way to view this class of algebras was provided by V. Dlab and C.M.
Ringel (9; 11; 26), who first introduced the class of standard modules associated with a
finite-dimensional K-algebra A. This class was fundamental in the application of quasi-
hereditary algebras in Representation Theory.

C.M. Ringel also studied the homological properties of the category of filtered A-
modules, F(pA), for a quasi-hereditary algebra A. In this way, he establishes a rela-
tionship between quasi-hereditary algebras and Tilting Theory, through a tilting module
that he calls characteristic.

In (24), Ortiz introduces the notion of a quasi-hereditary category, which will be the
main concept upon which we will develop this chapter. Therefore, in this section, we aim
to present some of the main definitions and results outlined in (24). With these tools,
we will be able to extend the main results obtained by Zhu in (30) for quasi-hereditary
algebras to the category Mod(C).

In (30, Theorem 3.1), B. Zhu finds certain conditions for the triangular matrix al-
gebra to be quasi-hereditary. Following these ideas, we generalize this result to the
context of functor categories. Specifically, as seen in (23), we prove that if U and T
are quasi-hereditary Hom-finite and Krull-Schmidt categories with respect to the filtra-
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CATEGORIES

tions {U; }o<j<n and {T;};>0 of U and T, respectively, which consist of additively closed

subcategories and Mr € F(yA) for every T' € T, then it follows that A = ( ]\:2 3) is

quasi-hereditary with respect to a certain filtration {A;}j > 0, which we construct from
the filtrations {U; }o<j<n and {7T;};>0. Furthermore, we obtain a characterization of the
category of filtered A-modules pA.

3.1 Quasi-hereditary Category respect to a Chain of Two-
sided Ideals

Assume C is a Hom-finite Krull-Schmidt K-category. In order to generalize the notion
of quasi-hereditary algebra to K-categories, the notion of heredity ideal and heredity
chain is introduced in (24).

Remark 3.1.1. We note that definition of quasi-hereditary category in (24, Definition
3.4) is given for contravariant functors; however, by considering the opposite category
C° we have that contravariant functors over C° coincide with covariant functors over

C. So, we can translate all the results in (24) to the setting of covariant functors.

To begin, we need to provide a series of important definitions, starting with the
notion of Heredity Ideals in C.

Definition 3.1.2. A two-sided ideal I in € is called (left) heredity if the following

conditions hold:

(i) I? =1, i.e, I is an idempotent ideal;

(ii) Irad €(—,?)I =0, and

(iii) I(X,—) is a projective finitely generated C—module for all X € C.
Definition 3.1.3. A chain of two-sided ideals

O=ILchLC---CC(—,7),

is exhaustive if U I; = €(—,7). The category C is called quasi-hereditary if there
exists an exhausti]veejchain {I;}jes, where J is at most countable, of two-sided ideals

OZI()C11C"'C€(—,?),
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such that Ijli - s heredity in the quotient category I]% Such a chain is called a heredity

chain.

Remark 3.1.4. (a) We note that we consider exhaustive chain of ideals because as in
the classical case, we need to reach C(—,?) in some way and if the set J is infinite

we can do that by requiring the equality |J I; = C(—,7).
Jj€J

(b) In the spirit of the Remark 3.1.1, we should have called left heredity ideal and left
quasi-hereditary category to the notions given above for covariant functors and
the notions given for contravarian functors in (24) should have been called right
heredity ideal and right quasi-hereditary category. However, in order to avoid

overloading the notation we will not write the left adjective in all those notions.

(c) By Remark 3.1.1 we have that C is quasi-hereditary in the sense given above if and

only if € is quasi-hereditary in the sense of (24).

Recall that, if B is a full additive subcategory of €, and given C,C’ € €, we denote
by Iz(C,C") the subset of €(C,C") consisting of morphisms which factor through some
object in B. This allows us to define the two-sided ideal I(—,?) which is an idempotent
ideal in C.

Moreover, we denote by Trie(g, ) C(X, —) with X € €, the trace of {C(E, —)}pes

in (X, —), that is,

Tr{e(,)) e €(X,—) =_{ Im() ¥ € Homugoa(e(C(F,—), €(X,-)), B €B .

By the covariant version of 2.5.1, we have that:

}EE‘B

Lemma 3.1.5. Let B be a full additive subcategory of C. Then for X € C we have that:

Trie(r, )} pes C(X; —) = I5(X, —).

3.2 Quasi-hereditary Category respect to an Exhaustive

Filtration

Previously, we gave a definition of quasi-hereditary category respect to a chain {I;},cs
of two-sided ideals. Now, in order to produce a chain of two sided ideals of € we will
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need a filtration of the category €. So, assume we have an exhaustive filtration
{0} =B B CByC---CC

of € into additive full subcategories (that is, Uj>0B; = € ). We then have an exhaustive
chain of two-sided idempotent ideals:

{O}ZIBO CIBI C "'IBj_l Cfgj C"‘Ce(—,?).

Iy,
Note that IBBJ is an idempotent ideal in the quotient category o
i—1 j—1

are idempotents in € and

since I, and Ig,;_,

< 2, >2 Iy, Iy _ I%j tis, Iy,

IB]',1 IB]',1 I'Bj,1 I'ijl I'ijl

The above motivates us to introduce the definition of quasi-hereditary category re-
spect to an exhaustive {B;};>¢ filtration of C.
Definition 3.2.1. (24, Definition 3.4 (b)) Let € be a Hom-finite Krull-Schmidt K-
category. Assume that {B;};>0 is an exhaustive filtration of € into full additive subcat-

egories. We say that € is quasi-hereditary with respect to {B;};>0 if
{0} = IBO Clp, C "‘IBj,l - IB], c---C G(—,?)
is a heredity chain.

Remark 3.2.2. (a) We note that the advantage of using the Definition 3.2.1 instead
of the more general definition of quasi-hereditary category given previously, is that
exhaustive filtrations are easier to compute than idempotent ideals in general, and

exhaustive filtrations induce an exhaustive chain of idempotent ideals.

(b) Now, by (24, Lemma 3.9) we can see that if rad®*(€) = 0 then all idempotent
ideals of € are of the form Ip for some additive subcategory of C; and hence all
the exhaustive chains {I;};>¢ of idempotent ideals are constructed in this way.
Unfortunately, there are categories where all the idempotent ideals are not of the

form Jg for some B.

For example, if A is a wild algebra over an algebraically closed field, then the trans-

finite radical rad* is not zero (see (29, Proposition 4)) and rad* is an idempotent
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3.2 Quasi-hereditary Category respect to an Exhaustive Filtration

ideal of mod(A) which does not contain any identity morphisms (see (29, Lemma

1)); and hence it is not of the form Jp.

Let B be an additive subcategory of €, we denote by add(B) the full subcategory of
C whose objects are the direct summands of finite coproducts of objects in B.

A subcategory B of € is closed under direct summands if add(B) = B. Let B be
an additive subcategory of €, we denote by Ind(B) the class of all the indecomposable
objects belonging to B.

Let’s consider the following result that we will need later in 3.2.1.

Lemma 3.2.3. (24, Lema 3.5) Consider a pair of subcategories B C B’ C €, closed
Iy (—,X)

under direct summands and isomorphisms. Then T =X 1S a projective %—module if
and only if it is isomorphic to I(;(;%), for some B’.
Proof:

Assume that II'{;'((__?)) is a projective %—module. Then there exists an isomorphism

of %—modules
C(—, E) Ip (-, X)
: — .
PIs(—E) Is(—X)

It remains to show that E € B’.

Set

f g Iy (E,X)

1 I3(E,E))=|( E—=B —X I3(B, X) € ————=

eulls + 1s(5.5) = ( )+ (B0 € P55
with B’ € B’. Let’s prove that 1g € Iz (E, E).

Indeed, we have the following commutative diagram:

C(B,E) PB' Iy (BX)
IB(BlvE) IB(B/vX)

e(/.5) 1y (£,X)
Ip(f.E) Ig(f.X)
C(E,E) 9B Iy(E,X)

I (E,E) Is(E,X) °

Thus,
Ig/(f, E)
IB(f: E)

Let h € @(B', E) such that g/ (h+ I3(B', E)) = (9 + I3(B’, X).

(9+13(B', X)) = vp(lp + Is(E, E)).
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By the commutativity of the diagram, we have that

e/, E)

IB(fa E)

Then, since B C B’ it follows that 1y — hf € Ig(E,E) C Ig(E,E). Thus,
1p € Ig/(E,E) since hf € Ig/(E,E). Therefore, there exist morphisms v € C(B”, E)
and v € C(E, B") with B” € B’ such that 15 = vu. Thus, u is a split monomorphism
and E is a direct summand of B”, i.e. E € B’.

(h+ Ig(B',E)) = hf + I3(E,E) = 15 + I3(E, E).

The other implication is immediate since % is a projective %—module for every

Ec®B. u
The following result given in (24) will be useful in the remainder of this work.

Theorem 3.2.1. (24, Theorem 3.6) Let C be a Hom-finite Krull-Schmidt K -category
and let {B;} ;>0 be a family of closed under direct summands additive subcategories of C.
Suppose that {B;}j>0 is an exhaustive filtration of €. Then C is quasi-hereditary with
respect to {B;}j>0 if and only if the following conditions hold:

(i) rade(E,E') = I, ,(E,E'), for all E,E' € Ind B; —Ind B;_1 ;
(ii) and for all X € C and j > 1, there exists an exact sequence
C(—, Ej—1) —=C(—, Ej) —I3,(—, X) —0,
with Ej S 'Bj and Ej_l S 'Bj_l.

Proof:
Iy,
Given the filtration {B;},>0, let’s see that IBB] is hereditary in LB@ if and only if
i—1 j—1

conditions (i) and (i7) are satisfied.

Iy, _ Iy,
First, let’s see that ; % rad <§( ’?)> 7 % — 0 if and only if condition (i) holds. To
By Biq Bi_q
do this, note that

IBj rad(e(_7?)> Igj _ IB]. (rad@(—,?)—i—Ile) Igj
IBj—l I'Bj—l IBj—l IBj—l Iﬁj—1 I'Bj—l

I‘Bj (rad@(—, 7) + Ifijl)IBj + I'ijl
Iy, ,
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B Igjmd(:‘(—, ?)Igj + Igjilfgj + Ing
Iﬁjq '

Iy, Iy
Hence, —2rad (%’?)) % =0 if and only if

R io1 ) I35
IBjde(—, ?)I@J. + Igj_lfgj + IB]-_l = IBj_l' (3.1)

On the other hand, IB].71 = I%j71 C I‘Bj,llﬁj C IBj,lv
Ip,  Ip,. From this, we have that condition (3.1) implies that for every j it holds

meaning that Is, , =

I, radC(—,7)Ip, CIp, . (3.2)

Now let’s see that I, radC(—,?)Is, C Ip,_, if and only if radC(E, E') = I, (E, E')
for all E, E’ € Ind B; such that non of them is a direct summand of any object in B;_;.

Assume that Iy radC(—,?)Ip, C I, ,. Let t € radC(FE, E'), then t = 1pitly €
I3, (B, E)radC(E, E")Is,(E', E') C I, (E,E'). Let f € Iy, ,(E,E’). Then, there ex-
ists B € B;_1 for which f = vu for some morphisms E—> B ——>FE'. We assert
that f is not an isomorphism.

Otherwise, there exists ¢g: E' ——= F such that fg = 1. Therefore vug = 1g,
ie. E'is a direct summand of B; hence E' € B;_;, which is a contradiction. This
contradiction implies that I, ,(E, E') C radC(E, E').

Conversely, consider radC(E, E') = Ip,_, (E, E') and let’s see that I' radC(—,?)Iz, C
Ip, . Let f € I, (X,Y)radC(Y,Z)I3,(Z,W). We can assume that f = str with
r€lp,(X,Y), t €radC(Y,Z) and s € I, (Z,W). Note that r: X 1B Y

and s:Z —— ][ B/ —— W, where the intermediate terms are finite direct sums of
indecomposable objects in B;. Therefore, the induced maps

B! y

Z B

are all in radC(Bj, B}) = Iy,_,(Bj, B}'), and hence f € Iy, , (X, W).

j—1

Ip . _vX . . . . . oy
We prove that % is a projective 7 ¢ _module if and only if the condition
B, (=X) B,
(47) holds.

(=) We will proceed by induction on j. The case j = 1 is given by Lemma 2.5.1
because Ig, = 0.

In (- X) . .
Assume that condition (i¢) holds for j — 1 and that @L(—))() is a projective IBG —
j—1\T i—1

module. By Lemma 3.2.3 we have an isomorphism
0 6(_7Ej) ~ IB]‘(_’X)
IBj—l(_7Ej) IBj—l(_’X)’
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with E; € B;. Let’s consider the following short exact sequences

C(—,E;

0 ——In, ,(— Ej) —C(—, Ej) — Igj,lé—,f)m 0,
v IB'(_7X)
0——=1Ip, (= X) —Is, (= X) [3]'11(*,?() 0.

Ig.(—,X . . .
Then the morphism ¢u : C(—, E;) — L;L(_))() lifts to v, , since C(—, Ej) is
j—1(

projective. Thus, we have the following pushout diagram

0 0
IBj,l (*7 Ej) - I‘ijl (*7 X)
C(—, Ej) I, (—, X)
Pu v
IBj(ffx) IBj(77X)
T, X0 T, X0
0 0

which induces the following exact sequence,
Iﬁj—1 (_7 Ej) - (‘3(—, Ej) H I'Bj—l(_7 X) —— IBj(_v X) —0.

On the other hand, by the induction hypothesis, there exist exact sequences:

p
e(_7 E],‘—Q) - G(_7E§’—1) - ‘[3]'—1(_’X) —0,

q
G(_a E‘;'/72) - e(_v E;‘Ll) - Iijl(_v E]) —0,

with E"

JIRP E§,—1 € B;_1 and E;_z, E]’.’_2 € B;_2. Thus, we have the following commuta-
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tive diagram:

0

From the epimorphisms

e(—, E)_) —>Ip,_,(~, Ej) —> Ker(r) —0,

C(—, Ej_y) — Ker(p) = Ker (1[[p) —0,

it follows, from the exactness of the left column in the previous diagram and by the
horseshoe lemma, that there exists an epimorphism

C(—, Ej ) [IC(— E}_y) — Ker (7 (1][p)) —=0.
Thus, we have an exact sequence

©(1]1p)
C(—, B ) I1e(—, Bl ) —=C(—, BT C(~, B}_))~—*In,(—, X) —=0.

(«<=) First, let’s observe that for a given C—module M and a € x €’ —module N (7, —)
a C—module F': ¢ — Ab can be defined as follows:
F(C) = M & N(C,-),

for every C' € €. We will denote this by M @ N(?,—).

Assume that we have an exact sequence

C(— Ej-1) —=C(—, Ej) —=I,(—, X) —=0. (33)

Then, after applying — ® LBG(C*%E)_) to the exact sequence (3.3), we obtain the fol-
j—1\"
lowing exact sequence

e(C,E; 1) e(C,E;) Iy, (— X) @ - e(C,—) 0
J ) B . .

Igjil(C,Ejfl) I'ijl(C’Ej) J,l(Crf)
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Since E;_; lies in Bj_1, we have C(C, E;_1) = IBj_l(C, E;_1). Therefore,

it
IBj—l (Cv Ej—l)

Then, there exists an isomorphism of €—modules

¢(C, E;)
13];1 (07 Ez)

G(C, _)

& Iy (=, X) @ )
BJ( ) Iijl(Cy_)

Finally, we assert that

er,-) . Is,(2.X)
Iijl(?’ =) I‘ijl(?’X)'

IB].(—,X) ®

Indeed, let C € €. Then, after applying Ig].(—,X ) ® — to the exact sequence of
G’ —modules

00— I, _,(C.—) ~e(C,-) S 0,

we obtain the exact sequence of abelian groups

In, (=, X) @ Iy, (C, =) —T= I, (C, X) — I (=, X) @ 255 —~0. (3.4)

First, let’s prove that I'm(gx) = Im(I3,(—, X) ® q) = Ip,_,(C, X). Indeed, we have
a morphism of C°? —modules

(E,C) : C(E', —)ke (@) 5 e(C,
(SD )E‘/EB]-,1 E/!_[le ( ) ) ( )a

where kg (C) := dim@(C, E') and the morphism @) is defined as

PO (B X)) 5 (0, X),
kg (C)
(91, s Grp(c)) P Z gifi,
i—1

for a K—basis, {g1, -, grp(x)}, of €(C, E').

Note that by Lemma 2.5.1, we have I'm ((SD(E/’C)) > = I, ,(C,—). There-

E’E{B]'_l

fore, we have the following factorization of the morphism (@(E/’C))E 5
= i1

' C . kg (C) _P ) 4 —
(‘P(E ))E/EB, 'HE’EBj*l C(E',—) = )ngjil(C’, )—=C(C-).  (35)
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Now, let’s observe that for all E' € B;_; we have
Iijl (E/7 _) = IBJ' (E/> _) = G(E,7 _)7

since B;—1 C Bj. Therefore, after applying — ® I, (—, X) to the exact sequence (3.5),
we obtain the following commutative diagram

HE/@]__I C(E!, —)ke(C) P Iy (= X)® I3, ,(C,—)

(¢UEC>)\> lq*

E'€B;_4 I{B]- (C, X) ,

where px is an epimorphism. Therefore,

Im(gx) = I'm ((sO(E"C))E,GBj_l) () 15,(C, X)

= Iﬁjfl(ca X) mIBj (Ca X)
— Iy, ,(C,X).

Finally, from the sequence (3.4), we obtain the following exact sequence

C(C,—
0——1Ip, (7, X) —I3,(C, X) — I, (-, X) ® Iﬁjfl(C?*) 0
0 —— I'm(g¥) Is,(C, X) s 0,
from which we conclude the desired isomorphism. |

By Remark 3.1.1, we will use the covariant version of this result.

Remark 3.2.4. (a). Let us see why the Definition 3.2.1 is a generalization of the classi-
cal notion of quasi-hereditary algebra. Let A be a finite dimensional K-algebra. In this
case we consider the K-category C := proj(A), that is, the full subcategory of mod(A)
whose objects are the finitely generated projective A-modules. Since A is semiperfect

we have that € = proj(A) is a Krull-Schmidt category (see (13, Proposition 4.1)).

Suppose that proj(A) is a quasi-hereditary category in the sense of Definition 3.2.1,

with respect to the exhaustive filtration

{0} =By CB1 C---CBy—1 € By, =€ =proj(4)
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of proj(A) into additive full subcategories and closed under direct summands. Then we

have an exhaustive chain of two-sided idempotent ideals of C(—,?):
{0} =Ig, CIp, C---Ip, _, ClIp, =C(—,7).
By (14, Lemma 4.5), we have the corresponding chain of idempotent ideals of AP
0=JCJ1 C-CJp1C Jp AP

where J; := Ip, (A, A) for all 4. In this case J; = Ae; A for some idempotent e; € A and
by (14, Lemma 4.5), we have that B; = add(Ae;) for all i > 0.

Now, let us see that Jj is a heredity ideal of A°P.

(7). By Theorem 3.2.1(i) we have that rade(E, E') = I, (E,E’) = 0, for all pair of
objects E, E’ € Ind By, since By = {0}. Hence rad(B;) = 0 and thus ejrad(A)e; = 0.
We conclude that J; A°PJ; = 0.

(77) By Theorem 3.2.1(ii) we have an exact sequence
ecZ,-)—==CY,—)—=1I3,(A,—)—0,

with Y € By = add(Ae;) and Z € By = {0}.

Hence, J; = I3, (A, A) ~ C(Y,A) = proj(Y, A) = Homu (Y, A) which is projective
over A ~ proj(A, A).

Hence, J; is a heredity ideal of A°P?. We can proceed inductively, and conclude that
Ji/Ji—1 is a heredity ideal of A°P/J;_; for all i > 1. Therefore, A° is quasi-hereditary
and hence by (11, Statement 9) we conclude that A is quasi-hereditary. Similarly, by
using (14, Lemma 4.5), it can be proved that if A is a quasi-hereditary algebra then

proj(A) is a quasi-hereditary category.
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(b). Suppose that A is quasi-hereditary, then there exists a chain of idempotent
ideals

O:JOgjlgng—ngm:A

such that J;/J;—1 is a heredity ideal of A/J;_ for all ¢.

By (4, Proposition 6.1), there exists projective A-modules Pi,---, P, such that
Ji =Trpg..ep,(A) fori=1,--- ,m. Moreover, if B; = add(P; & - -- & P;), then for each

i=1,---,m there exists an exact sequence in mod(A)

such that P;,g € B; and ;1 € B;_;.

We note that these exact sequences are the analogous of the exact sequences given

in the Theorem 3.2.1(ii):
G(Pi,la _) — G(PZ',07 _) - IBJ' (Xﬁ _) —_— 0 )

with Pi70 € B, f)i,l € B;,_1 and X € C.

It is well-known that a semiprimary ring A is quasi-hereditary if and only if A is
quasi-hereditary (see (11, Statement 9) in p. 288). We have somehow a similar result
for the context of quasi-hereditary categories.

We recall the following notions. Let A be an arbitrary category and B a full sub-
category of A. The full subcategory B is contravariantly finite if for every A € A
there exists a morphism fs : B — A with B € B such that if f/ : B’ — A is other
morphism with B’ € B, then there exist a morphism g : B — B such that f’ = fag.
The morphism f4 is called a right B-approximation of A. A right B-approximation
fa: B — A of Ais minimal if whenever ¢ : B — B is a morphism such that
gfa = fa then g is an isomorphism. Dually, is defined the notion of covariantly finite
and left minimal B-approximation. We say that B is functorially finite if B is
contravariantly finite and covariantly finite.

Proposition 3.2.5. Let C be a Hom-finite and Krull-Schmidt category and let {B;};>0

be a family of closed under direct summands additive subcategories of C; and suppose
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that each B; is covariantly finite. If € is quasi-hereditary in the sense of (24, Definition
3.4), then C°P is quasi-hereditary in the sense of (24, Definition 3.4).

Proof:
Suppose that € is quasi-hereditary with respect to {B;};>0. By 3.2.1, there exist exact
sequences for all X € C and j > 1:

e(_v Ejfl) - e(_)E]) - IBJ(_a X) —0 )

with E; € B; and Ej_1 € B;_1. Now, since B; is covariantly finite, there exists an epi-
morphism €(X, —) — I, (C, —) for every C' € € by using the proof of (27, Proposition
4.12). Then, this implies that B; is functorially finite by (27, Proposition 4.12).

We assert that for all X € € there exists a monic right Bi-approximation of X. In-
deed, by taking, j = 1, from the above exact sequence we get that C(—, Ey) ~ I, (—, X).
By Yoneda’s Lemma we get a morphism v : £y — X and this morphism is a right
Bi-approximation of X. Now, let a : Y — Ej such that ya = 0. Since C(—,7) :
C(—, E1) — Ip,(—, X) is an isomorphism, we conclude that oo = 0, this implies that
is a monomorphism.

Now, since B; is covariantly finite, add(B;) = B; and C is a Krull-Schmidt category,
every object of € has a left minimal Bj-approximation. So, let § : X — E{ be a left
minimal Bi-approximation of X.

We assert that 6 is an epimorphism. Indeed, consider § : Ef — Y a morphism
such that 86 = 0. By the first assertion above, there exists A : E — Y a monic right
Bi-approximation of Y; and hence 8 = \d for some 6 : Ef — E. Since, 0 = 30 = \d0
and A is a monomorphism we get that 6 = 0.

Now, for all g : B — Ej we have that (1, — ¢6)0 = 0. Since 6 is minimal we
get that (1g; — gd) is an isomorphism; and thus we conclude that ¢ € rade(E], E) =
rads, (B, E) = 0 (by Theorem 3.2.1(i)). Hence 6 = 0 and we obtain that § = A\d = 0.
This proves that 6 is an epimorphism. Now, C(f,—) is an epimorphism as established
in the proof of (27, Proposition 4.12). Therefore, we get an isomorphism

CO,—): C(E],—) — I3, (X, —).

We note that I3 = Iyor is a bilateral ideal of €7 for all j. Thus, we get that Igor (—, X) =
J

Ip (X, —) ~ G(]E{, —) ~ @%(—, E}) is a projective C°P-module. Since radC(—,—) is a
bilateral ideal we have that I's,rad C(—,?)Is, = 0 implies that IzorradC?(—,?)Igor = 0.
Hence, we obtain that IBrlw(—, X) is a heredity ideal of C°?. Proceeding inductively, we
conclude that

{0} :IBSP CIB?P (G CIB?gI Clg;)p c---C (E’Op(—,?)
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is a heredity chain. Hence C° is quasi-hereditary with respect to {B;p }j>0 in the sense
of (24, Definition 3.4). [ |

Corollary 3.2.6. Let C be a Hom-finite and Krull-Schmidt category and let {B;};>0 be
a family of closed under direct summands additive subcategories of C and suppose that
each Bj is functorially finite. Then C is quasi-hereditary in the sense of (24, Definition
3.4) if and only if C°P is quasi-hereditary in the sense of (24, Definition 3.4).

Proof:
It follows from Proposition 3.2.5 and its dual. |

By the Corollary above and Remark 3.1.4(c) we conclude the following.

Corollary 3.2.7. Let C be a Hom-finite and Krull-Schmidt category and let {B;};>0 be
a family of closed under direct summands additive subcategories of C and suppose that
each Bj is functorially finite. Then C is quasi-hereditary in the sense of (24, Definition
3.4) if and only if C is quasi-hereditary in the sense of Definition 3.2.1.

3.3 Standard C-modules and Filtered C-modules

M. Ortiz in (24), introduce the concept of standard subcategories of C-modules with
respect to the given filtration {B;};>0. The standard subcategories generalize the usual
standard modules over finite-dimensional algebras, the reader can see (11) and (12). Let
C be a quasi-hereditary category with respect to a family of additively closed subcate-
gories {B;}.

Each module
v (Ea _)

AE B )

with E € IndB; — IndB;_; is called standard, and ¢A(j) denotes the category con-
sisting of the standard C-modules ¢Ag(j). In addition, ¢A denotes the full subcategory
consisting of the standard G-modules.

Let A be an abelian category, and X € A. We denote by X! the class of objects of
A, which are a finite direct sum of objects in X. We say that M € A is X-filtered if
there exists a chain {M;};>0 of subobjects of M such that MAJ/[—T € X" for j > 0.
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In case M = M, for some n € N, we say that M has a finite X-filtration of length
n. We denote by F(X) the class of objects that are X-filtered and by JF¢(X) the class of
objects that have a finite filtration. For M € F;(X), the X-length of M can be defined
as follows Iy (M) := min{n € N : M has an X-filtration of length n}.

By using the notion of X-length and induction, the following useful remark can be
proven.

Remark 3.3.1. Let X be a class of objects in an abelian category A. Then, the class

T ¢(X) is closed under extensions.

Given F' a C—module, its trace filtration with respect to {B;};>0 is given by
{0y =FO cplcpllc...c FU- U cFlilc...|
where FUl .= TY{C(E,—)}E@].F and F = jL>Jo FUl.
It is of interest to study the @—modul;s I that possesses a trace filtration that sat-

isfies % € ¢A(j) for all j > 1. It then follows that these C-modules are A-filtered.

We denote the full subcategory of the A-filtered modules by F(eA).

The following results will be very useful, and the item (b) of Lemma 3.3.3 is a
generalization of a result of Dlab (see (9, Proposition A.3.2)).

Lemma 3.3.2. (24, Lemma 3.17) Let F' € F(A).

(a) For all 5 >0, FUl has a presentation

C(—, Bj_1) = C(—, E;) = FUl 50, E; 1 € B;_1,E; € B;. (3.6)

(b) FUl = C®y, (Fls,).

Proof:

(a) Let’s prove it by induction on the index j.

Since Ig,(—, E) = 0 for all E € By, we have A(1) = {C(—,E) | E € By}. Let
F € 3(A). Then F© =0 and % = FU is a finite direct sum of objects from
A(1).
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Assume that there exists an exact sequence for FU—1
C(—, Bj-2) —>C(—, Bj1) —=FU™) ——0. (3.7)
Note that for every C—module F', we have an exact sequence

0—> FU-D F) L2 0. (3.8)

As F € F(A), it follows that Flfj(i)m is a finite direct sum of objects e Ag(j), E € B;.

We then write ¢cAg(j) = % Thus, we obtain the following short exact
sequence for every E € B,
0—>In, ,(— E) —€(—,E) Lgffi?E) 0.
Moreover, by Theorem 3.2.1, there exists an exact sequence
C(—, E§—2) —C(-, E§_1) - IBj,l(—v E)—0,

with EJ’._2 € Bj_2 and E§—1 € Bj_1.
We then have an exact sequence,

€(—, E|_y) — (—, E) —= eAp(j) —0, (3.9)

for every £ € B;. Finally, from the exact sequences (3.7), (3.8) and (3.9), the
desired resolution follows.

()
Note that (%) g 0. Then ((—,E), 1(:)) = 0 for every F € B;, and thus for

all E € B; we have,

F F F
FG) (E) = FG) B(E) = <(_>E)7 F(J)> =0,

J
: F
ie., =—| =0.

FQ) B,

Applying the exact functor ‘ 3, to the exact sequence 0 F) F %
we obtain

Ul o~

F 5 = F\Bj. (3.10)

On the other hand, from equation (3.6) we have that F’ (9) is projectively presented
over Bj;.
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Then, by Proposition 2.3.2 we have € ®g, (FU] ‘3_) >~ FUl. Therefore, from (3.10),
J
we have that

Fl & @ g < 7l

= (Flg.).
, ) =ews, (Fla)

J

Lemma 3.3.3. (24, Lemma 3.18) Let F' € F(A).

(a) F is locally finite, that is, dimx F(B) < oo for all B € C.

(b) F is finitely presented if and only if F = FU! for some i € N.

(c) If the filtration 0 = By C By C --- C B, = C is finite, then F(A) consists of

finitely presented functors.

Proof:

(a)

Let B € €, then B € B; for some j € N. By Lemma 3.3.2, there exists an exact
sequence (3.6), €(—, E;_1) — C(—,E;) — FUl — 0. From this, it follows that
dimg FUI(B) < .

Since F|p; = F[j]hgj, by (3.10), we have F(B) = F|3,(B) = FU(B), and therefore
dimg F(B) < 0.
Assume that there exists an exact sequence

C(—,C)— C(—,C") = F =0,

with C,C’" € €. Then, there exists some j > 0 such that C,C’ € B;. Thus, F is
projectively presented over B; and C®g, F|p, = F', but, by (b) of Lemma 3.3.2, we

have FUl = @ ®gp; (F|p;). The other implication follows from part (a) of Lemma
3.3.2.

If the filtration is finite, we have FI" = F. and the assertion follows from the
previous part.

By Remark 3.1.1, we will use the covariant versions of this results.
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3.4 Triangular Matrix Categories

In this section we will prove the main result of this thesis. First, we recall by 2.4.2, that

if U and T have finite coproducts, then A = ( ]\(Z ,3

convenience of the reader we will give an idea of how construct finite coproducts in A. Let

(Tl 0 ), (T2 0 ) two objects in A. Consider the coproduct {u; : U; — U1 ®Us}2_,

) has finite coproducts. For the

M U M U;
of the family {U;}2_; in U and the coproduct {v; : T; — T1®Ty}2_; of the family {7T;}2_,
in T. Then we can construct the following morphisms in A

u; 0 ) U, 0 N Ui ® Uy 0 2
0 v;)] \0 T; 0 Ty Ty i:l,

and it is straightforward to see that this family is a coproduct for the family of objects

2
{(ﬁ 8)} . Now, let U and T be Hom-finite Krull-Schmidt quasi-hereditary K-
i) ) i=1

categories with respect to filtrations {U;}o<j<n and {7T;};>0, respectively, consisting of
full additive subcategories which are closed under direct summands. Assume that the
U-module My = M(—,T) lies in F(yA) for all T' € T; therefore My is finitely presented
since the filtration of U is finite (see Lemma 3.3.3 (c)). Thus, by Proposition 2.4.9, we

have that A = < ]\j;[ ﬁ) is a Hom-finite Krull-Schmidt K-category.

Consider the filtration of A into subcategories {A;};>0 given by

0 0

0 O 0 O : . )
Aj = (M uj) = {(M U> .Ueuj}, if 1 <j<nm; (3.11)
(T 0\ T 0. ' e -

It is clear that A; C A is an additive full subcategory for all j > 0. For and object
< 0 O) € A with U € Ind U; we have that

M U
Homy <<z\04 3) ) <z\04 8‘)) = (8 u((?', U)) ~UWU,U)

is local. Hence we get that < ]\04 8) is an indecomposable object in A;. Similarly, for

an object <A:I/1[ 8

> € A with T' € Ind T; we have that <A:I/1[ 8) is an indecomposable
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object in A, ;. It follows that

M U

Ind Apy; = {(]8[ 8>:U€IndU}U{<A§ 8>:TEInde},ifj21.

In this way, we have that A; , for j > 0, is closed under direct summands. Moreover,

0 0
IUGIHduJ‘—IDduj',l ,if 1 <5 <n,
M U

T 0 e
{(M 0) :T €lnd T;_,, — Ind ‘J'jnl}, if j > n.

One of the main results of this Section is a generalization of the Theorem 4.1.12, due
to B. Zhu in (30, Theorem 3.1). The proof of such Theorem 3.4.1 will be a consequence
of a series of results that are presented below.

Ind A; = {(0 0):UeInduj},if1<j<n,and;

Ind Aj — Ind Aj,1 =

Lemma 3.4.1. Let U be a quasi-hereditary category with respect to a filtration {U;};>o.
Let M be a U-module, and set

MU= Tequ -y e, (M)-
Assume that M € F(yA). Then for all U' € U we have that
Mm(U/):{m :m=M(s)(m') for s e WU",U"),U" € U; and m’ € M(U”)}.

Proof:
(). By Yoneda’s isomorphism YU’ : Nat (U, =), MUy = MUNU"), n = nu(1r).

Let m € MUI(U"), then there exists n™ : UW(U’, —) — MUl such that /% (1) = m.
On the other hand, by Lemma 3.3.2, there exists p : W(U”, —) — MUl — 0, with U” € U;
and since U(U’, —) is a projective U-module, there exists a morphism s : U” — U’ for
which the following diagram is commutative:

wu’, -)
_OSZU(S,/—)/ - in'm
wu, —k) P Ml — 9.
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Again by Yoneda’s lemma we have the following commutative diagram:

Nat(U(s,—),M 1)

Nat(U(U", —), M) Nat(U(U’, —), M) (3.12)
lYU” \LYU/
MU MUNU.

M[j](s)

Let m’ := YU"(p). Since MUl is a subfunctor of M, we obtain the equality MUl (s)(m’) =
M (s)(m') and hence by the above commutative diagram we have that

M (s)(m') = MU (s)(m') = MUYV (p) = V7" (Nat(U(s, -), M) (p))
=y (po(s,-))
=YY (™) =m.

(D). Let m € M(U’) and assume there exists s : U” — U’, with U” € U;, such that
m = M(s)(m’) for some m’ € M(U"). Then there exist two morphisms n™ : W(U’, —) —
M ,z/md /pm/ : UgU”,—) — M satisfying the following: YU'(y™) = % (1y7) = m and
YU (p™) = pf(1yn) = m/. Thus, by using the diagram (3.12) (with M instead of
MU, we have that

/ /

YU o Us, -)) = Y7 (Nat(U(s, -), M) (p™

/

) = M) (Y o))

— M(s)(m') = m.

Since YU’ is an isomorphism, we conclude that p™ o U(s,—) = n™. Note that Im(pm/)
is a subfunctor of M and is generated by W(U”, —). Since U” € U, Im(p™) is contained
in the largest U-submodule of M generated by {U(U,~) : U € U;}, namely MUl we
obtain that Tm(p™') ¢ MUl Tt follows that

m =i (1) = pi o U(s, =)o (1pr) = pff (s) € Tm(p™ )(U') ¢ MUL(U),
that is, m € MUN(U"). [ |

Let U and T be Hom-finite Krull-Schmidt categories and consider exhaustive filtra-
tions {U; }o<j<n and {T;};>0 of U and T, consisting of full additive subcategories which
are closed under direct summands.

In the remainder of this Section, we will assume that the categories U and T are quasi-
hereditary categories with respect to the filtrations {U; }o<j<n and {T;};>0, respectively,
and M7 € F(yA) for all T € 7.
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T 0 T 0
Proposition 3.4.2. Let £ = and E' = in A. Then,
M U M U
0 0
IA]'(E’E,) = 0] ,if 0 < j <mn,and
M (U') Ly, (U, U)
Iy (T, T 0
IA]'(E’ E,) = ‘J“an( ) s Zf] >n.
MrU") WU, U")
Proof:
Let <£ 2) € Homy(E,E'). Therefore, f € Homg(T,T'), m € M(U',T) and

h € Homy (U, U").

Consider the case 0 < j < n. The morphism <f 0> lies in I (E, E') if and only
m J

h

if there is a commutative diagram

(o }( o UO,,)% )

. 0 0 . . " . 0 0 0 0\ (f 0OY)
with (M U”> € Aj, 1 < j <n. Thus, U" € U; and (O s) (m' r>_<m h)’

therefore, f = 0, m = sem/ and h = sor. It is clear that h € Iy, (U,U’) because
U’ e u]'.

O I

In this way we conclude that <TJ:L 2) € Iy, (E,E') if and only if h € Iy, (U, U’)

and m = sem’ = M(s® 1p)(m’) = Mp(s)(m’) (see Definition 2.4.1) and f = 0 where
h:U S U" 5 U and U” € Uj. In other words, h € Iy, (U,U") and m € MY(U"), by
0 0

Lemma 3.4.1. Thus, I,(E, E') = (M[j](U') L)
T VAN

Now, consider the case j > n. We have that (7{1 2) € Iy, (E, E') if and only if

there is a commutative diagram
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wy—ed ey
e G

M Ul/
™ 0
with (M U”) € Aj, for j=n+ (j —n) > n, that is, 7" € T;_,, and U” € U.

. 0 0 0
Since <722 h2) ( " h1> = <f ), we get that f=sor, m=moer+hyem,

mi m h
and h = hy o hy; moreover, m € M(U',T), h € WU,U’), and f € Iy,  (T,T’) since

T" € T;_y. Therefore, (7{; 2) € I, (E, E') if and only if m € M(U',T), h € WU,U’),
and f € Iy (T,T").

j—n

Proposition 3.4.3. For each pair E,E' € Aj — Aj_1, we have
rady (B, E') = IAJ._I(E,E’), Vi > 0.

Proof:
The proof is divided in two cases.

Case 1 <j<n.

Let E = (1\04 8) and £’ = <]\04 8,) for which U,U’ € Ind U; —Ind U;_;. There-

fore, by Proposition 2.4.3 we can see that

((0 0) (0 0)) (radcr(0,0) 0 > (0 0 )
rady : — - .
M U M U M(U',0)  rady(U,U") 0 rady(U,U")

On the other hand, by Theorem 3.2.1 we have rady(U,U’) = I,_, (U,U’). Therefore,
by Proposition 3.4.2 we conclude that

(306 2) = (2 G 2)

Case j > n.

Let E = o nd E' = ™o ch that the objects T, 7" € Ind T;_,, —
et B={, ]2 =y o) a objects T, i—n

Ind T7;_,,—1. By Proposition 2.4.3 we have
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<<T o) (T’ o>> <rad7(T,T’) 0 ) (radfr(T,T’) 0)
radp , = = .
M oo) \m o M(0,T)  rady(0,0) 0 0

Again by Theorem 3.2.1 we know that rady(T,T") = Iy,_,_,(T,T"). It follows from
Proposition 3.4.2 that

g (A R (P )

T 0
Remark 3.4.4. For X = € A, we consider I, (X, —) € Mod(A). By Theorem

M U
2.4.1, there exists Ij(\l)(X, —) € Mod(7) and I/(i) (X,—) € Mod(U) and a morphism of

J

T-modules f : I{" (X, =) — G(I{”)(X,-)) such that

I, (X, =) = (10 (=), £ 10X, ).

As a direct result of the above proposition, we have:

T 0
Lemma 3.4.5. Let X = € A. Let us identify In,(X,—) with its corre-
M U

sponding object (Il(\lj) (X,-), f, I/(i) (X, —)) in (Mod(7), G(Mod(WU))). Then the following
holds:

(i) I(X, =) =0 and I(X, =) = M [ By, (U, -), if 0<j<n;

(ii) I3 (X, ) 2 I,

j—n

(T,-) and I{)(X, =) = Mp [TU(U, ), if j>n.

Proof:
Let T € T and U’ € U. The proof is divided into two cases.

Case 1 <j <n.
By Proposition 3.4.2, we have that

(1) j/(\?(X,T’)ZIAj (X, <]7\14/ 8)) - <8 8)’

where the first equality is by Theorem 2.4.1, the and similarly by Proposition 3.4.2 and
Theorem 2.4.1 we have that
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() IJXU) =1, (X’ <z\04 19')) = (MMO(U') Iuj(g, U’))
=~ MU U [ hy, (U, U).

Case j > n.
By Theorem 2.4.1, and Proposition 3.4.2 we have that

o err= (5 (5 )= (5l §) =

(2) (XU =1, <X7 (]\04 3)) - <IZ\4TE§)() ) u(£ U’))
=~ Mp(U') [Tu@,v).

T 0
Proposition 3.4.6. Let X = € A, and assume Mp € F(yA) for all T € T.
M U

Then, for all j > 1 the following exact sequence exists:
A(Ej-1, =) —= MEj, —) —= 11,(X, ) —0,
with Ej S Aj and Ejfl € Ajfl.

Proof:
The proof is divided into two cases.

Case 1 <j<n.
By Lemma 3.3.2 and Theorem 3.2.1, there exist exact sequences

wu;_y, =) —= WU}, =) — Iy, (U,—) —=0

WUy, —) —= WU, —) — ME (U, —) —=0

with UL, U7 € Uy, Uj_1,Uj"; € U;—1. Since in functor categories limits and colimits are
computed pointwise, we have an exact sequence

W(Uj-1, =) —=U(Uj, =) —= MY T] A, (U, =) = I (X, —) —=0,
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with Uj_l = Uj/'—l HUJII_I S u]'_l and Uj = UJI HUJII S Uj.

By Remark 3.4.4, we get that f((I[(\lj)(X, =) fs I/(i_)(X,—)) ~ I, (X,—), and by
Lemma 3.4.5 we have that I/(\IJ_)(X,—) = 0 and hence f(([l(\lj)(X, —),O,I/(\QJ_)(X,—)) ~
IAj(X7_)‘

It follows by Proposition 2.4.4, that there exists a exact sequence of A-modules

A(<J\04 U?J") %A<<z\04 U0j>’—> = () x,-),0,10(x, ) = 0

0 0 0 O
where (M Uj_1> € Aj_1 and (M Uj) €A

Case j > n.
Since Mty € F(yA), My is a finitely presented U-module, then My [[U(U,—) =
I/(i_) (X, —) is finitely presented. Then, there exists an exact sequence of U-modules

W(U", =) —= U, =) —= I(X, =) —=0.
On the other hand, by Theorem 3.2.1, there exists an exact sequence of T-modules
T Tjmn-1,—) —=T(Tj—p, =) —= I3, (T, —) —=0
with T, € T, and T;_,,_1 € T;_,,—1. Thus, we get an exact sequence
T‘jfnfl 0 T‘j*” 0

A =1 — A

_ (1) (2)
u % v 9 y —>f<(IAj’f)IA]- )) —>07

(1) ¢ 723y Tjpn-1 O Tji—p O
where f((IAj ], IAj )) = I, (X, —) such that ( jM U”) € Aj_1 and ( ;\4 o €
Aj.

Theorem 3.4.1. Let U and T be Hom-finite Krull-Schmidt categories and consider

exhaustive filtrations {U;}o<j<n and {T;}j>0 of W and T, consisting of full additive

subcategories which are closed under direct summands. Suppose that U and T are quasi-

hereditary categories with respect to the filtrations {U;}o<j<n and {T;};>0 respectively.
T 0

Assume that My € F(yA) for allT € T. Then A = is quasi-hereditary with
M U

respect to the filtration {A;};>0 given in Equation (3.11).
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Proof:
It follows from Theorem 3.2.1; and Propositions 3.4.3 and 3.4.6. |

Remark 3.4.7. Now, let us explain why Theorem 3.4.1 is a generalization of the Theorem
4.1.12 given by B. Zhu in (30). Suppose that U and T" are quasi-hereditary algebras and

that 7 My is a bimodule such that y M € F(yA). Consider the triangular matrix algebra
T 0

M U
By Remark 3.2.4(a), we get that proj(U) and proj(T’) are quasi-hereditary categories in

A=

the sense of the Definition 3.2.1. Since yM € F(yA), we can see that M satisfies the
proj(7) 0
M proj(U)
is a quasi-hereditary category. Now, by using (5, Proposition 2.3) in p. 75, we have that
. proj(T) 0 . .
proj(A) = . Therefore, by Remark 3.2.4(a), we obtain that A is a
M proj(U)
quasi-hereditary algebra.

hypothesis in Theorem 3.4.1. Thus, by Theorem 3.4.1, we get that

3.5 The standard modules in Mod(A) and F(,A).

We will proceed from the premise that U and T are Hom-finite Krull-Schmidt and
quasi-hereditary K —categories with respect to filtrations {U;}o<j<n and {7T;};>0. If
M :U®kg TP — mod(K) is a functor such that My = M(—,T) : Mod(U) — mod(K)
is finitely presented U-module, then by Theorem 3.4.1, the triangular matrix category

A= <J\‘Z ﬁ) is a quasi-hereditary K-category with respect to some filtration {A;};>0.

In this part, we study the relation between the full standard subcategories (A, 7A,
and AA of Mod(U), Mod(T) and Mod(A), respectively. More concretely, we will show
in Theorem 3.5.1, by using the notation of Theorem 2.4.1, that

Fr(AA) = {(F<1>, 9. F?): FO € F,(;A) and F@ € s"f(uA)};

see Theorem 4.1.12 given by Zhu in (30).

Recall that given an abelian category A and X C A. We denote by X the class
of objects of A, which are a finite direct sum of objects in X. We say that M € A is
X-filtered if there exists a chain {M,};>0 of subobjects of M such that M, /M; € X!
for 7 > 0. In case M = M,, for some n € N, we say that M has a finite X-filtration. We
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denote by F(X) the class of objects that are X-filtered and by F;(X) the class of objects
that have a finite filtration.

Regardless, we need the following result.

Proposition 3.5.1. The functor § : (Mod(7), G(Mod(U))) — Mod(A) induce equiva-

lences of full subcategories:
(0707UA(3)) — AA(J)? /Lf 1 S] <n, and:
(‘J’A(] - n),0,0) — AA(j)v Zf] > n.

Proof:

First, for £ € Ind A; — Ind A;j_1, consider \Ap = AE,-)

IAjfl(E7_).
triple (Ag),g,Ag)) such that f((Ag),g,Ag)D = AApg where Ag) : 7 — Ab and

Then there exists a

Ag) : U — Ab. Now, we consider two cases.

Case 1 <j<n.
Let 7/ € T and FE = (
Then

0 0
M U

A 0 0 T 0
@) s M ou)\ar oo
AR (T = 0 0\ (T' 0
(&6
On the other hand, if U’ € U, we get
o) G 0))
M U)’\M U wu,u’)
AQ U = = A=l
A E(U) 0 0 0 0 Iuj,l(U,U/)
oo\ o)\ o

= IHUL’&)_) = Ay, where the object U belongs to

) € Ind Aj — Ind Aj—la with U € Ind Uj — Ind u]'_l.

12

0.

In this way, AAS) =~ () and AASEQ)
Ind uj — Ind uj',l.

i-1(

Case j > n.

Let T" € Tand E = (]\j;[

AAY (1) = A<<J‘T4 8><Z 8)) . J(T.T)

(5 0G5 )T

8) with 7" € Ind T;_,, —Ind T;_,,—1. Thus we obtain that:
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If U’ € U, we obtain

T 0 0 O
AP = IAA <EA<4T 0)0> (A(o Ugg) )
s\ o)\ v

Therefore, ALY & 200 = y Az, with T € Ind T, —Ind T,y and AAP) =
j—n— ’

0.

0.
|

Theorem 3.5.1. Let F' = f(F(l),g,F(Q)) € mod(A), and consider its trace filtration

{FUl} ;50 = {((F[j])(l),gm, (F[j])(z))} . with respect to {Aj}j>0. Then the following
i
conditions hold.

(i) (FUhM) =0 if0<j <n, and (FUYP) = FQ) jf j > n,

(ii) If F = f((F(l),g,F(z))) € F(A\A), then we have that FV € F(3A) and F?) ¢
F(yA).

(i) Fr(alD) = {f(F<1>, 9, F?) : FY) € Fp(7A) and FP) € S"f(uA)}.

Proof:
(i) Since F' € mod(A), we have an exact sequence of A-modules

(X' -)=(X,-)=>F—=0 (3.13)

" 0 T 0
. /_ _
with X' = <M U’) and X = (M U).

By applying Tris(z,—)} .. (=) to the previous exact sequence and using that each
’ J
A(E, —) is a projective A-module and by Lemma 3.1.5, we get an exact sequence

In (X', =) = Ip, (X, —) = FUl = 0. (3.14)

By Proposition 2.4.5 and Theorem 2.4.1, we identify the exact sequence in (3.13) with
the following exact sequence in the comma category (Mod(7), G(Mod(U))):

(T(T", =), ', My TU(U", —)) D

L (T(T, =), hy Mp TU(U, —)) — (FW, g, F@) ——0.
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By Proposition 2.4.6, we have the exact sequence in Mod(U):
My TUU', =) — Mp TUU, —) — FP = 0. (3.15)

Secondly, by Theorem 2.4.1, we identify the exact sequence in (3.14) with the exact
sequence in the comma category (Mod(7), G(Mod(U))):

(I/(\lj)(X/, _)7p/7 I/(i) (X/, _)) )

(13 (X, =), p, [fj_)()g —)) —— ((Fh®) gl (FU)) — 0,
By Proposition 2.4.6, we get exact sequences
(X', =) = 19X, =) = (FU)® = 0, for k=1,2,
in Mod(7) and Mod(U).

By Lemma 3.4.5(i), we have that I/(\E)(X’, —) =0 and I/(\IJ_)(X, —)=0if0<j < my
therefore, (FUNM) =0 for 0 < j < n.

1

If j > n, by Lemma 3.4.5(ii), we have I\ (X', —) 2 My IIU(U’, —) and I} (X, —)
My 11 U(U, —). By the exact sequence (3.15), we get (FUN?) = F() if j > p,
(ii). If F € F(A), we have that FUl/FU=1 is a sum of copies of elements in 5 A(5)
and hence by using item (i) we have that
(FI)® L
f( FUl ) N (O’O’ (Fi—1)® )7 fl<j<m
FU-1 )~ Fll)® iy
<W,0,0 , if 7 > n.
Then (ii) follows by Proposition 3.5.1.

(iii) Assume that F' = f(F(l),g,F(2)) € J¢(anA). By (ii), it only remains to prove
that if F(1) ¢ gjf(‘j‘A) and F® ¢ fff(uA), then F' € f}'f(AA)‘

In fact, the A-modules f(F(l),0,0) and f(O,O,F(Q)) are in Fy(,A) by Proposition
3.5.1. It follows that we have a short exact sequence
0 — f(F1,0,0) = f(FWV, g, F@) - §(0,0, FP) =0 .

Thus, f(F(l),g, F(Q)) is in Fp(AA) since Fp(aA) is closed under extensions by Remark
3.3.1. n
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3.6 An Important Example

To visualize the results obtained in this chapter, we want to apply them in a final ex-
ample, hoping that it will help to better understand what has been presented previously.

Ezxample 3.6.1. Consider the following infinite quivers

aq a2 a3
1 Yy T N g
B1 B2 B3

Q1+ -2 gy Ty

Let U = KQ and T = KR/J be the path categories of the above quivers, where J is the
ideal in KR generated by the set of relations

{Braq and a1, BeBis1, aefBr — Prrr10usr, t > 1} (3.16)

First, we will see that T and U are quasi-hereditary categories.

Set To = {0}, and let T; = add{t : 1 <t < j}, for j > 1. Therefore,
{0}=TpCcTLCcThC------
is a filtration of 7 into additively closed subcategories.

(i) It is clear that rady(1,1) = O because fia; = 0. Since we have that IndT; —
IndT;—1 = {j} for all j > 1, we conclude the following: rads(j,j) = (Bja;) =
(j-1Bj-1) = Iz,_, (4, J)-

(11) 1‘3'1(17 _) = (‘T(lv _)7 1‘3'1(2’ _) = (‘T(lv _) and I‘Tl(ja _) = O’ lf.] > 3.
For j > 2, we can readily check that there exists an exact sequence
0— I‘Tj_l(j7 _) - T(]? _) - I‘J’j(j + 17 _) —0

and Iy, (j +t,—) = 0 if t > 2.
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0
/1\
KvKOO 17],1(‘77_)
ol 0
1
1 1 {10]
\//N 2/—\\r \f_
KT KT K 70, -)
o 1) Wl |
1011
0 K K I3,(j +1,-)
0
j—1 J Jj+1 0

By Theorem 3.2.1, we have that T is quasi-hereditary. Now, we define the following
subcategories Uy = {0}, Uy = add{j’ € N : j is odd } and consider Uy = add{j’ : j €
N} = KQ. Thus KQ is quasi-hereditary with respect to the finite filtration

{0}:u0CU1CU2:KQ.

The condition (i) in Definition 3.2.1, clearly holds since rady(E, E') = Iy,_,(E, E') =
0 for all pairs E, E’ € Ind U; — Ind U;_; and j = 1,2. On the other hand, I, (j, —)
U(j,—) if jis odd and I, (j, =) = UG -1, —) UG+ 1, -) =W(GE -1 & ( +1),-) if

j is even. Then in this case we have that condition (ii) in Theorem 3.2.1 also holds and

hence KQ is quasi-hereditary.

Now, by a result of Z. Leszczynski given in (17, Lemma 1.3), we have that (KQ) ® x
(KR/J)P ~ K(Q x R°P)/000J where K(Q x RP) is the product quiver given in p. 145
n (17); and 00JJ is generated by the sets of relations Qo x J and

{(%t(a))(S(v)»a) — (t(y), @) (7, s(@)), (v, 1(B) (s(7), B) = (¢(7), B) (, S(ﬁ))},

where v € Q1 and o, 8 € R;. A functor M : KQ® K(R/J)°? — mod K can be identified
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with a functor M : K(Q x R°P)/000J — mod K.
In this example, we consider M as the following representation on the right below:

71®1 Y2®1

X3 @3) ——— -~ 04 0 0
1Qag” (/ 51@5‘2’1’ 1Qag? (/ /> 10857 <//> <//> (/}
(1,2) 220 (o7 9) 2281 K < 0 0--
0
1®ag® 10877 1®af? 12877 [1 o]
1
71®1 72®1 K2 ¢ 0 0---

(U,1) 2 (2, 1) — 22— ...

We see that M(1',1) = K2, M(1',2) = K. Thus, the functor M satisfies that My :
KQ — mod K is projective for all T' since we have that M; = U(1, —)2, My = U(1, —),

and M; =0, for all t > 2, which are all in F(yA) because U is quasi-hereditary.

T 0
In this way, using results in (17), we can see that the matrix category is

u
equivalent to the path category of the quiver Q" given below, modulo the ideal generated

by the set of relations (3.16) and is quasi-hereditary with respect to the filtration
{O}ZA()CAl CAyCAz---,

where Ay = Uy, A = Uz and Ajio =add ({j/: j e N}U{t e N:1<t<j}) and

(7] a2 (6%}

", Y / v 17 ¢ /\N -
Q" : 73/3 722 Wl'l\wl&?r\ﬁ/?)&?
1 2 3
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Chapter 4

Appendices

4.1 Quasi-Hereditary Algebras

The objective of this chapter is to present Theorem 4.1.12, given by B. Zhu in (30,
Theorem 3.1), which motivated the development of the main results presented in this
thesis in the previous chapter. The results of sections 4.1.1 and 4.1.2 are classical and
were developed by C.M. Ringel in (26).

4.1.1 Filtered Modules

Let R be a commutative artin ring and A an artin algebra defined over R. If R is a
field K, then A is a finite—dimensional algebra over K. The category of all A— modules
will be denoted by modA, and all subcategories considered will be full and closed under
isomorphisms.

Definition 4.1.1. Given a class © of objects in modA, we denote by F(©) the full
subcategory of mod A whose objects are the A-modules that are ©-filtered; that is, those
M € modA for which there exists a O-filtration £ of M, that is, a finite chain

§:0=MyC My CMC---C My =M

of submodules of M such that Vi = 1,...,m, M]\f—il is isomorphic to a module from ©O.

We will call each quotient N%_il a composition factor of the O-filtration & of M.

The modules in F(O) are called ©®—good modules, and the category © is called the
©—good module category. Also, let us observe that 0 € F(©) with the trivial filtration
0 = My and, for a class © = (), we define F(O©) := {0}.
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Definition 4.1.2. Let A be an artin algebra and consider © = {6(1),...,6(n)} C modA
such that Ext'(6(j),0(i)) =0, Vj > i. We denote:

i) F(©) the class of those M € modA for which there exists a chain of submodules

with MMil = §(k) € O; that is, M possesses a filtration with quotients in ©.

ii) X(©) the subcategory of modA of the modules that are direct summands of mod-
ules in F(O).

Let’s observe that F(0) is closed under extensions, that is, it is contained in X(©);
however, F(0©) is not necessarily closed under direct summands.

Definition 4.1.3. A full subcategory X of modA is called contravariantly finite in mod A
if for every module C, there exists a X-right approximation, that is, there exists a
morphism f : X — C with X € X such that the induced sequence Homy (X', X) —
Homy (X', C) — 0 is exact for all X’ € X{. An X-right approximation f : X — C' is said
to be a minimal X-right approximation if the restriction of f to any non-zero direct
summand of X’ is non-zero. Dually, the notions of X-left approximation and covariantly
finite category are defined. A category that is both covariantly finite and contravariantly

finite is called functorially finite.

Let X be a full subcategory of modA. Then we will denote by Y the full subcategory
of modA of all modules Y that satisfy Ext}(X,Y) =0 for all X € X.

Lemma 4.1.4. Let 0 Y — X 5 M — 0 be an ezact sequence, with X € X, Y € Y.

Then ~y is a right X-approxzimation.

Proof:
That + is a right X-approximation directly follows from applying Hom (X', —) to the
sequence for all X' € X. |

Lemma 4.1.5. Assume that X is closed under extensions, that is, if 0 - N — L —
M — 0 is an exact sequence with M, N € X, then L € X. If for every A-module N there
exists an exact sequence 0 — N — YN — XN 5 0 with XV € X and YN € Y. Then

every A-module M has a right X-approzimation.
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Proof:

Let M be an A-module. First, assume there exists an epimorphism 7« : X — M with
X € X; let K = kerw. The exact sequence 0 - K — Y5 — X% 5 0 results in the
following commutative diagram with exact rows and columns:

0
1

- YK o5 XK 5 0
! [

Z — XK 50
et

= M

l

0

3

(@)
1

S+ ZE X+ XN+ o
1

Since X, XX € X and X is closed under extensions, then Z € X. Since Y& € Y using
Lemma 4.1.4, we see that in the central column, v : Z — M is a right X-approximation.

In general, let M’ be the submodule of M generated by the images of the morphisms
X' — M with X' € X. There exists a finite set of such morphisms 7; : X; — M, with
X,; € X such that their images generate M . Since X is closed under direct sums, we
form X = @;X; € X, and there exists an epimorphism 7 : X — M .

The previous considerations give rise to a right X-approximation 'y/ . Z — M'. Let
w: M " —s M be the inclusion, then the morphism fyl 1 is a right X-approximation. |

Let now X = F(©). Then Y = Y(©) can be alternatively characterized as the full
subcategory of modA of all modules Y that satisfy Ext!(©(i),Y) =0 for 1 <i <n.

Lemma 4.1.6. Let 1 < i < n. Let N be an A-module with Ext(©(j), N) = 0 for
j > 1. Then there exists an exact sequence 0 — N — N’ — Q — 0 with Q a direct sum

of copies of ©(i) and Ext}(0(j),N') =0 for all j > i.

Proof:

Let us take e = (0 = N — N — Q — 0) to be a universal extension of copies of N
from above by copies of O(i), this means the following: take the exact sequences €5 =
(0 - N — Ts — ©(i) — 0) such that the corresponding equivalence classes [€1], . .., [€m]
generate Ext(0(i),N) as an End4(©(i)) module, and let € be the exact sequence
such that the s-th inclusion of ©(i) in @@ = ©O(7)" induces the sequence e5. Then,
the connecting homomorphism induced by €, § : Homa(0(i),Q) — Ext}(0(i),N), is
surjective. Consider the exact sequence

Homa(0(j), Q) — Exty(0(j), N) — Exty(0(j),N') — Exth(9(j), Q).
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For j > i, the last term Extl(0(j),0(i)™) becomes 0. For j > i we know that
Exti(©(j), N) = 0. For j = i, the first morphism is §, which is surjective. Hence,
for j > i we have Ext!(0(j),N') = 0.

|

Lemma 4.1.7. Let 1 < i < n. Let N be an A-module with Exty(©(j),N) = 0
for j > i. Then there exists an exact sequence 0 - N — Y — X — 0 with X €

FH{O(1),...,0(i)}) and Y € Y(O).

Proof:
Using the Lemma 4.1.6, we construct monomorphisms

i Hi—1
N=Ng 2 N2 By

with Qs = cokerps a direct sum of copies of O(s), and Ext(0(j), N;) = 0 for j > i. Let
w=p1...1;: N =Y, and X = cokerp. Then Y € Y(0), and X has a filtration with
factors @s. This is because, without loss of generality, we can assume that all ug are
inclusions; the filtration of X = Y/N is given by the modules N;/N; for 1 < s <i+1,
and (Ns/N)/(Ns+1/N) = Ns/Ngi1 =2 Qs for 1 < s <.

|

From the previous results, we can infer that every A—module has a right F(0)—
approximation, and since the construction of F(0) is self-dual, we can also obtain left
F(©)—approximations using duality. Thus, we have the following result.

Theorem 4.1.8. The subcategory F(O) is functorially finite in modA, i.e. F(O) is

covariantly finite and contravariantly finite in modA.

4.1.2 Standard and Costandard Modules

Let e = (e1, €2, ...e,) be a fixed complete ordered set of primitive and orthogonal idem-
potents of the K —algebra A. Note that considering the sequence e is equivalent to
considering a fixed order of the set of all non-isomorphic simple A—modules §; = eiﬁ
(we know that since A is Artin, it has a finite number). For any i € {1,--- ,n}, let P; =
e;A be their projective covers of e; and dually, let Q; = D(Ae;) be their injective hulls
of e;.

Definition 4.1.9. A normal series in an A—module M is a sequence of submodules

0=MyC M C..C My=M
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The number T is called the length of the series. The quotients MA}—T are called the factors
of the series. A composition series is a normal series whose factors are simple modules

or, equivalently, a normal series that cannot be refined to another series of greater length.

If X is an A—module, we denote by [X : 8;] the number of factors isomorphic to §;
in the composition series of X, that is, the multiplicity of 8; as a composition factor of
X.

Definition 4.1.10. The standard module A(i), for 1 <i < n, is defined as the mazximal
factor module of P; with composition factors of the form 8;, with j < i. Dually, the
costandard module V (i), for 1 <1i <mn, is defined as the maximal submodule of Q; with
composition factors of the form 8;, with j <.

We will denote by A and V the full subcategory consisting of these standard and costan-

dard modules, respectively.

Note that the previous definition implies that [A(i) : 8§;] = 0 for j < 4 and that
the module A(n) = P,. Dually, [V (i) : §;] = 0 for j < ¢ and the module V(n) = Q,.
Furthermore, the following results are obtained;

Proposition 4.1.11. Let A = {A(1),...,A(n)} and V = {V(1),...,V(n)}. The follow-

ing holds:
a) Homa(A(i),A(j)) = 0, fori>j.

b) Ext'(A(i),A(j)) = 0, fori>j.

c) Ext'(A®i),V(j)) =0, for alli,j.

d) Homa(P;,V(j)) = 0, fori> j.

e) Homa(A(j),Q) =0, fori > j.

f) Homa(A(i),V(§)) # 0 if and only if i = j.

As we have seen, the categories F(A) and F(V) are functorially finite in modA,
furthermore, admits the following descriptions, see (26),

F(A) = {X € modA | Ext'(X,V) =0}, and
F(V) = {X € modA | Ext'(A, X) = 0}.
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4.1.3 Triangular Matrix Algebras over Quasi-Hereditary Algebras

We conclude by stating an important result obtained by B. Zhu, where he, in (30, Theo-
rem 3.1), proves the quasi-hereditary of the triangular matrix algebras of quasi-hereditary
algebras A and B by a bimodule 4 Mp under a suitable conditions on the bimodule M.
Furthermore, he describe the good module category over this quasi-hereditary triangu-
lar matrix algebra. This same results are generalized to the functor categories in the
previous chapter, in Theorems 3.4.1 and 3.5.1.

All the algebras we will consider will be artin algebras over a commutative artin ring
R. Let E = (e, €2, ...e,) be a fixed ordered and complete set of primitive and orthogonal
idempotents of the R-algebra A. Recall that he pair (A, E), or the algebra A whenever
it does not cause confusion, is said to be standardly stratified if 4 A belongs to F(A).
Furthermore, if End(A(i)) is a division ring for every 1 < i < n, then we say that the
algebra is quasi-hereditary.

Let
A M
=0 8):
be the triangular matrix algebra, where M, is an A — B-bimodule such that A is an
artin R—algebra. Recall, see (5), that it is possible to identify a A—module with a

triple (X, Y, f), where X and Y are an A—module and a B—module respectively, and
f:M®pY — X is a morphism of A—modules.

Let (A,4 E) and (B,p E) be quasi-hereditary algebras and consider \E = (pFE,4 E)

the ordering on simple A—modules. In (30), it is shown that (A,p E) is a quasi-hereditary
algebra with standard modules

AA(1) = (8 BAO(I)) ;

ra(m) = (8 BAO(m)> ’

e G ]
AA(m 4 n) = (M(rg +n) 8) |

Furthermore, let T be the subcategory of modA formed by all triples (XY, f) where
X belongs to F(4A) and Y is from F(pA). For any triple (X,Y, f) in T, we can construct
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4.1 Quasi-Hereditary Algebras

the exact sequence
0 — (X,0,0) = (XY, f) = (0,Y,0) = 0,

where (X,0,0) and (0,Y,0) elements of F(,A). Consequently, since F(,A) is closed
under extentions in modA, it follows that (X,Y, f) € F(,A). Thus, we conclude that
T CF(aA).

In addition, Zhu proves in (30) that F(,A) C T. Indeed, we have that all standard
A—modules AA(i) are in T, where 1 < ¢ < m + n. By identifying an A—module X with
a triple (X,0,0), and a B—module Y with a triple (0,Y,0), we can consider both mod A
and modB as subcategories of modA. Thus, we identify modA with the subcategory
(modA, 0,0) and modB with the subcategory (0, modB,0) .

Then, since Ezt}(modA4,modB) = 0, both F(4A) and F(pA) are closed under
extensions in modA. Using the notation from (30), we know from (26) that

T =3F(BA)[F(4A) := {N € mod A | there is an exact sequence
0—-X—>N-—=Y =0, with X € F(4A),Y € F(A)},

is a subcategory that is closed under extensions in modA. Therefore, for any A—good
A—module N, it follows that N € T since N has a yA—filtration and all AA(i) € T.

Therefore,
Fad) =T={XY,f) [ X € F(4A), Y € F(BA)}.

And in this way, Zhu obtains the following result with which we conclude this work.

Theorem 4.1.12. (30, Theorem 3.1) Let (A,4 E) and (B,g E) be quasi-hereditary al-
gebras and \E = (BE,A E). If AM € F(4A), then (Aa E) is a quasi-hereditary algebra.
Moreover,

FaA) ={(X, Y, f) | X € F(44), Y € F(pA)}-
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