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Chapter 1

Introduction

1.1 Background of the Problem

The notion of quasi-hereditary algebra and highest weight category were introduced and
studied by E. Cline, B. Parshall and L. Scott (8; 25; 28). Highest weight categories arise
in the representation theory of Lie algebras and algebraic groups. For the setting of finite
dimensional algebras, quasi-hereditary algebras were amply studied by V. Dlab and C.
M. Ringel in (9; 11; 12; 26). In addition, they introduced the set of standard modules

Λ∆ associated with an algebra Λ. In (26), C. M. Ringel studied the homological proper-
ties of the category F(Λ∆) of Λ∆-filtered Λ-modules and constructed the characteristic
tilting module ΛT associated with F(Λ∆). In (30), B. Zhu studied the triangular matrix
algebra Λ =

[
T 0
M U

]
where T and U are quasi-hereditary algebras, and he proved that

under suitable conditions on M , Λ is a quasi-hereditary algebra.

On the other hand, B. Mitchell developed the idea that additive categories can be
thought as rings with several objects and he showed that a substantial amount of non-
commutative ring theory is still true in this generality (22).

Recently, R. Mart́ınez-Villa and M. Ort́ız studied tilting theory in arbitrary functor
categories, in (19; 20). They proved that most of the properties that are satisfied by a
tilting module over an artin algebra also hold for functor categories. Following the line of
the above mentioned works, M. Ort́ız introduced in (24) the concept of quasi-hereditary
category to study the Auslander-Reiten components of a finite dimensional algebra Λ.
Similarly, as the standard modules appear in the theory of quasi-hereditary algebras,
the concept of standard functors appears in this context. We note that the notion of
standard functor is a generalization of the notion of standard module. As a consequence,
a connection is obtained between highest weight categories and quasi-hereditary cate-
gories as stated by H. Krause in (14).

Finally, the concept of the triangular matrix category is introduced in (15; 16), as
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1. INTRODUCTION

the analogue of the triangular matrix algebra to the context of rings with several ob-
jects, and they obtain some applications to path categories given by infinite quivers, the
construction of recollements and the study of functorially finite subcategories in functor
categories.

The aim of this thesis is to show that the triangular matrix category Λ =
[

T 0
M U

]
,

where T and U are Hom-finite, Krull-Schmidt K-quasi-hereditary categories and M is
a U⊗K Top-module that satisfies suitable conditions, is quasi-hereditary in the sense of
(15) and (24), generalizing some of the results obtained by B. Zhu in (30).

It is worth mentioning that recently in (18) similar results have been obtained in the
context of standardly stratified lower triangular K-algebras with enough idempotents.

1.2 Summary of results

In this thesis, we prove that the lower triangular matrix category Λ =
[

T 0
M U

]
, where T

and U are Hom-finite, Krull-Schmidt K-quasi-hereditary categories and M is an U ⊗K
Top-module that satisfies suitable conditions, is quasi-hereditary. This result generalizes
the work of B. Zhu in his study on triangular matrix algebras over quasi-hereditary
algebras. Moreover, we obtain a characterization of the category of the Λ∆-filtered
Λ-modules.

1.3 Thesis Outline

We outline the content of the thesis chapter-by-chapter as follows.

In Chapter 2, we recall basic results about K−categories, path categories, functor
categories, quasi-hereditary categories and triangular matrix categories.

In Chapter 3, that is part of (23), we give the main result of this thesis, see Theorem
3.4.1, which is a generalization of a result given in (30, Theorem 3.1), see 4.1.12, as
stated above, see Remark 3.4.7. Moreover, we obtain a characterization of the category
of the Λ∆-filtered Λ-modules and we give an example a triangular matrix category Λ
which is quasi-hereditary with respect to certain filtration {Λj}j≥0.

In Chapter 4, we provide a brief overview of quasi-hereditary algebras, outlining their
key concepts and significance in representation theory. The objective of this chapter is
to present Theorem 4.1.12, given by B. Zhu in (30, Theorem 3.1), which motivated
the development of the main results presented in the previous chapter. The results of
sections 4.1.1 and 4.1.2 are classical and were developed by C.M. Ringel in (26).
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Chapter 2

Preliminaries

In this section, we will present a series of definitions and results, some of which are clas-
sical and for which we will not provide a proof, that will be essential for the development
of this work.

2.1 K-categories

Let’s begin by recalling some basic definitions to approach this work. The reader can
consult (1) and (6) for more details.

Let K be a field. A category C is a K-Category if for each pair of objects X and
Y in C, the set of morphisms C(X,Y ) is equipped with a K-vector space structure such
that the composition ◦ of morphisms in C is a K-bilinear map. A K-category C is called
Hom-finite if dimKC(X,Y ) <∞.

A Krull-Schmidt category is an additive category such that each object decom-
poses into a finite direct sum of indecomposable objects with local endomorphism rings.

Let C be an additive K-category. A class I of morphisms of C is a two-sided ideal
in C if:

(a) the zero morphism 0X ∈ C(X,X) belongs to I;

(b) if f, g : X → Y are morphisms in I and λ, µ ∈ K, then λf + µg ∈ I;

(c) if f ∈ I and g is a morphism in C that is left-composable with f , then g ◦ f ∈ I
and

(d) if f ∈ I and h is a morphism in C that is right-composable with f , then f ◦ h ∈ I.

Equivalently, a two-sided ideal I of C can be considered as a subfunctor I(−,−) ⊆
C(−,−) : Cop × C → Mod K, defined by assigning to each pair (X,Y ) of objects X,
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2. PRELIMINARIES

Y of C a K-subspace I(X,Y ) of C(X,Y ) such that if f ∈ I(X,Y ), g ∈ C(Y,Z) and
h ∈ C(U,X) then gfh ∈ I(U,Z).

Given a two-sided ideal I in an additiveK-category C, the quotient category C/I is
the category whose objects are the same as the objects of C and the space of morphisms
from X to Y in C/I is the quotient space (C/I)(X,Y ) = C(X,Y )/I(X,Y ) of C(X,Y ).
We can see that the quotient category C/I is an additive K-category, and the projection
functor π : C→ C/I assigning to each f : X → Y in C the coset f + I ∈ (C/I)(X,Y ) is
a K-linear functor. Moreover, π is full and dense, and Ker(π) = I.

The (Jacobson) radical of an additive K-category C is defined as the two-sided
ideal radC(−,−) in C given by the formula

radC(X,Y ) = {h ∈ C(X,Y ) : 1X − gh is invertible for any g ∈ C(Y,X)},

for all objects X and Y of C.

Tensor product of k-categories. Let C and C′ be K-categories. The tensor
product C⊗K C′ is the category whose class of objects is Obj C×Obj C′, where the set of
morphisms from (p1, q1) to (p2, q2) is the ordinary tensor product C(p1, p2) ⊗ C′(q1, q2).
The composition

C(p1, p2)⊗ C′(q1, q2)× C(p2, p3)⊗ C′(q2, q3)→ C(p1, p3)⊗ C′(q1, q3)

is given by the rule ((f1 ⊗ g1), (f2 ⊗ g2)) 7→ (f2f1 ⊗ g2g1). This composition is bilinear;
see (22).

2.2 Path Categories and Representations

A quiver is an oriented graph, formally denoted by a quadruple Q = (Q0, Q1, s, t), with
a set of vertices Q0 and a set of arrows Q1, and two maps s, t : Q1 → Q0, called source
and target, defined by s(a → b) = a and t(a → b) = b, respectively, if α : a → b is an
arrow in Q1.

A path of length l ≥ 1 from a to b in a quiver Q is of the form (a|α1, . . . , αl|b) with
arrows αi satisfying t(αi) = s(αi+1) for all 1 ≤ i ≤ l and a = s(α1) as well as b = t(αl).
In addition, for any vertex a in Q0, a path of length 0 from a to itself is denoted by ϵa.

Given a quiver Q, its path category KQ is an additive category, with objects being
direct sums of indecomposable objects. The indecomposable objects in the path category
are given by the set Q0, and given a, b ∈ Q0, the set of maps from a to b is given by the
K-vector space with basis the set of all paths from a to b. The composition of maps is
induced from the usual composition of paths:

4



2.2 Path Categories and Representations

(a|α1, . . . , αl|b)(b|β1, . . . , βs|c) = (a|α1, . . . , αlβ1, . . . , βs|c), (2.1)

where (a|α1, . . . , αl|b) is a path from a to b and (b|β1, . . . , βs|c) is a path from b to c.

Similarly, the path algebra of Q denoted by KQ, is the K-vector space with basis
the set of all paths in Q, and the product of two paths is defined by (2.1) if they are
composable, and it is zero if they are non-composable.

In KQ, any ideal I is generated by a set of paths {ρi|i}, that is I = ⟨ρi|i ⟩. Let I
be an ideal in KQ, then given a pair of finite sets of vertices {Xi}ni=1, {Yj}mj=1 we set
I(⊕ni=1Xi,⊕mj=1Yj) = {(fij) ∈ KQ(⊕ni=1Xi,⊕mj=1Yj)|fij ∈ I}. This allows us to define an
ideal I in KQ, and we refer to it as the ideal generated by I. If I ⊂ KQ is generated by
the set of paths {ρi|i}, we say that I is generated by the set {ρi|i}.

The ideal generated by all arrows is denoted by KQ+. Note that (KQ+)n is the
ideal generated by all paths of length ≥ n. Given vertices a, b ∈ Q0, a finite linear
combination

∑
w cww with cw ∈ K where w are paths of lengths ≥ 2 from a to b is called

a relation on Q. Any ideal I ⊆ (KQ+)2 can be generated, as an ideal, by relations. An
ideal I ⊂ KQ is called admisible if it is generated by a set of relations. We then say
that an ideal I in KQ is admissible if it is generated by an admissible ideal in KQ.

A representation of a quiver Q is a pair V = ((Vi)i∈Q0 , (Vα)α∈Q1), where each
element of the family {Vi}i∈Q0 is a vector space and Vα : Vs(α) → Vt(α) is a K-linear map.
Let V andW be two representations of Q. A morphism from V toW is a family of linear
maps f = (fi : Vi → Wi)i∈Q0 such that for each arrow α : i → j we have fjVα = Wαfi.
We denote by rep Q the abelian category that has as objects the representations of Q
and as morphisms just the morphisms of representations.

Let ρ = (a|α1, . . . , αl|b) a path in Q, we set Vρ = Vαl
◦ · · · ◦ Vα1 . Let I ⊂ KQ be an

ideal, we then say the representation V is bounded by I if Vρ = 0 for all ρ ∈ I. The full
subcategory of rep Q consisting of representations bounded by I is denoted by rep (Q, I).

Let Q be a quiver. For x ∈ Q0, we denote by x+ and x− the set of arrows starting
in x and the set of arrows ending in x, respectively. Recall that x is a sink vertex or
a source vertex if x+ = ∅ or x− = ∅. One says that Q is locally finite if x+ and x−

are finite sets and interval finite if the set of paths from x to y is finite for any x, y ∈ Q0.

For short, we say that Q is strongly locally finite if it is locally finite and interval
finite. In particular, Q contains no oriented cycle in case it is interval finite. Note that
under these conditions, if Q is a strongly locally finite quiver, the path category KQ is
a Hom-finite Krull-Schmidt K-category; see (7).
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2. PRELIMINARIES

2.3 Functor Categories

Recall that a category C is said to be skeletally small if it has a small dense subcate-
gory C′, see (2). Let C be a Hom-finite Krull-Schmidt and skeletally small K−category.

The abelian category (C,Ab) is the category of all additive covariant functors from
C to the category of abelian groups, which we will call C-modules. Given two C-modules
F and G, the set of morphisms Hom(C,Ab)(F,G) is denoted simply by HomC(F,G). Fol-
lowing (2; 3), (C,Ab) is denoted by Mod(C).

A C-module M is finitely presented if an exact sequence P1 → P0 → M → 0 of
C-modules exist where P0 and P1 are finitely generated projective C-modules. We recall
that a C-module P is finitely generated projective if P is a direct summand of a
finite coproduct of representable functors.

We denote by mod(C) the full subcategory of Mod(C) consisting of finitely presented
C-modules. Let M be a C-module, so each C in C the abelian group M(C) has a struc-
ture as a EndC(C)-module and hence as a K-module since EndC(C) is a K-algebra.

We denote by (C,mod K) the full subcategory of Mod(C) of all C-modules such that
M(C) is a finitely generated K-module. The category (C,mod K) is an abelian cate-
gory with the property that the inclusion (C,mod K) → Mod(C) is exact and contains
mod(C) as a full subcategory.

Let Q be a quiver and I be an ideal I ⊂ KQ. Set C = KQ/I. Then each represen-
tation V = ((Vi)i∈Q0 , (Vα)α∈Q1) in rep (Q, I) defines a C-module Ṽ in (C,mod K) by
setting Ṽ (i) = Vi and Ṽ (α) = Vα.

In general, the functor D : (C,mod K)→ (Cop,mod K) given by

D(M)(X) = HomK(M(X),K)

for all X in C defines a duality between (C,mod K) and (Cop,mod K), and we refer to
it as the standard duality.

According to M. Auslander, see (2), there exists a unique functor, up to isomorphism,
− ⊗C − : Mod(Cop) × Mod(C) → Ab, called the tensor product, with the following
properties:

(a) (i) For each C-module N , the functor − ⊗C N : Mod(Cop) → Ab, given by
(− ⊗C N)(M) = M ⊗C N is right exact. For each C-module N , the functor
−⊗C N :Mod(Cop)→ Ab, given by (−⊗C N)(M) =M ⊗C N is right exact.

(ii) For each Cop-module M , the functor M ⊗C − : Mod(C) → Ab, given by
(M ⊗C −)(N) =M ⊗C N is right exact.

6



2.3 Functor Categories

(b) The functors − ⊗C N : Mod(Cop) → Ab and M ⊗C − : Mod(C) → Ab preserve
arbitrary sums.

(c) For each object C ∈ C, (C,−)⊗C N = N(C) and M ⊗C (−, C) =M(C).

Now we will see an important pair of adjoint functors. Given a subcategory C′ of C,
the restriction functor is defined as

res :Mod(C) −→Mod(C′)

res(M) := HomMod(C)(−,M)
∣∣
C′ ,

which has a right adjoint
F :Mod(C′) −→Mod(C)

F (M)(C) = (C,−)|C′ ⊗C′ M,

for all M ∈ Mod(C′) and C ∈ C, see (2). This is also called tensor product and is
denoted by C⊗C′ :Mod(C′) −→Mod(C).

Proposition 2.3.1. (2, Proposition 3.1). Let C′ be a full subcategory of C. The functor

C⊗C′ :Mod(C′) −→Mod(C) satisfies the following properties:

(a) C⊗C′ is right exact and preserves arbitrary sums.

(b) The composition Mod(C′)
C⊗C′ //Mod(C)

res //Mod(C′) is the identity onMod(C′).

(c) For each object C ′ ∈ C, C⊗C′ C′(−, C ′) = C(−, C ′).

(d) C⊗C′ is fully faithful.

(e) C⊗C′ preserves projective objects.

The functor M ∈ Mod(C) is said to be projectively presented over C′ if there exists
an exact sequence∐

i∈I C(−, C ′
i)

//
∐
j∈J C(−, C ′

j)
//M // 0 ,

with C ′
i, C

′
j ∈ C′. The category C ⊗C′ Mod(C′), is the subcategory of Mod(C) whose

objects are the functors projectively presented over C′. Moreover, the functors res and
C⊗C′ induce an equivalence between Mod(C′) and C⊗C′ Mod(C′).

Proposition 2.3.2. (2, Proposition 3.2). Let C′be a full subcategory of the skeletally

small category C. The following conditions are equivalent for a C−module M .
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2. PRELIMINARIES

(a) The canonical morphism C⊗C′ (M |C′) //M is an isomorphism.

(b) There exists an exact sequence

∐
i∈I C(−, C ′

i)
//
∐
j∈J C(−, C ′

j)
//M // 0 ,

of C−modules, with C ′
i and C

′
j in the subcategory C′.

2.4 Triangular Matrix Categories

In this section we recall some results from the article (15). The notion of triangular ma-
trix categories is introduced in (15; 16) in order to define the analogous of the triangular
matrix algebras to the context of rings with several objects.

Definition 2.4.1. (15, Definition 3.5) Given T and U additive K-categories and a func-

tor M : U ⊗K Top → Mod(K), the triangular matrix category Λ =

 T 0

M U

 is the

additive K-category whose collection of objects are the matrices

 T 0

M U

, where U

and T are objects in U and T, respectively.

Let X =

 T 0

M U

, X ′ =

T ′ 0

M U ′

 and X ′′ =

T ′′ 0

M U ′′

 be objects in Λ. The set

of morphisms from X to X ′ is Λ(X,X ′) =

 T(T, T ′) 0

M(U ′, T ) U(U,U ′)

, where

 T(T, T ′) 0

M(U ′, T ) U(U,U ′)

 :=


f 0

m g

 : f ∈ T(T, T ′), g ∈ U(U,U ′),m ∈M(U ′, T )

 ,

and the composition Λ(X ′, X ′′)× Λ(X,X ′)→ Λ(X,X ′′) is defined by f2 0

m2 g2

 ,

 f1 0

m1 g1

 7→
 f2 ◦ f1 0

m2letf1 + g2 •m1 g2 ◦ g1


with m2 • f1 :=M(1U ′′ ⊗ fop1 )(m2) and g2 •m1 :=M(g2 ⊗ 1T )(m1).

We note that
M(1U ′′ ⊗ fop1 ) :M(U ′′, T ′)→M(U ′′, T ),

8



2.4 Triangular Matrix Categories

M(g2 ⊗ 1T ) :M(U ′, T )→M(U ′′, T )

are morphisms in Mod(K).

The triangular matrix category Λ is a preadditive category and, furthermore, it
satisfies the following property.

Proposition 2.4.2. (15, Proposition 3.7) If U and T have finite coproducts, then the

triangular matrix category Λ =

 T 0

M U

 has finite coproducts.

Moreover, in (15), the authors compute the radical of the category Λ.

Proposition 2.4.3. (15, Proposition 3.8) Let U and T be preadditive categories and

M ∈ Mod(U ⊗ Top). Consider the category of triangular matrices Λ =

 T 0

M U

. It

follows that

radΛ

 T 0

M U

 ,

T ′ 0

M U ′

 =

radT(T, T ′) 0

M(U ′, T ) radU(U,U
′)

 .

Proof:
Let (

t 0
m u

)
∈ radΛ

((
T 0
M U

)
,

(
T ′ 0
M U ′

))
,

and let t′ : T ′ −→ T and u′ : U ′ −→ U be morphisms in T and U espectively. Consider(
t′ 0
0 u′

)
∈ HomΛ

((
T ′ 0
M U ′

)
,

(
T 0
M U

))
.

Then

(
1T 0
0 1U

)
−
(
t′ 0
0 u′

)(
t 0
m u

)
=

(
1T − t′t 0
−u′ •m 1U − u′u

)
is invertible in Λ and

therefore 1T − t′t and 1U − u′u are invertible in T and U respectively. From this, we
conclude that t ∈ radT(T, T ′) and u ∈ radU(U,U ′).

For the other inclusion, let t ∈ radT(T, T ′), u ∈ radU(U,U ′) and m ∈M(U
′
, T ). We

assert that (
t 0
m u

)
∈ radΛ

((
T 0
M U

)
,

(
T ′ 0
M U ′

))
.

Indeed, let (
t′ 0
m′ u′

)
∈ HomΛ

((
T ′ 0
M U ′

)
,

(
T 0
M U

))
.

9
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Since 1T − t′t and 1U − u′u are invertible, there exist t′′ ∈ HomT(T, T ) and U ′′ ∈
HomU(U,U) such that

(1T − t′t)t′′ = t′′(1T − t′t) = 1T , and (1U − u′u)u′′ = u′′(1U − u′u) = 1U .

Let m′′ := u′′ • (m′ • t + u′ • m) • t′′ ∈ M(U, T ). Since (1U − u′u)u′′ = 1U and
t′′(1T − t′t) = 1T we have that((

1T 0

0 1U

)
−

(
t′ 0

m′ u′

)(
t 0

m u

))((
t′′ 0

m′′ u′′

))
=

=

((
1T 0
0 1U

)
−
(

t′t 0
m′ • t+ u′ •m u′u

))((
t′′ 0
m′′ u′′

))
=

(
1T − t′t 0

−(m′ • t+ u′ •m) 1U − u′u

)((
t′′ 0
m′′ u′′

))
=

(
(1T − t′t)t′′ 0

−(m′ • t+ u′ •m) • t′′ + (1U − u′u) •m′′ (1U − u′u)u′′
)

=

(
1T 0

−(m′ • t+ u′ •m) • t′′ + (1U − u′u) •m′′ 1U

)
=

(
1T 0
0 1U

)
,

where the final equality is due to

(m′ • t+ u′ •m) • t′′ = 1U • ((m′ • t+ u′ •m) • t′′)
=
(
(1U − u′u)u′′

)
• ((m′ • t+ u′ •m) • t′′)

= (1U − u′u) •
(
u′′ • (m′ • t+ u′ •m) • t′′

)
= (1U − u′u) •m′′.

On the other hand,((
t′′ 0

m′′ u′′

))((
1T 0

0 1U

)
−

(
t′ 0

m′ u′

)(
t 0

m u

))
=

=

((
t′′ 0
m′′ u′′

))((
1T 0
0 1U

)
−
(

t′t 0
m′ • t+ u′ •m u′u

))
=

((
t′′ 0
m′′ u′′

))(
1T − t′t 0

−(m′ • t+ u′ •m) 1U − u′u

)
=

(
t′′(1T − t′t) 0

m′′ • (1T − t′t)− u′′ • (m′ • t+ u′ •m) u′′(1U − u′u)

)
=

(
1T 0

m′′ • (1T − t′t)− u′′ • (m′ • t+ u′ •m) 1U

)

10



2.4 Triangular Matrix Categories

=

(
1T 0
0 1U

)
,

where the last equality is a consequence of

u′′ • (m′ • t+ u′ •m) =
(
u′′ • (m′ • t+ u′ •m)

)
• 1T

=
(
u′′ • (m′ • t+ u′ •m)

)
•
(
t′′(1T − t′t)

)
=
(
u′′ • (m′ • t+ u′ •m) • t′′

)
• (1T − t′t)

= m′′ • (1T − t′t).

Thus,

(
t 0
m u

)
∈ radΛ

((
T 0
M U

)
,

(
T ′ 0
M U ′

))
as we wanted. ■

Let M ∈ Mod(U⊗K Top). Then, there exists a covariant functor

E : T −→ Mod(U)op,

defined as follows:

(a). For T ∈ T, we have a covariant functor E(T ) :=MT : U −→ Ab given as:

(i) MT (U) :=M(U, T ), for all U ∈ U.

(ii) MT (u) :=M(u⊗ 1T ), for all u ∈ HomU(U,U
′).

(b). Now, given a morphism t : T −→ T ′ in T we define the natural transformation
E(t) := t̄ : MT ′ −→ MT where t̄ = {[t̄]U : MT ′(U) −→ MT (U)}U∈U with [t̄]U =
M(1U ⊗ top) :M(U, T ′) −→M(U, T ).

Now, let

Y : Mod(U) −→ Mod
(
Mod(U)op

)
be the Yoneda functor given as follows Y (B) := HomMod(U)(−, B); and consider the
following functor

I : Mod
(
Mod(U)op

)
−→ Mod(T),

which is induced by composing with E : T −→ Mod(U)op. We set

G := I ◦ Y : Mod(U) −→ Mod(T).

Hence we have the comma category
(
Mod(T),G(Mod(U))

)
;

i) whose objects are the triples (A, f,B) with A ∈ Mod(T), B ∈ Mod(U), and f :
A −→ G(B) is a morphism of T-modules.

11



2. PRELIMINARIES

ii) A morphism between two objects (A, f,B) and (A′, f ′, B′) is a pair of morphism
(α, β) whereα : A −→ A′ is a morphism of T-modules and β : B −→ B′ is a
morphism of U-modules such that the diagram

A
α //

f
��

A′

f ′

��
G(B)

G(β)
// G(B′)

commutes.

Now, given (A, f,B) ∈
(
Mod(T),GMod(U)

)
, we can construct a functor

A⨿f B : Λ→ Ab

defined as follows:

(a) For

[
T 0
M U

]
∈ Λ we set

(
A⨿f B

)(( T 0
M U

))
:= A(T )⨿B(U) ∈ Ab.

(b) If

(
t 0
m u

)
∈ HomΛ

((
T 0
M U

)
,

(
T ′ 0
M U ′

))
we define the map

(
A⨿f B

)(( t 0
m u

))
:=

(
A(t) 0
m B(u)

)
: A(T )⨿B(U)→ A(T ′)⨿B(U ′)

given by

(
A(t) 0
m B(u)

)x
y

 =

(
A(t)(x)

m · x+B(u)(y)

)
for (x, y) ∈ A(T ) ⨿ B(U),

where m · x := [fT (x)]U ′(m) ∈ B(U ′).

We define f : (Mod(T),G(Mod(U)))→ Mod(Λ) as f
(
(A, f,B)

)
= A⨿f B and it is a

covariant functor (see (15, Proposition 3.12)). We have the following Theorem.

Theorem 2.4.1. (15, Theorem 3.17) There exists an equivalence of categories

f : (Mod(T),G(Mod(U)))→ Mod(Λ).

Hence, given a Λ-module C, there exists a pair of functors C(1) : T → Ab, C(2) :

U → Ab and C(1) f // G(C(2) ) such that f((C(1), f, C(2))) ∼= C, where we have that

C(1)(T ′) := C

T ′ 0

M 0

 and C(2)(U ′) := C

 0 0

M U ′

.

Now, we have the following Proposition.
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Proposition 2.4.4. Let C ∈ Mod(Λ) and consider C(1) : T → Ab and C(2) : U→ Ab

and C(1) f // G(C(2) ) such that f((C(1), f, C(2))) ∼= C. Suppose that there exists exact

sequences

T(T1,−) // T(T0,−) // C(1) // 0 , T0, T1 ∈ T and

U(U1,−) // U(U0,−) // C(2) // 0 , U0, U1 ∈ U.

Then there exists an exact sequence in Mod(Λ)

Λ

T1 0

M U1

 ,−

 Λ

T0 0

M U0

 ,−

 f
((
C(1), f, C(2)

))
0,

where Pj := Λ

Tj 0

M Uj

 ,−

 is a projective Λ−module for j = 0, 1.

Proof:
It is similar to the proof of (15, Proposition 6.3). ■

Proposition 2.4.5. (15, Proposition 5.5) The subcategory proj(Mod(Λ)) of Mod(Λ)

consisting of finitely generated projective Λ-modules is equivalent to the subcategory of(
Mod(T),GMod(U)

)
consisting of morphism of T-modules

g : T(T,−) −→ G
(
MT ⨿ U(U,−)

)
given by g :=

{
[g]T ′ : T(T, T ′) −→ HomMod(U)

(
MT ′ ,MT⨿U(U,−)

)}
T ′∈T

, with [g]T ′(t) :=t
0

 : MT ′ → MT ⨿ U(U,−) for all t ∈ T(T, T ′), where for U ′ ∈ U, the map

t
0


U ′

:

M(U ′, T ′)→M(U ′, T )⨿U(U,U ′) is defined by

t
0


U ′

(m) := (M(1U ⊗ top)(m), 0) =

(m • t, 0),∀m ∈M(U ′, T ).

Proposition 2.4.6. (15, Proposition 5.6) A sequence of maps

0 // (A, f,B)
(α,β)// (A′, f ′, B′)

(α′,β′)// (A′′, f ′′, B′′) // 0

13
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is exact in
(
Mod(T),G(Mod(U))

)
if and only if the following are exact sequences

0 // A
α // A′ α // A // 0 ,

0 // B
β // B′ β // B′′ // 0

in Mod(T) and Mod(U) respectively.

The following results are also available.

Lemma 2.4.7. (15, Lemma 6.6) Let U and T be K−varieties that are Hom−finite, and

suppose that M ∈Mod(U⊗K Top) satisfies MT ∈ mod(U), for all t ∈ T. Then

Γ = EndΛ

 T 0

M U

 :=

HomT(T, T ) 0

M(U, T ) HomU(U,U)


is an Artin K−algebra.

Proposition 2.4.8. (15, Proposition 6.8) Assume that T and U are additive categories

with splitting idempotents. Then Λ is also an additive category with splitting idempotents.

Proof:
Let (

t 0
m u

)
:

(
T 0
M U

)
−→

(
T 0
M U

)
be an idempotent morphism with t ∈ HomT(T, T ), u ∈ HomU(U,U) and m ∈M(U, T ).
Then, (

t 0
m u

)
=

(
t 0
m u

)(
t 0
m u

)
=

(
t2 0

m • t+ u •m u2

)
.

Thus, m = m • t+ u •m =M(1U ⊗ top)(m) +M(u⊗ 1T )(m), t2 = t and u2 = u.

Let µ : L −→ T be the kernel of the endomorphism t : T −→ T and ν : K −→ U
be the kernel of the endomorphism u : U −→ U , which exist since U and T have split
idempotents.

Then 0 = tµ and therefore 0 =M(1U ⊗ (tµ)op) =M(1U ⊗ µop) ◦M(1U ⊗ top). From
which we have

0 = (M(1U ⊗ µop) ◦M(1U ⊗ top)) (m) = (m • t) • µ.
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Therefore,

m • µ = (m • t+ u •m) • µ = (m • t) • µ+ (u •m) • µ = (u •m) • µ ∈M(U,L).

We assert that

(
µ 0

−m • µ ν

)
:

(
L 0
M K

)
−→

(
T 0
M U

)
is the kernel of

(
t 0
m u

)
:

(
T 0
M U

)
−→

(
T 0
M U

)
.

Indeed, first let’s see that(
t 0
m u

)(
µ 0

−m • µ ν

)
=

(
tµ 0

m • µ+ u • (−m • µ) uν

)
=

(
tµ 0

m • µ− u • (m • µ) uν

)

=

(
tµ 0

m • µ− (u •m) • µ uν

)
=

(
0 0
0 0

)
.

Let’s consider now

(
α 0
n β

)
:

(
T ′ 0
M U ′

)
−→

(
T 0
M U

)
with n ∈ M(U, T ′), α :

T ′ −→ T and β : U ′ −→ U , such that(
0 0
0 0

)
=

(
t 0
m u

)(
α 0
n β

)
=

(
tα 0

m • α+ u • n uβ

)
.

Then, m • α = −u • n ∈M(U, T ′).

Let’s take ν : K −→ U , and we have ν • (m • α) = ν • (−u • n) ∈M(U, T ′).

We want a morphism

(
α′ 0
m′ β′

)
:

(
T ′ 0
M U ′

)
−→

(
L 0
M K

)
with m′ ∈ M(K,T ′),

such that(
α 0
n β

)
=

(
µ 0

−m • µ ν

)(
α′ 0
m′ β′

)
=

(
µα′ 0

(−(m • µ)) • α′ + ν •m′ νβ′

)
.

For this, we consider ν ′ : K ′ −→ U the kernel of 1U − u. Since idempotents split, we
have U ≃ K ′ ⊗K with ν : K −→ U and ν ′ : K ′ −→ U being the natural inclusions. In
particular, there exists p : U −→ K and p′ : U −→ K ′ such that

1U = νp+ ν ′p′, pν = 1K , p
′ν ′ = 1K′ .

It can be seen that u = ν ′p′. From this we have that n = ν(p • n) + ν ′(p′ • n). We
let m′ := p • n ∈M(K,T ′). Then we have

(−(m • µ)) • α′ = −(m • (µ ◦ α′)) = −(m • α) = u • n.

On the other hand,

ν •m′ = ν • (p • n) = n− ν ′ • (p′ • n) = n− (ν ′ • p′) • n = n− u • n.
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Therefore, (
(−(m • µ)) • α′)+ ν •m′ = n,

and α = µα′ and β = νβ′.Thus, we prove that

(
α′ 0
m′ β′

)
:

(
T ′ 0
M U ′

)
−→

(
L 0
M K

)
is

the desired morphism.

Now, for uniqueness, suppose that

(
α′′ 0
m′′ β′′

)
is such that

(
µα′ 0

(−(m • µ)) • α′ + ν •m′ νβ′

)
=

(
µα′′ 0

(−(m • µ)) • α′′ + ν •m′′ νβ′′

)
=

(
α 0
n β

)
.

We then have α′ = α′′ and β′ = β′′ and thus ν•m′ = ν•m′′. Composing with p : U −→ K
we have

m′ = 1K •m′ = (p ◦ ν) •m′ = p • (ν •m′) = p • (ν •m′′) = (p ◦ ν) •m′′ = 1K •m′′ = m′′.

This proves uniqueness, thereby concluding the proof, i.e., Λ is a category with splitting
idempotents. ■

Proposition 2.4.9. (15, Proposition 6.9) Let U and T be Hom−finite K−varieties wich

are Krull−Schmidt and M ∈Mod(U⊗K Top) satisfies that MT ∈ mod(U) for all T ∈ T.

Then,

(a) Λ =

 T 0

M U

 is a Hom−finite K−variety and Krull−Schmidt, and

(b) mod(Λ) is also a Hom−finite K−variety and Krull−Schmidt.

Proof:

(a) By Lemma 2.4.7, we have that

Γ = EndΛ

((
T 0
M U

))
:=

(
HomT(T, T ) 0
M(U, T ) HomU(U,U)

)
,

is an Artin K−algebra for every

(
T 0
M U

)
∈ Λ and therefore semiperfect.

Since U and T are Krull−Schmidt, we have by (13, Corollary 4.4), that U and
T have splitting idempotents. Furthermore, by Propositions 2.4.2 and 2.4.8, we
have that Λ is an additive category with splitting idempotents. Therefore, also by

Corollary (13, Corolario 4.4), Λ =

(
T 0
M U

)
is Krull−Schmidt.
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(b) This follows from part (a) and from (21, Proposition 2.4).

■

2.5 Quasi-hereditary Categories

In this section, we provide some results given by M. Ortiz in (24) that will be essential
for the development of the main results that we will obtain in this thesis.

From now on, we will consider K to be an algebraically closed field. We will also as-
sume that every subcategory B of C is closed under finite direct sums and isomorphisms.

For each E ∈ B, a function kE : ObC → N is defined by kE(X) := dimK C(E,X).
Let {g1, · · · , gkE(X)} be a K-basis of C(E,X). Ortiz defines the following morphism of
C-modules for every C ∈ C,

φ
(E,X)
C : C(C,E)kE(X) → C(C,X),

(g1, · · · , gkE(X)) 7→
kE(X)∑
i=1

figi.

Then, the induced morphism is given by(
φ(E,X)

)
E∈B

:
∐
E∈B

C(−, E)kE(X) → C(−, X).

Recall that

Tr{C(−,E)}E∈B
C(−, X) :=

∑
{C(−,E)}E∈B

{Imψ | ψ ∈ HomMod(C)(C(−, E),C(−, X))}

is the largest subfunctor of C(−, X) generated by {C(−, E)}E∈B.

Let B be a full additive subcategory of C. Given C,C ′ ∈ C, we denote by IB(C,C
′)

the subset of C(C,C ′) consisting of morphisms which factor through some object in
B. Then, we can define a two-sided ideal IB(−, ?). The following lemma relates the
ideal IB(−, ?) with the trace Tr{C(−,E)}E∈B

C(−, X) of the family of projective C-modules
{C(−, E)}E∈B in C(−, X).

Lemma 2.5.1. (24, Lemma 3.1) Let
(
φ(E,X)

)
E∈B :

∐
E∈B C(−, E)kE(X) → C(−, X) be

the morphism defined earlier. It follows that,

Im
(
φ(E,X)

)
E∈B

= Tr{C(−,E)}E∈B
C(−, X) = IB(−, X).
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Proof:
For every E ∈ B we assert that Im

((
φ(E,X)

)
E∈B

)
=

∑
f̂∈C(E,X)
E∈B

Im(C(−, f̂)).

Let {f1, · · · , fkE(X)} be a K-basis of C(E,X). Then,

Im
((
φ
(E,X)
C

)
E∈B

)
=


kE(X)∑
i=1

figi | gi ∈ C(C,E), E ∈ B

 .

On the other hand, we have that∑
f̂∈C(E,X)
E∈B

Im
(
C(−, f̂)C

)
=

∑
f̂∈C(E,X)
E∈B

Im
(
C(C, f̂)

)

=

{
m∑
s=1

f̂sgs | f̂s ∈ C(E,X), gs ∈ C(C,E), E ∈ B, m ≥ 1

}
.

It follows that Im
((
φ(E,X)

)
E∈B

)
⊆

∑
f̂∈C(E,X)
E∈B

Im(C(−, f̂)). For the other inclusion,

let us consider the morphism f̂s =

kE(X)∑
i=1

cisfi, cis ∈ K en C(E,S). Then it follows that

m∑
s=1

f̂sgs =

m∑
s=1

kE(X)∑
i=1

cisfi

 gs =

kE(X)∑
i=1

fi

(
m∑
s=1

cis

)
.

From which it follows that
∑

f̂∈C(E,X)
E∈B

Im(C(−, f̂)) ⊆ Im
((
φ(E,X)

)
E∈B

)
, as we wanted.

We assert that for every E ∈ B, Im
((
φ(E,X)

)
E∈B

)
= Tr{C(−,E)}E∈B

C(−, X). Indeed,

by the Yoneda lemma and the previous assertion, we have that

Tr{C(−,E)}E∈B
C(−, X) =

∑
ψ∈HomMod(C)(C(−,E),C(−,X))

{C(−,E)}E∈B

Im(ψ)

=
∑

f̂∈C(E,X)
E∈B

Im(C(−, f̂)) = Im
((
φ(E,X)

)
E∈B

)
.

Finally, we observe that f ∈ Im
((
φ(E,X)

)
E∈B

)
(C) if and only if f ∈ IB(C,X). ■
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Chapter 3

Triangular Matrix Categories Over

Quasi-hereditary Categories

The class of quasi-hereditary algebras was introduced by E. Cline, B.J. Parshall, and
L.L. Scott, and is defined through a given order on the indecomposable projective mod-
ules via a very special chain of ideals. They have been extensively studied since the late
1980s; see (8; 25; 28). They also appear in the study of Algebraic Groups, Lie Algebras,
Highest-Weight Categories, Invariant Theory, Algebraic Geometry, and certain homo-
logical properties in finite-dimensional associative algebras over a field.

Another way to view this class of algebras was provided by V. Dlab and C.M.
Ringel (9; 11; 26), who first introduced the class of standard modules associated with a
finite-dimensional K-algebra Λ. This class was fundamental in the application of quasi-
hereditary algebras in Representation Theory.

C.M. Ringel also studied the homological properties of the category of filtered Λ-
modules, F (Λ∆), for a quasi-hereditary algebra Λ. In this way, he establishes a rela-
tionship between quasi-hereditary algebras and Tilting Theory, through a tilting module
that he calls characteristic.

In (24), Ortiz introduces the notion of a quasi-hereditary category, which will be the
main concept upon which we will develop this chapter. Therefore, in this section, we aim
to present some of the main definitions and results outlined in (24). With these tools,
we will be able to extend the main results obtained by Zhu in (30) for quasi-hereditary
algebras to the category Mod(C).

In (30, Theorem 3.1), B. Zhu finds certain conditions for the triangular matrix al-
gebra to be quasi-hereditary. Following these ideas, we generalize this result to the
context of functor categories. Specifically, as seen in (23), we prove that if U and T

are quasi-hereditary Hom-finite and Krull-Schmidt categories with respect to the filtra-

19
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tions {Uj}0≤j≤n and {Tj}j≥0 of U and T, respectively, which consist of additively closed

subcategories and MT ∈ F(U∆) for every T ∈ T, then it follows that Λ =

(
T 0
M U

)
is

quasi-hereditary with respect to a certain filtration {Λj}j ≥ 0, which we construct from
the filtrations {Uj}0≤j≤n and {Tj}j≥0. Furthermore, we obtain a characterization of the
category of filtered Λ-modules Λ∆.

3.1 Quasi-hereditary Category respect to a Chain of Two-

sided Ideals

Assume C is a Hom-finite Krull-Schmidt K-category. In order to generalize the notion
of quasi-hereditary algebra to K-categories, the notion of heredity ideal and heredity
chain is introduced in (24).

Remark 3.1.1. We note that definition of quasi-hereditary category in (24, Definition

3.4) is given for contravariant functors; however, by considering the opposite category

Cop we have that contravariant functors over Cop coincide with covariant functors over

C. So, we can translate all the results in (24) to the setting of covariant functors.

To begin, we need to provide a series of important definitions, starting with the
notion of Heredity Ideals in C.

Definition 3.1.2. A two-sided ideal I in C is called (left) heredity if the following

conditions hold:

(i) I2 = I, i.e, I is an idempotent ideal;

(ii) Irad C(−, ?)I = 0, and

(iii) I(X,−) is a projective finitely generated C−module for all X ∈ C.

Definition 3.1.3. A chain of two-sided ideals

0 = I0 ⊂ I1 ⊂ · · · ⊂ C(−, ?),

is exhaustive if
⋃
j∈J

Ij = C(−, ?). The category C is called quasi-hereditary if there

exists an exhaustive chain {Ij}j∈J , where J is at most countable, of two-sided ideals

0 = I0 ⊂ I1 ⊂ · · · ⊂ C(−, ?),
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3.2 Quasi-hereditary Category respect to an Exhaustive Filtration

such that
Ij
Ij−1

is heredity in the quotient category C
Ij−1

. Such a chain is called a heredity

chain.

Remark 3.1.4. (a) We note that we consider exhaustive chain of ideals because as in

the classical case, we need to reach C(−, ?) in some way and if the set J is infinite

we can do that by requiring the equality
⋃
j∈J

Ij = C(−, ?).

(b) In the spirit of the Remark 3.1.1, we should have called left heredity ideal and left

quasi-hereditary category to the notions given above for covariant functors and

the notions given for contravarian functors in (24) should have been called right

heredity ideal and right quasi-hereditary category. However, in order to avoid

overloading the notation we will not write the left adjective in all those notions.

(c) By Remark 3.1.1 we have that C is quasi-hereditary in the sense given above if and

only if Cop is quasi-hereditary in the sense of (24).

Recall that, if B is a full additive subcategory of C, and given C,C ′ ∈ C, we denote
by IB(C,C

′) the subset of C(C,C ′) consisting of morphisms which factor through some
object in B. This allows us to define the two-sided ideal IB(−, ?) which is an idempotent
ideal in C.

Moreover, we denote by Tr{C(E,−)}E∈B
C(X,−) withX ∈ C, the trace of {C(E,−)}E∈B

in C(X,−), that is,

Tr{C(E,−)}E∈B
C(X,−)=

∑{
Im(ψ) :ψ ∈HomMod(C)

(
C(E,−),C(X,−)

)
, E ∈B

}
.

By the covariant version of 2.5.1, we have that:

Lemma 3.1.5. Let B be a full additive subcategory of C. Then for X ∈ C we have that:

Tr{C(E,−)}E∈B
C(X,−) = IB(X,−).

3.2 Quasi-hereditary Category respect to an Exhaustive

Filtration

Previously, we gave a definition of quasi-hereditary category respect to a chain {Ij}j∈J
of two-sided ideals. Now, in order to produce a chain of two sided ideals of C we will
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need a filtration of the category C. So, assume we have an exhaustive filtration

{0} = B0 ⊆ B1 ⊆ B2 ⊆ · · · ⊆ C

of C into additive full subcategories (that is, ∪j≥0Bj = C ). We then have an exhaustive
chain of two-sided idempotent ideals:

{0} = IB0 ⊂ IB1 ⊂ · · · IBj−1
⊂ IBj

⊂ · · · ⊂ C(−, ?).

Note that
IBj

IBj−1
is an idempotent ideal in the quotient category C

IBj−1
since IBj

and IBj−1

are idempotents in C and(
IBj

IBj−1

)2

=
IBj

IBj−1

IBj

IBj−1

=
I2Bj

+ IBj−1

IBj−1

=
IBj

IBj−1

.

The above motivates us to introduce the definition of quasi-hereditary category re-
spect to an exhaustive {Bj}j≥0 filtration of C.

Definition 3.2.1. (24, Definition 3.4 (b)) Let C be a Hom-finite Krull-Schmidt K-

category. Assume that {Bj}j≥0 is an exhaustive filtration of C into full additive subcat-

egories. We say that C is quasi-hereditary with respect to {Bj}j≥0 if

{0} = IB0 ⊂ IB1 ⊂ · · · IBj−1
⊂ IBj

⊂ · · · ⊂ C(−, ?)

is a heredity chain.

Remark 3.2.2. (a) We note that the advantage of using the Definition 3.2.1 instead

of the more general definition of quasi-hereditary category given previously, is that

exhaustive filtrations are easier to compute than idempotent ideals in general, and

exhaustive filtrations induce an exhaustive chain of idempotent ideals.

(b) Now, by (24, Lemma 3.9) we can see that if rad∞(C) = 0 then all idempotent

ideals of C are of the form IB for some additive subcategory of C; and hence all

the exhaustive chains {Ii}i≥0 of idempotent ideals are constructed in this way.

Unfortunately, there are categories where all the idempotent ideals are not of the

form IB for some B.

For example, if A is a wild algebra over an algebraically closed field, then the trans-

finite radical rad∗ is not zero (see (29, Proposition 4)) and rad∗ is an idempotent
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3.2 Quasi-hereditary Category respect to an Exhaustive Filtration

ideal of mod(A) which does not contain any identity morphisms (see (29, Lemma

1)); and hence it is not of the form IB.

Let B be an additive subcategory of C, we denote by add(B) the full subcategory of
C whose objects are the direct summands of finite coproducts of objects in B.

A subcategory B of C is closed under direct summands if add(B) = B. Let B be
an additive subcategory of C, we denote by Ind(B) the class of all the indecomposable
objects belonging to B.

Let’s consider the following result that we will need later in 3.2.1.

Lemma 3.2.3. (24, Lema 3.5) Consider a pair of subcategories B ⊂ B′ ⊂ C, closed

under direct summands and isomorphisms. Then
IB′ (−,X)
IB(−,X) is a projective C

IB
−module if

and only if it is isomorphic to C(−,E)
IB(−,E) , for some B′.

Proof:
Assume that

IB′ (−,X)
IB(−,X) is a projective C

IB
−module. Then there exists an isomorphism

of C
IB
−modules

φ :
C(−, E)

IB(−, E)
−→ IB′(−, X)

IB(−, X)
.

It remains to show that E ∈ B′.

Set

φE(1E + IB(E,E)) =

(
E

f // B′ g // X

)
+ IB(E,X) ∈ IB

′(E,X)

IB(E,X)
,

with B′ ∈ B′. Let’s prove that 1E ∈ IB′(E,E).

Indeed, we have the following commutative diagram:

C(B′,E)
IB(B′,E)

φB′ //

C(f,E)
IB(f,E)

��

IB′ (B′,X)
IB(B′,X)

I
B′ (f,X)

IB(f,X)
��

C(E,E)
IB(E,E)

φE // IB′ (E,X)
IB(E,X) .

Thus,
IB′(f,E)

IB(f,E)
(g + IB(B

′, X)) = φE(1E + IB(E,E)).

Let h ∈ C(B′, E) such that φB′(h+ IB(B
′, E)) = (g + IB(B

′, X).
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By the commutativity of the diagram, we have that

C(f,E)

IB(f,E)
(h+ IB(B

′, E)) = hf + IB(E,E) = 1B + IB(E,E).

Then, since B ⊂ B′ it follows that 1E − hf ∈ IB(E,E) ⊂ IB′(E,E). Thus,
1E ∈ IB′(E,E) since hf ∈ IB′(E,E). Therefore, there exist morphisms v ∈ C(B′′, E)
and u ∈ C(E,B′′) with B′′ ∈ B′ such that 1E = vu. Thus, u is a split monomorphism
and E is a direct summand of B′′, i.e. E ∈ B′.

The other implication is immediate since C(−,E)
IB(−,E) is a projective C

IB
−module for every

E ∈ B′. ■

The following result given in (24) will be useful in the remainder of this work.

Theorem 3.2.1. (24, Theorem 3.6) Let C be a Hom-finite Krull-Schmidt K-category

and let {Bj}j≥0 be a family of closed under direct summands additive subcategories of C.

Suppose that {Bj}j≥0 is an exhaustive filtration of C. Then C is quasi-hereditary with

respect to {Bj}j≥0 if and only if the following conditions hold:

(i) radC(E,E
′) = IBj−1

(E,E′), for all E,E′ ∈ Ind Bj − Ind Bj−1 ;

(ii) and for all X ∈ C and j ≥ 1, there exists an exact sequence

C(−, Ej−1) // C(−, Ej) // IBj
(−, X) //// 0 ,

with Ej ∈ Bj and Ej−1 ∈ Bj−1.

Proof:
Given the filtration {Bj}j≥0, let’s see that

IBj

IBj−1
is hereditary in C

IBj−1
if and only if

conditions (i) and (ii) are satisfied.

First, let’s see that
IBj

IBj−1
rad

(
C(−,?)
IBj−1

)
IBj

IBj−1
= 0 if and only if condition (i) holds. To

do this, note that

IBj

IBj−1

rad

(
C(−, ?)
IBj−1

)
IBj

IBj−1

=
IBj

IBj−1

(
radC(−, ?) + IBj−1

IBj−1

)
IBj

IBj−1

=
IBj

(radC(−, ?) + IBj−1
)IBj

+ IBj−1

IBj−1
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3.2 Quasi-hereditary Category respect to an Exhaustive Filtration

=
IBj

radC(−, ?)IBj
+ IBj−1

IBj
+ IBj−1

IBj−1

.

Hence,
IBj

IBj−1
rad

(
C(−,?)
IBj−1

)
IBj

IBj−1
= 0 if and only if

IBj
radC(−, ?)IBj

+ IBj−1
IBj

+ IBj−1
= IBj−1

. (3.1)

On the other hand, IBj−1
= I2Bj−1

⊂ IBj−1
IBj
⊂ IBj−1

, meaning that IBj−1
=

IBj−1
IBj

. From this, we have that condition (3.1) implies that for every j it holds

IBj
radC(−, ?)IBj

⊆ IBj−1
. (3.2)

Now let’s see that IBj
radC(−, ?)IBj

⊆ IBj−1
if and only if radC(E,E′) = IBj−1

(E,E′)
for all E,E′ ∈ Ind Bj such that non of them is a direct summand of any object in Bj−1.

Assume that IBj
radC(−, ?)IBj

⊆ IBj−1
. Let t ∈ radC(E,E′), then t = 1E′t1E ∈

IBj
(E,E)radC(E,E′)IBj

(E′, E′) ⊆ IBj−1
(E,E′). Let f ∈ IBj−1

(E,E′). Then, there ex-

ists B ∈ Bj−1 for which f = vu for some morphisms E
u // B

v // E′ . We assert
that f is not an isomorphism.

Otherwise, there exists g : E′ // E such that fg = 1E′ . Therefore vug = 1E′ ,
i.e. E′ is a direct summand of B; hence E′ ∈ Bj−1, which is a contradiction. This
contradiction implies that IBj−1

(E,E′) ⊂ radC(E,E′).

Conversely, consider radC(E,E′) = IBj−1
(E,E′) and let’s see that IBj

radC(−, ?)IBj
⊆

IBj−1
. Let f ∈ IBj

(X,Y )radC(Y,Z)IBj
(Z,W ). We can assume that f = str with

r ∈ IBj
(X,Y ), t ∈ radC(Y,Z) and s ∈ IBj

(Z,W ). Note that r : X //
∐
B′
i

// Y

and s : Z //
∐
B′′
i

//W , where the intermediate terms are finite direct sums of

indecomposable objects in Bj . Therefore, the induced maps

B′
i

// Y
t // Z // B′′

i

are all in radC(B′
i, B

′′
i ) = IBj−1

(B′
i, B

′′
i ), and hence f ∈ IBj−1

(X,W ).

We prove that
IBj

(−,X)

IBj−1
(−,X) is a projective C

IBj−1
−module if and only if the condition

(ii) holds.

(⇒) We will proceed by induction on j. The case j = 1 is given by Lemma 2.5.1
because IB0 = 0.

Assume that condition (ii) holds for j− 1 and that
IBj

(−,X)

IBj−1
(−,X) is a projective C

IBj−1
−

module. By Lemma 3.2.3 we have an isomorphism

φ :
C(−, Ej)

IBj−1
(−, Ej)

∼=
IBj

(−, X)

IBj−1
(−, X)

,
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3. TRIANGULAR MATRIX CATEGORIES OVER QUASI-HEREDITARY
CATEGORIES

with Ej ∈ Bi. Let’s consider the following short exact sequences

0 // IBj−1
(−, Ej) // C(−, Ej) u // C(−,Ej)

IBj−1
(−,Ej)

// 0 ,

0 // IBj−1
(−, X) // IBj

(−, X)
v // IBj

(−,X)

IBj−1
(−,X)

// 0 .

Then the morphism ϕu : C(−, Ej) −→
IBj

(−,X)

IBj−1
(−,X) lifts to v, , since C(−, Ej) is

projective. Thus, we have the following pushout diagram

0

��

0

��
IBj−1

(−, Ej)

��

// IBj−1
(−, X)

��
C(−, Ej) //

ϕu
��

IBj
(−, X)

v
��

IBj
(−,X)

IBj−1
(−,X)

��

IBj
(−,X)

IBj−1
(−,X)

��
0 0

which induces the following exact sequence,

IBj−1
(−, Ej) // C(−, Ej)

∐
IBj−1

(−, X)
π // IBj

(−, X) // 0 .

On the other hand, by the induction hypothesis, there exist exact sequences:

C(−, E′
j−2)

// C(−, E′
j−1)

p // IBj−1
(−, X) // 0 ,

C(−, E′′
j−2)

// C(−, E′′
j−1)

q // IBj−1
(−, Ej) // 0 ,

with E′
j−1, E

′′
j−1 ∈ Bj−1 and E′

j−2, E
′′
j−2 ∈ Bj−2. Thus, we have the following commuta-
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3.2 Quasi-hereditary Category respect to an Exhaustive Filtration

tive diagram:

0

��

0

��
Ker (1

∐
p)

��

Ker (1
∐
p)

��
0 // Ker (π (1

∐
p)) //

��

C(−, Ej)
∐

C(−, E′
j−1)

1
∐
p

��

π(1
∐
p)// IBj

(−, X) // 0

0 // Ker(π) //

��

C(−, Ej)
∐
IBj−1

(−, X)

��

π // IBj
(−, X) // 0

0 0

From the epimorphisms

C(−, E′′
j−1)

q // IBi−1(−, Ej) // Ker(π) // 0 ,

C(−, E′
j−2)

// Ker(p) = Ker (1
∐
p) // 0 ,

it follows, from the exactness of the left column in the previous diagram and by the
horseshoe lemma, that there exists an epimorphism

C(−, E′
j−2)

∐
C(−, E′′

j−1)
// Ker (π (1

∐
p)) // 0 .

Thus, we have an exact sequence

C(−, E′
j−2)

∐
C(−, E′′

j−1)
// C(−, Ej)

∐
C(−, E′

j−1)
π(1

∐
p)// IBj

(−, X) // 0 .

(⇐) First, let’s observe that for a given C−moduleM and a C×Cop−module N(?,−)
a C−module F : C −→ Ab can be defined as follows:

F (C) =M ⊗N(C,−),

for every C ∈ C. We will denote this by M ⊗N(?,−).

Assume that we have an exact sequence

C(−, Ej−1) // C(−, Ej) // IBj
(−, X) // 0 . (3.3)

Then, after applying − ⊗ C(C,−)
IBj−1

(C,−) to the exact sequence (3.3), we obtain the fol-

lowing exact sequence

C(C,Ej−1)
IBj−1

(C,Ej−1)
// C(C,Ej)
IBj−1

(C,Ej)
// IBj

(−, X)⊗ C(C,−)
IBj−1

(C,−)
// 0 .
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Since Ej−1 lies in Bj−1, we have C(C,Ej−1) = IBj−1
(C,Ej−1). Therefore,

C(C,Ej−1)

IBj−1
(C,Ej−1)

∼= 0

.
Then, there exists an isomorphism of C−modules

C(C,Ei)

IBj−1
(C,Ei)

∼= IBj
(−, X)⊗ C(C,−)

IBj−1
(C,−)

.

Finally, we assert that

IBj
(−, X)⊗ C(?,−)

IBj−1
(?,−)

∼=
IBj

(?, X)

IBj−1
(?, X)

.

Indeed, let C ∈ C. Then, after applying IBj
(−, X) ⊗ − to the exact sequence of

Cop−modules

0 // IBj−1
(C,−) q // C(C,−) // C(C,−)

IBj−1
(C,−)

// 0 ,

we obtain the exact sequence of abelian groups

IBj
(−, X)⊗ IBj−1

(C,−) q∗ // IBj
(C,X) // IBj

(−, X)⊗ C(C,−)
IBj−1

(C,−)
// 0 . (3.4)

First, let’s prove that Im(q∗) = Im(IBj
(−, X)⊗ q) = IBj−1

(C,X). Indeed, we have
a morphism of Cop−modules(

φ(E′,C)
)
E′∈Bj−1

:
∐

E′∈Bj−1

C(E′,−)kE′ (C) → C(C,−),

where kE′(C) := dimKC(C,E′) and the morphism φ(E′,C) is defined as

φ
(E′,C)
C : C(E′, X)k

′
E(C) → C(C,X),

(g1, · · · , gkE′ (C)) 7→
kE′ (C)∑
i=1

gifi ,

for a K−basis, {g1, · · · , gkE(X)}, of C(C,E′).

Note that by Lemma 2.5.1, we have Im

((
φ(E′,C)

)
E′∈Bj−1

)
= IBj−1

(C,−). There-

fore, we have the following factorization of the morphism
(
φ(E′,C)

)
E′∈Bj−1

,

(
φ(E′,C)

)
E′∈Bj−1

:
∐
E′∈Bj−1

C(E′,−)kE′ (C) p // IBj−1
(C,−) q // C(C,−) . (3.5)
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Now, let’s observe that for all E′ ∈ Bj−1 we have

IBj−1
(E′,−) = IBj

(E′,−) = C(E′,−),

since Bj−1 ⊂ Bj . Therefore, after applying − ⊗ IBj
(−, X) to the exact sequence (3.5),

we obtain the following commutative diagram∐
E′∈Bj−1

C(E′,−)kE′ (C) p∗ //

(
φ(E′,C)

)∗

E′∈Bj−1
**

IBj
(−, X)⊗ IBj−1

(C,−)

q∗
��

IBj
(C,X) ,

where p∗ is an epimorphism. Therefore,

Im(q∗) = Im

((
φ(E′,C)

)
E′∈Bj−1

)⋂
IBj

(C,X)

= IBj−1
(C,X)

⋂
IBj

(C,X)

= IBj−1
(C,X).

Finally, from the sequence (3.4), we obtain the following exact sequence

0 // IBj−1
(?, X) // IBj

(C,X) // IBj
(−, X)⊗ C(C,−)

IBj−1
(C,−)

//

��

0

0 // Im(q∗) // IBj
(C,X) // IBj

(C,X)

Im(q∗)
// 0,

from which we conclude the desired isomorphism. ■

By Remark 3.1.1, we will use the covariant version of this result.

Remark 3.2.4. (a). Let us see why the Definition 3.2.1 is a generalization of the classi-

cal notion of quasi-hereditary algebra. Let A be a finite dimensional K-algebra. In this

case we consider the K-category C := proj(A), that is, the full subcategory of mod(A)

whose objects are the finitely generated projective A-modules. Since A is semiperfect

we have that C = proj(A) is a Krull-Schmidt category (see (13, Proposition 4.1)).

Suppose that proj(A) is a quasi-hereditary category in the sense of Definition 3.2.1,

with respect to the exhaustive filtration

{0} = B0 ⊆ B1 ⊆ · · · ⊆ Bm−1 ⊆ Bm = C = proj(A)
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of proj(A) into additive full subcategories and closed under direct summands. Then we

have an exhaustive chain of two-sided idempotent ideals of C(−, ?):

{0} = IB0 ⊂ IB1 ⊂ · · · IBm−1 ⊂ IBm = C(−, ?).

By (14, Lemma 4.5), we have the corresponding chain of idempotent ideals of Aop

0 = J0 ⊆ J1 ⊆ · · · ⊆ Jm−1 ⊆ Jm ≃ Aop

where Ji := IBi
(A,A) for all i. In this case Ji = AeiA for some idempotent ei ∈ A and

by (14, Lemma 4.5), we have that Bi = add(Aei) for all i ≥ 0.

Now, let us see that J1 is a heredity ideal of Aop.

(i). By Theorem 3.2.1(i) we have that radC(E,E
′) = IB0(E,E

′) = 0, for all pair of

objects E,E′ ∈ Ind B1, since B0 = {0}. Hence rad(B1) = 0 and thus e1rad(A)e1 = 0.

We conclude that J1A
opJ1 = 0.

(ii) By Theorem 3.2.1(ii) we have an exact sequence

C(Z,−) // C(Y,−) // IB1(A,−) //// 0 ,

with Y ∈ B1 = add(Ae1) and Z ∈ B0 = {0}.

Hence, J1 = IB1(A,A) ≃ C(Y,A) = proj(Y,A) = HomA(Y,A) which is projective

over Aop ≃ proj(A,A).

Hence, J1 is a heredity ideal of Aop. We can proceed inductively, and conclude that

Ji/Ji−1 is a heredity ideal of Aop/Ji−1 for all i ≥ 1. Therefore, Aop is quasi-hereditary

and hence by (11, Statement 9) we conclude that A is quasi-hereditary. Similarly, by

using (14, Lemma 4.5), it can be proved that if A is a quasi-hereditary algebra then

proj(A) is a quasi-hereditary category.
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(b). Suppose that A is quasi-hereditary, then there exists a chain of idempotent

ideals

0 = J0 ⊆ J1 ⊆ · · · ⊆ Jm−1 ⊆ Jm = A

such that Jt/Jt−1 is a heredity ideal of A/Jt−1 for all t.

By (4, Proposition 6.1), there exists projective A-modules P1, · · · , Pm such that

Ji = TrP1⊕···⊕Pi(A) for i = 1, · · · ,m. Moreover, if Bi = add(P1⊕· · ·⊕Pi), then for each

i = 1, · · · ,m there exists an exact sequence in mod(A)

Pi,1 // Pi,0 // Ji // 0

such that Pi,0 ∈ Bi and Pi,1 ∈ Bi−1.

We note that these exact sequences are the analogous of the exact sequences given

in the Theorem 3.2.1(ii):

C(Pi,1,−) // C(Pi,0,−) // IBj
(X,−) // // 0 ,

with Pi,0 ∈ Bi, Pi,1 ∈ Bi−1 and X ∈ C.

It is well-known that a semiprimary ring A is quasi-hereditary if and only if Aop is
quasi-hereditary (see (11, Statement 9) in p. 288). We have somehow a similar result
for the context of quasi-hereditary categories.

We recall the following notions. Let A be an arbitrary category and B a full sub-
category of A. The full subcategory B is contravariantly finite if for every A ∈ A

there exists a morphism fA : B −→ A with B ∈ B such that if f ′ : B′ −→ A is other
morphism with B′ ∈ B, then there exist a morphism g : B′ −→ B such that f ′ = fAg.
The morphism fA is called a right B-approximation of A. A right B-approximation
fA : B −→ A of A is minimal if whenever g : B −→ B is a morphism such that
gfA = fA then g is an isomorphism. Dually, is defined the notion of covariantly finite
and left minimal B-approximation. We say that B is functorially finite if B is
contravariantly finite and covariantly finite.

Proposition 3.2.5. Let C be a Hom-finite and Krull-Schmidt category and let {Bj}j≥0

be a family of closed under direct summands additive subcategories of C; and suppose
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that each Bj is covariantly finite. If C is quasi-hereditary in the sense of (24, Definition

3.4), then Cop is quasi-hereditary in the sense of (24, Definition 3.4).

Proof:
Suppose that C is quasi-hereditary with respect to {Bj}j≥0. By 3.2.1, there exist exact

sequences for all X ∈ C and j ≥ 1:

C(−, Ej−1) // C(−, Ej) // IBj
(−, X) //// 0 ,

with Ej ∈ Bj and Ej−1 ∈ Bj−1. Now, since Bj is covariantly finite, there exists an epi-
morphism C(X,−) −→ IBj

(C,−) for every C ∈ C by using the proof of (27, Proposition
4.12). Then, this implies that Bj is functorially finite by (27, Proposition 4.12).

We assert that for all X ∈ C there exists a monic right B1-approximation of X. In-
deed, by taking, j = 1, from the above exact sequence we get that C(−, E1) ≃ IB1(−, X).
By Yoneda’s Lemma we get a morphism γ : E1 −→ X and this morphism is a right
B1-approximation of X. Now, let α : Y −→ E1 such that γα = 0. Since C(−, γ) :
C(−, E1) −→ IB1(−, X) is an isomorphism, we conclude that α = 0, this implies that γ
is a monomorphism.

Now, since B1 is covariantly finite, add(B1) = B1 and C is a Krull-Schmidt category,
every object of C has a left minimal B1-approximation. So, let θ : X −→ E′

1 be a left
minimal B1-approximation of X.

We assert that θ is an epimorphism. Indeed, consider β : E′
1 −→ Y a morphism

such that βθ = 0. By the first assertion above, there exists λ : E −→ Y a monic right
B1-approximation of Y ; and hence β = λδ for some δ : E′

1 −→ E. Since, 0 = βθ = λδθ
and λ is a monomorphism we get that δθ = 0.

Now, for all g : E −→ E′
1 we have that (1E′

1
− gδ)θ = θ. Since θ is minimal we

get that (1E′
1
− gδ) is an isomorphism; and thus we conclude that δ ∈ radC(E

′
1, E) =

radB1(E
′
1, E) = 0 (by Theorem 3.2.1(i)). Hence δ = 0 and we obtain that β = λδ = 0.

This proves that θ is an epimorphism. Now, C(θ,−) is an epimorphism as established
in the proof of (27, Proposition 4.12). Therefore, we get an isomorphism

C(θ,−) : C(E′
1,−) −→ IB1(X,−).

We note that IopBj
= IBop

j
is a bilateral ideal of Cop for all j. Thus, we get that IBop

1
(−, X) =

IB1(X,−) ≃ C(E′
1,−) ≃ Cop(−, E′

1) is a projective Cop-module. Since radC(−,−) is a
bilateral ideal we have that IB1rad C(−, ?)IB1 = 0 implies that IBop

1
radCop(−, ?)IBop

1
= 0.

Hence, we obtain that IBop
1
(−, X) is a heredity ideal of Cop. Proceeding inductively, we

conclude that

{0} = IBop
0
⊂ IBop

1
⊂ · · · ⊂ IBop

j−1
⊂ IBop

j
⊂ · · · ⊂ Cop(−, ?)
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is a heredity chain. Hence Cop is quasi-hereditary with respect to {Bop
j }j≥0 in the sense

of (24, Definition 3.4). ■

Corollary 3.2.6. Let C be a Hom-finite and Krull-Schmidt category and let {Bj}j≥0 be

a family of closed under direct summands additive subcategories of C and suppose that

each Bj is functorially finite. Then C is quasi-hereditary in the sense of (24, Definition

3.4) if and only if Cop is quasi-hereditary in the sense of (24, Definition 3.4).

Proof:
It follows from Proposition 3.2.5 and its dual. ■

By the Corollary above and Remark 3.1.4(c) we conclude the following.

Corollary 3.2.7. Let C be a Hom-finite and Krull-Schmidt category and let {Bj}j≥0 be

a family of closed under direct summands additive subcategories of C and suppose that

each Bj is functorially finite. Then C is quasi-hereditary in the sense of (24, Definition

3.4) if and only if C is quasi-hereditary in the sense of Definition 3.2.1.

3.3 Standard C-modules and Filtered C-modules

M. Ortiz in (24), introduce the concept of standard subcategories of C-modules with
respect to the given filtration {Bj}j≥0. The standard subcategories generalize the usual
standard modules over finite-dimensional algebras, the reader can see (11) and (12). Let
C be a quasi-hereditary category with respect to a family of additively closed subcate-
gories {Bj}.

Each module

C∆E(j) :=
C(E,−)

IBj−1
(E,−)

with E ∈ IndBj − IndBj−1 is called standard, and C∆(j) denotes the category con-
sisting of the standard C-modules C∆E(j). In addition, C∆ denotes the full subcategory
consisting of the standard C-modules.

Let A be an abelian category, and X ⊆ A. We denote by X⨿ the class of objects of
A, which are a finite direct sum of objects in X. We say that M ∈ A is X-filtered if
there exists a chain {Mj}j≥0 of subobjects of M such that

Mj+1

Mj
∈ X⨿ for j ≥ 0.
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In case M = Mn for some n ∈ N, we say that M has a finite X-filtration of length
n. We denote by F(X) the class of objects that are X-filtered and by Ff (X) the class of
objects that have a finite filtration. For M ∈ Ff (X), the X-length of M can be defined
as follows lX(M) := min{n ∈ N :M has an X-filtration of length n}.

By using the notion of X-length and induction, the following useful remark can be
proven.

Remark 3.3.1. Let X be a class of objects in an abelian category A. Then, the class

Ff (X) is closed under extensions.

Given F a C−module, its trace filtration with respect to {Bj}j≥0 is given by

{0} = F [0] ⊂ F [1] ⊂ F [2] ⊂ · · · ⊂ F [j−1] ⊂ F [j] ⊂ · · · ,

where F [j] := Tr{C(E,−)}E∈Bj
F and F =

⋃
j≥0

F [j].

It is of interest to study the C-modules F that possesses a trace filtration that sat-

isfies F [j]

F [j−1] ∈ C∆(j)⨿ for all j ≥ 1. It then follows that these C-modules are ∆-filtered.
We denote the full subcategory of the ∆-filtered modules by F(C∆).

The following results will be very useful, and the item (b) of Lemma 3.3.3 is a
generalization of a result of Dlab (see (9, Proposition A.3.2)).

Lemma 3.3.2. (24, Lemma 3.17) Let F ∈ F(∆).

(a) For all j ≥ 0, F [j] has a presentation

C(−, Ej−1)→ C(−, Ej)→ F [j] → 0, Ej−1 ∈ Bj−1, Ej ∈ Bj . (3.6)

(b) F [j] ∼= C⊗Bj
(F |Bj

).

Proof:

(a) Let’s prove it by induction on the index j.

Since IB0(−, E) = 0 for all E ∈ B1, we have ∆(1) = {C(−, E) | E ∈ B1}. Let

F ∈ F(∆). Then F (0) = 0 and F (1)

F (0) = F (1) is a finite direct sum of objects from
∆(1).
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Assume that there exists an exact sequence for F (j−1),

C(−, Ej−2) // C(−, Ej−1) // F (j−1) // 0 . (3.7)

Note that for every C−module F , we have an exact sequence

0 // F (j−1) // F (j) // F (j)

F (j−1)
// 0 . (3.8)

As F ∈ F(∆), it follows that F (j)

F (j−1) is a finite direct sum of objects C∆E(j), E ∈ Bj .

We then write C∆E(j) = C(−,E)
IBj−1

(−,E) . Thus, we obtain the following short exact

sequence for every E ∈ Bj ,

0 // IBj−1
(−, E) // C(−, E) // C(−,E)

IBj−1
(−,E)

// 0 .

Moreover, by Theorem 3.2.1, there exists an exact sequence

C(−, E′
j−2)

// C(−, E′
j−1)

// IBj−1
(−, E) // 0 ,

with E′
j−2 ∈ Bj−2 and E′

j−1 ∈ Bj−1.

We then have an exact sequence,

C(−, E′
j−1)

// C(−, E) //
C∆E(j) // 0 , (3.9)

for every E ∈ Bj . Finally, from the exact sequences (3.7), (3.8) and (3.9), the
desired resolution follows.

(b) Note that
(

F
F (j)

)(j)
= 0. Then

(
(−, E), F

F (j)

)
= 0 for every E ∈ Bj , and thus for

all E ∈ Bj we have,

F

F (j)
(E) =

F

F (j)

∣∣∣∣
Bj

(E) =

(
(−, E),

F

F (j)

)
= 0,

i.e., F
F (j)

∣∣∣
Bj

= 0.

Applying the exact functor
∣∣
Bj

to the exact sequence 0 // F (j) // F // F
F (j)

// 0 ,

we obtain
F [j]

∣∣∣
Bj

∼= F
∣∣
Bj
. (3.10)

On the other hand, from equation (3.6) we have that F (j) is projectively presented
over Bj .
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Then, by Proposition 2.3.2 we have C⊗Bj
(F [j]

∣∣
Bj
) ∼= F [j]. Therefore, from (3.10),

we have that

F [j] ∼= C⊗Bj

(
F [j]

∣∣∣
Bj

)
∼= C⊗Bj

(F |Bj
).

■

Lemma 3.3.3. (24, Lemma 3.18) Let F ∈ F(∆).

(a) F is locally finite, that is, dimKF (B) <∞ for all B ∈ C.

(b) F is finitely presented if and only if F ∼= F [j] for some i ∈ N.

(c) If the filtration 0 = B0 ⊆ B1 ⊆ · · · ⊆ Bn = C is finite, then F(∆) consists of

finitely presented functors.

Proof:

(a) Let B ∈ C, then B ∈ Bj for some j ∈ N. By Lemma 3.3.2, there exists an exact
sequence (3.6), C(−, Ej−1) → C(−, Ej) → F [j] → 0. From this, it follows that
dimKF

[j](B) <∞.

Since F |Bj
∼= F [j]|Bj

, by (3.10), we have F (B) = F |Bj
(B) = F [j](B), and therefore

dimKF (B) <∞.

(b) Assume that there exists an exact sequence

C(−, C)→ C(−, C ′)→ F → 0,

with C,C ′ ∈ C. Then, there exists some j ≥ 0 such that C,C ′ ∈ Bj . Thus, F is
projectively presented over Bj and C⊗Bj

F |Bj
∼= F , but, by (b) of Lemma 3.3.2, we

have F [j] ∼= C ⊗Bj
(F |Bj

). The other implication follows from part (a) of Lemma
3.3.2.

(c) If the filtration is finite, we have F [n] = F , and the assertion follows from the
previous part.

■

By Remark 3.1.1, we will use the covariant versions of this results.
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3.4 Triangular Matrix Categories

In this section we will prove the main result of this thesis. First, we recall by 2.4.2, that

if U and T have finite coproducts, then Λ =

(
T 0
M U

)
has finite coproducts. For the

convenience of the reader we will give an idea of how construct finite coproducts in Λ. Let(
T1 0
M U1

)
,

(
T2 0
M U2

)
two objects in Λ. Consider the coproduct {ui : Ui −→ U1⊕U2}2i=1

of the family {Ui}2i=1 in U and the coproduct {vi : Ti −→ T1⊕T2}2i=1 of the family {Ti}2i=1

in T. Then we can construct the following morphisms in Λ{(
ui 0
0 vi

)
:

(
Ui 0
0 Ti

)
−→

(
U1 ⊕ U2 0

0 T1 ⊕ T2

)}2

i=1

,

and it is straightforward to see that this family is a coproduct for the family of objects{(
Ti 0
M Ui

)}2

i=1

. Now, let U and T be Hom-finite Krull-Schmidt quasi-hereditary K-

categories with respect to filtrations {Uj}0≤j≤n and {Tj}j≥0, respectively, consisting of
full additive subcategories which are closed under direct summands. Assume that the
U-module MT =M(−, T ) lies in F(U∆) for all T ∈ T; therefore MT is finitely presented
since the filtration of U is finite (see Lemma 3.3.3 (c)). Thus, by Proposition 2.4.9, we

have that Λ =

(
T 0
M U

)
is a Hom-finite Krull-Schmidt K-category.

Consider the filtration of Λ into subcategories {Λj}j≥0 given by

Λ0 =

(
0 0
M 0

)
;

Λj =

(
0 0
M Uj

)
:=

{(
0 0
M U

)
: U ∈ Uj

}
, if 1 ≤ j ≤ n; (3.11)

Λn+j =

(
Tj 0
M U

)
=

{(
T 0
M U

)
: T ∈ Tj , U ∈ U

}
, if j ≥ 1.

It is clear that Λj ⊆ Λ is an additive full subcategory for all j ≥ 0. For and object(
0 0
M U

)
∈ Λ with U ∈ Ind Uj we have that

HomΛ

((
0 0
M U

)
,

(
0 0
M U

))
=

(
0 0
0 U(U,U)

)
≃ U(U,U)

is local. Hence we get that

(
0 0
M U

)
is an indecomposable object in Λj . Similarly, for

an object

(
T 0
M 0

)
∈ Λ with T ∈ Ind Tj we have that

(
T 0
M 0

)
is an indecomposable
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object in Λn+j . It follows that

Ind Λj =

{(
0 0
M U

)
: U ∈ Ind Uj

}
, if 1 ≤ j ≤ n, and;

Ind Λn+j =

{(
0 0
M U

)
: U ∈ Ind U

}
∪
{(

T 0
M 0

)
: T ∈ Ind Tj

}
, if j ≥ 1.

In this way, we have that Λj , for j ≥ 0, is closed under direct summands. Moreover,

Ind Λj − Ind Λj−1 =



{(
0 0

M U

)
: U ∈ Ind Uj − Ind Uj−1

}
, if 1 ≤ j ≤ n,

{(
T 0

M 0

)
: T ∈ Ind Tj−n − Ind Tj−n−1

}
, if j > n.

One of the main results of this Section is a generalization of the Theorem 4.1.12, due
to B. Zhu in (30, Theorem 3.1). The proof of such Theorem 3.4.1 will be a consequence
of a series of results that are presented below.

Lemma 3.4.1. Let U be a quasi-hereditary category with respect to a filtration {Uj}j≥0.

Let M be a U-module, and set

M [j] := Tr{U(U,−)}U∈Uj
(M).

Assume that M ∈ F(U∆). Then for all U ′ ∈ U we have that

M [j](U ′)=
{
m : m=M(s)(m′) for s ∈ U(U ′′, U ′), U ′′ ∈ Uj and m

′ ∈M(U ′′)
}
.

Proof:
(⊆). By Yoneda’s isomorphism Y U ′

: Nat
(
(U ′,−),M [j]

) ∼=M [j](U ′), η 7→ ηU ′(1U ′).

Let m ∈ M [j](U ′), then there exists ηm : U(U ′,−) → M [j] such that ηmU ′(1U ′) = m.
On the other hand, by Lemma 3.3.2, there exists p : U(U ′′,−)→M [j] → 0, with U ′′ ∈ Uj
and since U(U ′,−) is a projective U-module, there exists a morphism s : U ′′ → U ′ for
which the following diagram is commutative:

U(U ′,−)
−◦s=U(s,−)

xx
ηm

��
U(U ′′,−) p //M [j] // 0 .
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Again by Yoneda’s lemma we have the following commutative diagram:

Nat(U(U ′′,−),M [j])
Nat(U(s,−),M [j]) //

Y U′′

��

Nat(U(U ′,−),M [j])

Y U′

��
M [j](U ′′)

M [j](s)

//M [j](U ′).

(3.12)

Letm′ := Y U ′′
(p). SinceM [j] is a subfunctor ofM , we obtain the equalityM [j](s)(m′) =

M(s)(m′) and hence by the above commutative diagram we have that

M(s)(m′) =M [j](s)(m′) =M [j](Y U ′′
(p)) = Y U ′

(
Nat(U(s,−),M [j])(p)

)
= Y U ′

(p ◦ U(s,−))

= Y U ′
(ηm) = m.

(⊇). Let m ∈ M(U ′) and assume there exists s : U ′′ → U ′, with U ′′ ∈ Uj , such that
m =M(s)(m′) for some m′ ∈M(U ′′). Then there exist two morphisms ηm : U(U ′,−)→
M and pm

′
: U(U ′′,−) → M satisfying the following: Y U ′

(ηm) = ηmU ′(1U ′) = m and
Y U ′′

(pm
′
) = pm

′
U ′′(1U ′′) = m′. Thus, by using the diagram (3.12) (with M instead of

M [j]), we have that

Y U ′
(pm

′ ◦ U(s,−)) = Y U ′
(
Nat(U(s,−),M)(pm

′
)
)
=M(s)

(
Y U ′′

(pm
′
)
)

=M(s)(m′) = m.

Since Y U ′
is an isomorphism, we conclude that pm

′ ◦ U(s,−) = ηm. Note that Im(pm
′
)

is a subfunctor of M and is generated by U(U ′′,−). Since U ′′ ∈ Uj , Im(pm
′
) is contained

in the largest U-submodule of M generated by {U(U,−) : U ∈ Uj}, namely M [j], we
obtain that Im(pm

′
) ⊂M [j]. It follows that

m = ηmU ′(1U ′) = pm
′

U ′ ◦ U(s,−)U ′(1U ′) = pm
′

U ′ (s) ∈ Im(pm
′
)(U ′) ⊂M [j](U ′),

that is, m ∈M [j](U ′). ■

Let U and T be Hom-finite Krull-Schmidt categories and consider exhaustive filtra-
tions {Uj}0≤j≤n and {Tj}j≥0 of U and T, consisting of full additive subcategories which
are closed under direct summands.

In the remainder of this Section, we will assume that the categories U and T are quasi-
hereditary categories with respect to the filtrations {Uj}0≤j≤n and {Tj}j≥0, respectively,
and MT ∈ F(U∆) for all T ∈ T.
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Proposition 3.4.2. Let E =

 T 0

M U

 and E′ =

T ′ 0

M U ′

 in Λ. Then,

IΛj (E,E
′) =

 0 0

M
[j]
T (U ′) IUj

(U,U ′)

 , if 0 ≤ j ≤ n, and

IΛj (E,E
′) =

ITj−n
(T, T ′) 0

MT (U
′) U(U,U ′)

 , if j > n.

Proof:

Let

(
f 0
m h

)
∈ HomΛ(E,E

′). Therefore, f ∈ HomT(T, T
′), m ∈ M(U ′, T ) and

h ∈ HomU(U,U
′).

Consider the case 0 ≤ j ≤ n. The morphism

(
f 0
m h

)
lies in IΛj (E,E

′) if and only

if there is a commutative diagram

(
T 0
M U

) f 0
m h


//

 0 0
m′ r

 ##

(
T ′ 0
M U ′

)

(
0 0
M U ′′

) 0 0
0 s


::

with

(
0 0
M U ′′

)
∈ Λj , 1 ≤ j ≤ n. Thus, U ′′ ∈ Uj and

(
0 0
0 s

)(
0 0
m′ r

)
=

(
f 0
m h

)
;

therefore, f = 0, m = s • m′ and h = s ◦ r. It is clear that h ∈ IUj
(U,U ′) because

U ′′ ∈ Uj .

In this way we conclude that

(
f 0
m h

)
∈ IΛj (E,E

′) if and only if h ∈ IUj
(U,U ′)

and m = s •m′ = M(s ⊗ 1T )(m
′) = MT (s)(m

′) (see Definition 2.4.1) and f = 0 where

h : U
r−→ U ′′ s−→ U ′ and U ′′ ∈ Uj . In other words, h ∈ IUj

(U,U ′) and m ∈ M [j]
T (U ′), by

Lemma 3.4.1. Thus, IΛj (E,E
′) =

(
0 0

M
[j]
T (U ′) IUj

(U,U ′)

)
.

Now, consider the case j > n. We have that

(
f 0
m h

)
∈ IΛj (E,E

′) if and only if

there is a commutative diagram
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(
T 0
M U

) f 0
m h


//

 r 0
m1 h1

 $$

(
T ′ 0
M U ′

)

(
T ′′ 0
M U ′′

)  s 0
m2 h2


::

with

(
T ′′ 0
M U ′′

)
∈ Λj , for j = n+ (j − n) > n, that is, T ′′ ∈ Tj−n and U ′′ ∈ U.

Since

(
s 0
m2 h2

)(
r 0
m1 h1

)
=

(
f 0
m h

)
, we get that f = s ◦ r, m = m2 • r+ h2 •m1

and h = h2 ◦ h1; moreover, m ∈ M(U ′, T ), h ∈ U(U,U ′), and f ∈ ITj−n
(T, T ′) since

T ′′ ∈ Tj−n. Therefore,

(
f 0
m h

)
∈ IΛj (E,E

′) if and only if m ∈M(U ′, T ), h ∈ U(U,U ′),

and f ∈ ITj−n
(T, T ′).

■

Proposition 3.4.3. For each pair E,E′ ∈ Λj − Λj−1, we have

radΛ(E,E
′) = IΛj−1(E,E

′), ∀j ≥ 0.

Proof:
The proof is divided in two cases.

Case 1 ≤ j ≤ n.

Let E =

(
0 0
M U

)
and E′ =

(
0 0
M U ′

)
for which U,U ′ ∈ Ind Uj − Ind Uj−1. There-

fore, by Proposition 2.4.3 we can see that

radΛ

((
0 0

M U

)
,

(
0 0

M U ′

))
=

(
radT(0, 0) 0

M(U ′, 0) radU(U,U
′)

)
=

(
0 0

0 radU(U,U
′)

)
.

On the other hand, by Theorem 3.2.1 we have radU(U,U
′) = IUj−1

(U,U ′). Therefore,
by Proposition 3.4.2 we conclude that

radΛ

((
0 0

M U

)
,

(
0 0

M U ′

))
= IΛj−1

((
0 0

M U

)
,

(
0 0

M U ′

))
.

Case j > n.

Let E =

(
T 0
M 0

)
and E′ =

(
T ′ 0
M 0

)
such that the objects T, T ′ ∈ Ind Tj−n −

Ind Tj−n−1. By Proposition 2.4.3 we have
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radΛ

((
T 0

M 0

)
,

(
T ′ 0

M 0

))
=

(
radT(T, T

′) 0

M(0, T ) radU(0, 0)

)
=

(
radT(T, T

′) 0

0 0

)
.

Again by Theorem 3.2.1 we know that radT(T, T
′) = ITj−n−1

(T, T ′). It follows from
Proposition 3.4.2 that

radΛ

((
T 0

M 0

)
,

(
T ′ 0

M 0

))
= IΛj−1

((
T 0

M 0

)
,

(
T ′ 0

M 0

))
.

■

Remark 3.4.4. For X =

 T 0

M U

 ∈ Λ, we consider IΛj (X,−) ∈ Mod(Λ). By Theorem

2.4.1, there exists I
(1)
Λj

(X,−) ∈ Mod(T) and I
(2)
Λj

(X,−) ∈ Mod(U) and a morphism of

T-modules f : I
(1)
Λj

(X,−) −→ G(I
(2)
Λj

(X,−)) such that

IΛj (X,−) ≃ f
(
I
(1)
Λj

(X,−), f, I(2)Λj
(X,−)

)
.

As a direct result of the above proposition, we have:

Lemma 3.4.5. Let X =

 T 0

M U

 ∈ Λ. Let us identify IΛj (X,−) with its corre-

sponding object
(
I
(1)
Λj

(X,−), f, I(2)Λj
(X,−)

)
in (Mod(T),G(Mod(U))). Then the following

holds:

(i) I
(1)
Λj

(X,−) = 0 and I
(2)
Λj

(X,−) ∼=M
[j]
T

∐
IUj

(U,−), if 0 ≤ j ≤ n;

(ii) I
(1)
Λj

(X,−) ∼= ITj−n
(T,−) and I(2)Λj

(X,−) ∼=MT
∐

U(U,−), if j > n.

Proof:
Let T ′ ∈ T and U ′ ∈ U. The proof is divided into two cases.

Case 1 ≤ j ≤ n.
By Proposition 3.4.2, we have that

(1) I
(1)
Λj

(X,T ′) = IΛj

(
X,

(
T ′ 0
M 0

))
=

(
0 0
0 0

)
,

where the first equality is by Theorem 2.4.1, the and similarly by Proposition 3.4.2 and
Theorem 2.4.1 we have that
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(2) I
(2)
Λj

(X,U ′) = IΛj

(
X,

(
0 0
M U ′

))
=

(
0 0

M [j](U ′) IUj
(U,U ′)

)
∼=M [j](U ′)

∐
IUj

(U,U ′).

Case j > n.
By Theorem 2.4.1, and Proposition 3.4.2 we have that

(1) I
(1)
Λj

(X,T ′) = IΛj

(
X,

(
T ′ 0
M 0

))
=

(
ITj−n

(T, T ′) 0

M
[j]
T (0) 0

)
∼= ITj−n

(T, T ′),

(2) I
(2)
Λj

(X,U ′) = IΛj

(
X,

(
0 0
M U ′

))
=

(
ITj−n

(T, 0) 0

MT (U
′) U(U,U ′)

)
∼=MT (U

′)
∐

U(U,U ′).

■

Proposition 3.4.6. Let X =

 T 0

M U

 ∈ Λ, and assume MT ∈ F(U∆) for all T ∈ T.

Then, for all j ≥ 1 the following exact sequence exists:

Λ(Ej−1,−) // Λ(Ej ,−) // IΛj (X,−) // 0 ,

with Ej ∈ Λj and Ej−1 ∈ Λj−1.

Proof:
The proof is divided into two cases.

Case 1 ≤ j ≤ n.
By Lemma 3.3.2 and Theorem 3.2.1, there exist exact sequences

U(U ′
j−1,−) // U(U ′

j ,−) // IUj
(U,−) // 0

U(U ′′
j−1,−) // U(U ′′

j ,−) //M
[j]
T (U,−) // 0

with U ′
j , U

′′
j ∈ Uj , U

′
j−1, U

′′
j−1 ∈ Uj−1. Since in functor categories limits and colimits are

computed pointwise, we have an exact sequence

U(Uj−1,−) // U(Uj ,−) //M
[j]
T

∐
IUj

(U,−) ∼= I
(2)
Λj

(X,−) // 0,
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with Uj−1 = U ′
j−1

∐
U ′′
j−1 ∈ Uj−1 and Uj = U ′

j

∐
U ′′
j ∈ Uj .

By Remark 3.4.4, we get that f
(
(I

(1)
Λj

(X,−), f, I(2)Λj
(X,−)

)
≃ IΛj (X,−), and by

Lemma 3.4.5 we have that I
(1)
Λj

(X,−) = 0 and hence f
(
(I

(1)
Λj

(X,−), 0, I(2)Λj
(X,−)

)
≃

IΛj (X,−).

It follows by Proposition 2.4.4, that there exists a exact sequence of Λ-modules

Λ

((
0 0
M Uj−1

)
,−
)
→ Λ

((
0 0
M Uj

)
,−
)
→ f

(
(I

(1)
Λj

(X,−), 0, I(2)Λj
(X,−)

)
→ 0

where

(
0 0
M Uj−1

)
∈ Λj−1 and

(
0 0
M Uj

)
∈ Λj .

Case j > n.
Since MT ∈ F(U∆), MT is a finitely presented U-module, then MT

∐
U(U,−) ∼=

I
(2)
Λj

(X,−) is finitely presented. Then, there exists an exact sequence of U-modules

U(U ′′,−) // U(U ′,−) // I
(2)
Λj

(X,−) // 0.

On the other hand, by Theorem 3.2.1, there exists an exact sequence of T-modules

T(Tj−n−1,−) // T(Tj−n,−) // ITj−n
(T,−) // 0

with Tj−n ∈ Tj−n and Tj−n−1 ∈ Tj−n−1. Thus, we get an exact sequence

Λ

Tj−n−1 0

M U ′′

 ,−

 −→ Λ

Tj−n 0

M U ′

 ,−

 −→ f
(
(I

(1)
Λj
, f, I

(2)
Λj

)
)
−→ 0,

where f((I
(1)
Λj
, f, I

(2)
Λj

)) ∼= IΛj (X,−) such that

(
Tj−n−1 0
M U ′′

)
∈ Λj−1 and

(
Tj−n 0
M U ′

)
∈

Λj . ■

Theorem 3.4.1. Let U and T be Hom-finite Krull-Schmidt categories and consider

exhaustive filtrations {Uj}0≤j≤n and {Tj}j≥0 of U and T, consisting of full additive

subcategories which are closed under direct summands. Suppose that U and T are quasi-

hereditary categories with respect to the filtrations {Uj}0≤j≤n and {Tj}j≥0 respectively.

Assume that MT ∈ F(U∆) for all T ∈ T. Then Λ =

 T 0

M U

 is quasi-hereditary with

respect to the filtration {Λj}j≥0 given in Equation (3.11).
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Proof:
It follows from Theorem 3.2.1; and Propositions 3.4.3 and 3.4.6. ■

Remark 3.4.7. Now, let us explain why Theorem 3.4.1 is a generalization of the Theorem

4.1.12 given by B. Zhu in (30). Suppose that U and T are quasi-hereditary algebras and

that UMT is a bimodule such that UM ∈ F(U∆). Consider the triangular matrix algebra

A :=

 T 0

M U

.

By Remark 3.2.4(a), we get that proj(U) and proj(T ) are quasi-hereditary categories in

the sense of the Definition 3.2.1. Since UM ∈ F(U∆), we can see that M satisfies the

hypothesis in Theorem 3.4.1. Thus, by Theorem 3.4.1, we get that

proj(T ) 0

M proj(U)


is a quasi-hereditary category. Now, by using (5, Proposition 2.3) in p. 75, we have that

proj(A) =

proj(T ) 0

M proj(U)

. Therefore, by Remark 3.2.4(a), we obtain that A is a

quasi-hereditary algebra.

3.5 The standard modules in Mod(Λ) and F(Λ∆).

We will proceed from the premise that U and T are Hom-finite Krull-Schmidt and
quasi-hereditary K−categories with respect to filtrations {Uj}0≤j≤n and {Tj}j≥0. If
M : U ⊗K Top → mod(K) is a functor such that MT = M(−, T ) : Mod(U) → mod(K)
is finitely presented U-module, then by Theorem 3.4.1, the triangular matrix category

Λ =

(
T 0
M U

)
is a quasi-hereditary K-category with respect to some filtration {Λj}j≥0.

In this part, we study the relation between the full standard subcategories U∆, T∆,
and Λ∆ of Mod(U), Mod(T) and Mod(Λ), respectively. More concretely, we will show
in Theorem 3.5.1, by using the notation of Theorem 2.4.1, that

Ff (Λ∆) =
{
(F (1), g, F (2)) : F (1) ∈ Ff (T∆) and F (2) ∈ Ff (U∆)

}
;

see Theorem 4.1.12 given by Zhu in (30).

Recall that given an abelian category A and X ⊆ A. We denote by X⨿ the class
of objects of A, which are a finite direct sum of objects in X. We say that M ∈ A is
X-filtered if there exists a chain {Mj}j≥0 of subobjects of M such that Mj+1/Mj ∈ X⨿

for j ≥ 0. In case M =Mn for some n ∈ N, we say that M has a finite X-filtration. We
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denote by F(X) the class of objects that are X-filtered and by Ff (X) the class of objects
that have a finite filtration.

Regardless, we need the following result.

Proposition 3.5.1. The functor f : (Mod(T),G(Mod(U))) → Mod(Λ) induce equiva-

lences of full subcategories:

(0, 0, U∆(j))←→ Λ∆(j), if 1 ≤ j ≤ n, and,

(T∆(j − n), 0, 0)←→ Λ∆(j), if j > n.

Proof:
First, for E ∈ Ind Λj − Ind Λj−1, consider Λ∆E = Λ(E,−)

IΛj−1
(E,−) . Then there exists a

triple (∆
(1)
E , g,∆

(2)
E ) such that f

(
(∆

(1)
E , g,∆

(2)
E )
)

= Λ∆E where ∆
(1)
E : T → Ab and

∆
(2)
E : U→ Ab. Now, we consider two cases.

Case 1 ≤ j ≤ n.

Let T ′ ∈ T and E =

(
0 0
M U

)
∈ Ind Λj − Ind Λj−1, with U ∈ Ind Uj − Ind Uj−1.

Then

Λ∆
(1)
E (T ′) =

Λ

((
0 0
M U

)
,

(
T ′ 0
M 0

))
IΛj−1

((
0 0
M U

)
,

(
T ′ 0
M 0

)) ∼= 0.

On the other hand, if U ′ ∈ U, we get

Λ∆
(2)
E (U ′) =

Λ

((
0 0
M U

)
,

(
0 0
M ′ U

))
IΛj−1

((
0 0
M U

)
,

(
0 0
M U ′

)) ∼= U(U,U ′)

IUj−1
(U,U ′)

.

In this way, Λ∆
(1)
E
∼= 0 and Λ∆

(2)
E
∼= U(U,−)

IUj−1
(U,−) = U∆U , where the object U belongs to

Ind Uj − Ind Uj−1.

Case j > n.

Let T ′ ∈ T and E =

(
T 0
M 0

)
with T ∈ Ind Tj−n− Ind Tj−n−1. Thus we obtain that:

Λ∆
(1)
E (T ′) =

Λ

((
T 0
M 0

)
,

(
T ′ 0
M 0

))
IΛj−1

((
T 0
M 0

)
,

(
T ′ 0
M 0

)) ∼= T(T, T ′)

ITj−n−1
(T, T ′)

.
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If U ′ ∈ U, we obtain

Λ∆
(2)
E (U ′) =

Λ

((
T 0
M 0

)
,

(
0 0
M U ′

))
IΛj−1

((
T 0
M 0

)
,

(
0 0
M U ′

)) ∼= 0.

Therefore, Λ∆
(1)
E
∼= T(T,−)

ITj−n−1
(T,−)

∼= T∆T , with T ∈ Ind Tn−j− Ind Tn−j−1 and Λ∆
(2)
E
∼= 0.

■

Theorem 3.5.1. Let F = f
(
F (1), g, F (2)

)
∈ mod(Λ), and consider its trace filtration

{F [j]}j≥0 =
{(

(F [j])(1), g[j], (F [j])(2)
)}

j≥0
with respect to {Λj}j≥0. Then the following

conditions hold.

(i) (F [j])(1) ∼= 0 if 0 ≤ j ≤ n, and (F [j])(2) ∼= F (2) if j > n.

(ii) If F = f
(
(F (1), g, F (2))

)
∈ F(Λ∆), then we have that F (1) ∈ F(T∆) and F (2) ∈

F(U∆).

(iii) Ff (Λ∆) =
{
f
(
F (1), g, F (2)

)
: F (1) ∈ Ff (T∆) and F (2) ∈ Ff (U∆)

}
.

Proof:
(i) Since F ∈ mod(Λ), we have an exact sequence of Λ-modules

(X ′,−)→ (X,−)→ F → 0 (3.13)

with X ′ =

(
T ′ 0
M U ′

)
and X =

(
T 0
M U

)
.

By applying Tr{Λ(E,−)}E∈Λj
(−) to the previous exact sequence and using that each

Λ(E,−) is a projective Λ-module and by Lemma 3.1.5, we get an exact sequence

IΛj (X
′,−)→ IΛj (X,−)→ F [j] → 0. (3.14)

By Proposition 2.4.5 and Theorem 2.4.1, we identify the exact sequence in (3.13) with
the following exact sequence in the comma category (Mod(T),G(Mod(U))):(

T(T ′,−), h′,MT ′ ⨿ U(U ′,−)
)

.. (
T(T,−), h,MT ⨿ U(U,−)) //

(
F (1), g, F (2)

)
// 0.
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By Proposition 2.4.6, we have the exact sequence in Mod(U):

MT ′ ⨿ U(U ′,−)→MT ⨿ U(U,−)→ F (2) → 0. (3.15)

Secondly, by Theorem 2.4.1, we identify the exact sequence in (3.14) with the exact
sequence in the comma category (Mod(T),G(Mod(U))):

(
I
(1)
Λj

(X ′,−), p′, I(2)Λj
(X ′,−)

)
.. (
I
(1)
Λj

(X,−), p, I(2)Λj
(X,−)

)
//
(
(F [j])(1), g[j], (F [j])(2)

)
// 0.

By Proposition 2.4.6, we get exact sequences

I
(k)
Λj

(X ′,−)→ I
(k)
Λj

(X,−)→ (F [j])(k) → 0, for k = 1, 2,

in Mod(T) and Mod(U).

By Lemma 3.4.5(i), we have that I
(1)
Λj

(X ′,−) ∼= 0 and I
(1)
Λj

(X,−) ∼= 0 if 0 ≤ j ≤ n;

therefore, (F [j])(1) ∼= 0 for 0 ≤ j ≤ n.

If j > n, by Lemma 3.4.5(ii), we have I
(2)
Λj

(X ′,−) ∼=MT ′⨿U(U ′,−) and I(2)Λj
(X,−) ∼=

MT ⨿ U(U,−). By the exact sequence (3.15), we get (F [j])(2) ∼= F (2) if j > n.

(ii). If F ∈ F(∆), we have that F [j]/F [j−1] is a sum of copies of elements in Λ∆(j)
and hence by using item (i) we have that

f

(
F [j]

F [j−1]

)
∼=


(
0, 0,

(F [j])
(2)

(F [j−1])
(2)

)
, if 1 ≤ j ≤ n;(

(F [j])
(1)

(F [j−1])
(1) , 0, 0

)
, if j > n.

Then (ii) follows by Proposition 3.5.1.

(iii) Assume that F = f
(
F (1), g, F (2)

)
∈ Ff (Λ∆). By (ii), it only remains to prove

that if F (1) ∈ Ff (T∆) and F (2) ∈ Ff (U∆), then F ∈ Ff (Λ∆).

In fact, the Λ-modules f
(
F (1), 0, 0

)
and f

(
0, 0, F (2)

)
are in Ff (Λ∆) by Proposition

3.5.1. It follows that we have a short exact sequence

0→ f
(
F (1), 0, 0

)
→ f

(
F (1), g, F (2)

)
→ f

(
0, 0, F (2)

)
→ 0 .

Thus, f
(
F (1), g, F (2)

)
is in Ff (Λ∆) since Ff (Λ∆) is closed under extensions by Remark

3.3.1. ■
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3.6 An Important Example

To visualize the results obtained in this chapter, we want to apply them in a final ex-
ample, hoping that it will help to better understand what has been presented previously.

Example 3.6.1. Consider the following infinite quivers

R : 1 2 3

α1 α2

β1

α3

β2 β3

· · · .

Q : 1′ 2′ 3′ 4′ 5′ .
γ2γ1 γ4γ3 · · ·

Let U = KQ and T = KR/J be the path categories of the above quivers, where J is the

ideal in KR generated by the set of relations

{β1α1 and αt+1αt, βtβt+1, αtβt − βt+1αt+1, t ≥ 1}. (3.16)

First, we will see that T and U are quasi-hereditary categories.

Set T0 = {0}, and let Tj = add{t : 1 ≤ t ≤ j}, for j ≥ 1. Therefore,

{0} = T0 ⊂ T1 ⊂ T2 ⊆ · · · · · ·

is a filtration of T into additively closed subcategories.

(i) It is clear that radT(1, 1) = 0 because β1α1 = 0. Since we have that IndTj −

IndTj−1 = {j} for all j ≥ 1, we conclude the following: radT(j, j) = (βjαj) =

(αj−1βj−1) = ITj−1
(j, j).

(ii) IT1(1,−) ∼= T(1,−), IT1(2,−) ∼= T(1,−) and IT1(j,−) = 0, if j ≥ 3.

For j ≥ 2, we can readily check that there exists an exact sequence

0→ ITj−1
(j,−)→ T(j,−)→ ITj (j + 1,−)→ 0

and ITj (j + t,−) = 0 if t ≥ 2.
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CATEGORIES

0

K K 0 ITj−1
(j,−)

K K2 K T(j,−)

0 K K ITj (j + 1,−)

j − 1 j j + 1 0

· · ·
1

1

0
1


1

· · ·

· · ·

0
1



0

[
1 0

]

[
1 0

][
1 0

] 0
1

 1

· · ·

· · ·
1

0

· · ·

By Theorem 3.2.1, we have that T is quasi-hereditary. Now, we define the following

subcategories U0 = {0}, U1 = add{j′ ∈ N : j is odd } and consider U2 = add{j′ : j ∈

N} = KQ. Thus KQ is quasi-hereditary with respect to the finite filtration

{0} = U0 ⊂ U1 ⊂ U2 = KQ.

The condition (i) in Definition 3.2.1, clearly holds since radU(E,E
′) = IUj−1

(E,E′) =

0 for all pairs E,E′ ∈ Ind Uj − Ind Uj−1 and j = 1, 2. On the other hand, IU1(j,−) =

U(j,−) if j is odd and IU1(j,−) ∼= U(j − 1,−)⊕U(j + 1,−) = U((j − 1)⊕ (j + 1),−) if

j is even. Then in this case we have that condition (ii) in Theorem 3.2.1 also holds and

hence KQ is quasi-hereditary.

Now, by a result of Z. Leszczyński given in (17, Lemma 1.3), we have that (KQ)⊗K

(KR/J)op ≃ K(Q × Rop)/0□J where K(Q × Rop) is the product quiver given in p. 145

in (17); and 0□J is generated by the sets of relations Q0 × J and{
(γ, t(α))(s(γ), α)− (t(γ), α)(γ, s(α)), (γ, t(β))(s(γ), β)− (t(γ), β)(γ, s(β))

}
,

where γ ∈ Q1 and α, β ∈ R1. A functorM : KQ⊗K(R/J)op → mod K can be identified
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with a functor M : K(Q× Rop)/0□J→ mod K.

In this example, we consider M as the following representation on the right below:

(1′, 3) (2′, 3) · · ·

(1′, 2) (2′, 2) · · ·

(1′, 1) (2′, 1) · · ·

1⊗αop
2

...

1⊗αop
2

...
γ1⊗1 γ2⊗1

1⊗αop
1

1⊗βop
2

1⊗αop
1

1⊗βop
2

γ1⊗1 γ2⊗1

1⊗βop
1 1⊗βop

1

γ1⊗1 γ2⊗1

0 0 0 · · ·

K 0 0 · · ·

K2 0 0 · · ·

...
...

...

0

1

 [
1 0

]

We see that M(1′, 1) = K2, M(1′, 2) = K. Thus, the functor M satisfies that MT :

KQ → mod K is projective for all T since we have that M1
∼= U(1,−)2, M2

∼= U(1,−),

and Mt
∼= 0, for all t > 2, which are all in F(U∆) because U is quasi-hereditary.

In this way, using results in (17), we can see that the matrix category

 T 0

M U

 is

equivalent to the path category of the quiver Q′′ given below, modulo the ideal generated

by the set of relations (3.16) and is quasi-hereditary with respect to the filtration

{0} = Λ0 ⊂ Λ1 ⊂ Λ2 ⊂ Λ3 · · · ,

where Λ1 = U1, Λ2 = U2 and Λj+2 = add ({j′ : j ∈ N} ∪ {t ∈ N : 1 ≤ t ≤ j}) and

Q′′ : 3′ 2′ 1′ 1 3 .· · · γ3 γ2 γ1 φ

α1 α2

β1

α3

β2 β3

· · ·
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Chapter 4

Appendices

4.1 Quasi-Hereditary Algebras

The objective of this chapter is to present Theorem 4.1.12, given by B. Zhu in (30,
Theorem 3.1), which motivated the development of the main results presented in this
thesis in the previous chapter. The results of sections 4.1.1 and 4.1.2 are classical and
were developed by C.M. Ringel in (26).

4.1.1 Filtered Modules

Let R be a commutative artin ring and A an artin algebra defined over R. If R is a
field K, then A is a finite−dimensional algebra over K. The category of all A− modules
will be denoted by modA, and all subcategories considered will be full and closed under
isomorphisms.

Definition 4.1.1. Given a class Θ of objects in modA, we denote by F(Θ) the full

subcategory of modA whose objects are the A-modules that are Θ-filtered; that is, those

M ∈ modA for which there exists a Θ-filtration ξ of M , that is, a finite chain

ξ : 0 =M0 ⊆M1 ⊆M2 ⊆ · · · ⊆Mm =M

of submodules of M such that ∀i = 1, . . . ,m, Mi
Mi−1

is isomorphic to a module from Θ.

We will call each quotient Mi
Mi−1

a composition factor of the Θ-filtration ξ of M .

The modules in F(Θ) are called Θ−good modules, and the category Θ is called the
Θ−good module category. Also, let us observe that 0 ∈ F(Θ) with the trivial filtration
0 =M0 and, for a class Θ = ∅, we define F(Θ) := {0}.
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Definition 4.1.2. Let A be an artin algebra and consider Θ = {θ(1), ..., θ(n)} ⊂ modA

such that Ext1(θ(j), θ(i)) = 0 , ∀j ≥ i. We denote:

i) F(Θ) the class of those M ∈ modA for which there exists a chain of submodules

with Mi
Mi−1

∼= θ(k) ∈ Θ; that is, M possesses a filtration with quotients in Θ.

ii) X(Θ) the subcategory of modA of the modules that are direct summands of mod-

ules in F(Θ).

Let’s observe that F(Θ) is closed under extensions, that is, it is contained in X(Θ);
however, F(Θ) is not necessarily closed under direct summands.

Definition 4.1.3. A full subcategory X of modA is called contravariantly finite in modA

if for every module C, there exists a X-right approximation, that is, there exists a

morphism f : X → C with X ∈ X such that the induced sequence HomA(X
′, X) →

HomA(X
′, C)→ 0 is exact for all X ′ ∈ X. An X-right approximation f : X → C is said

to be a minimal X-right approximation if the restriction of f to any non-zero direct

summand of X ′ is non-zero. Dually, the notions of X-left approximation and covariantly

finite category are defined. A category that is both covariantly finite and contravariantly

finite is called functorially finite.

Let X be a full subcategory of modA. Then we will denote by Y the full subcategory
of modA of all modules Y that satisfy Ext1A(X,Y ) = 0 for all X ∈ X.

Lemma 4.1.4. Let 0 → Y → X
γ→ M → 0 be an exact sequence, with X ∈ X, Y ∈ Y.

Then γ is a right X-approximation.

Proof:
That γ is a right X-approximation directly follows from applying HomA(X

′
,−) to the

sequence for all X
′ ∈ X. ■

Lemma 4.1.5. Assume that X is closed under extensions, that is, if 0 → N → L →

M → 0 is an exact sequence with M,N ∈ X, then L ∈ X. If for every A-module N there

exists an exact sequence 0 → N → Y N → XN → 0 with XN ∈ X and Y N ∈ Y. Then

every A-module M has a right X-approximation.
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Proof:
Let M be an A-module. First, assume there exists an epimorphism π : X →M with

X ∈ X; let K = kerπ. The exact sequence 0 → K → Y K → XK → 0 results in the
following commutative diagram with exact rows and columns:

0 0
↓ ↓

0 → K → Y K → XK → 0
↓ ↓ ∥

0 → X → Z → XK → 0
↓π ↓γ
M = M
↓ ↓
0 0

Since X,XK ∈ X and X is closed under extensions, then Z ∈ X. Since Y K ∈ Y using
Lemma 4.1.4, we see that in the central column, γ : Z →M is a right X-approximation.

In general, letM
′
be the submodule ofM generated by the images of the morphisms

X
′ → M with X

′ ∈ X. There exists a finite set of such morphisms πi : Xi → M , with
Xi ∈ X such that their images generate M

′
. Since X is closed under direct sums, we

form X = ⊕iXi ∈ X, and there exists an epimorphism π : X →M
′
.

The previous considerations give rise to a right X-approximation γ
′
: Z → M

′
. Let

µ :M
′ →M be the inclusion, then the morphism γ

′
µ is a right X-approximation. ■

Let now X = F(Θ). Then Y = Y (Θ) can be alternatively characterized as the full
subcategory of modA of all modules Y that satisfy Ext1A(Θ(i), Y ) = 0 for 1 ≤ i ≤ n.

Lemma 4.1.6. Let 1 ≤ i ≤ n. Let N be an A-module with Ext1A(Θ(j), N) = 0 for

j > i. Then there exists an exact sequence 0→ N → N ′ → Q→ 0 with Q a direct sum

of copies of Θ(i) and Ext1A(Θ(j), N ′) = 0 for all j ≥ i.

Proof:
Let us take ϵ = (0 → N → N

′ → Q → 0) to be a universal extension of copies of N
from above by copies of Θ(i), this means the following: take the exact sequences ϵs =
(0→ N → Ts → Θ(i)→ 0) such that the corresponding equivalence classes [ϵ1], . . . , [ϵm]
generate Ext1A(Θ(i), N) as an EndA(Θ(i)) module, and let ϵ be the exact sequence
such that the s-th inclusion of Θ(i) in Q = Θ(i)m induces the sequence ϵs. Then,
the connecting homomorphism induced by ϵ, δ : HomA(Θ(i), Q) → Ext1A(Θ(i), N), is
surjective. Consider the exact sequence

HomA(Θ(j), Q)→ Ext1A(Θ(j), N)→ Ext1A(Θ(j), N
′
)→ Ext1A(Θ(j), Q).
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For j ≥ i, the last term Ext1A(Θ(j),Θ(i)m) becomes 0. For j > i we know that
Ext1A(Θ(j), N) = 0. For j = i, the first morphism is δ, which is surjective. Hence,
for j ≥ i we have Ext1A(Θ(j), N

′
) = 0.

■

Lemma 4.1.7. Let 1 ≤ i ≤ n. Let N be an A-module with Ext1A(Θ(j), N) = 0

for j > i. Then there exists an exact sequence 0 → N → Y → X → 0 with X ∈

F({Θ(1), . . . ,Θ(i)}) and Y ∈ Y (Θ).

Proof:
Using the Lemma 4.1.6, we construct monomorphisms

N = Ni+1
µi−→ Ni

µi−1−→ . . .
µ1−→ Y

with Qs = cokerµs a direct sum of copies of Θ(s), and Ext1A(Θ(j), Ni) = 0 for j ≥ i. Let
µ = µ1 . . . µi : N → Y , and X = cokerµ. Then Y ∈ Y (Θ), and X has a filtration with
factors Qs. This is because, without loss of generality, we can assume that all µs are
inclusions; the filtration of X = Y/N is given by the modules Ns/N ; for 1 ≤ s ≤ i+ 1,
and (Ns/N)/(Ns+1/N) ∼= Ns/Ns+1

∼= Qs for 1 ≤ s ≤ i.
■

From the previous results, we can infer that every A−module has a right F(Θ)−
approximation, and since the construction of F(Θ) is self-dual, we can also obtain left
F(Θ)−approximations using duality. Thus, we have the following result.

Theorem 4.1.8. The subcategory F(Θ) is functorially finite in modA, i.e. F(Θ) is

covariantly finite and contravariantly finite in modA.

4.1.2 Standard and Costandard Modules

Let e = (e1, e2, ...en) be a fixed complete ordered set of primitive and orthogonal idem-
potents of the K−algebra A. Note that considering the sequence e is equivalent to
considering a fixed order of the set of all non-isomorphic simple A−modules Si ∼= ei

A
radA

(we know that since A is Artin, it has a finite number). For any i ∈ {1, · · · , n}, let Pi ∼=
eiA be their projective covers of ei and dually, let Qi ∼= D(Aei) be their injective hulls
of ei.

Definition 4.1.9. A normal series in an A−module M is a sequence of submodules

0 =M0 ⊊M1 ⊊ ... ⊊MT =M
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The number T is called the length of the series. The quotients Mi+1

Mi
are called the factors

of the series. A composition series is a normal series whose factors are simple modules

or, equivalently, a normal series that cannot be refined to another series of greater length.

If X is an A−module, we denote by [X : Si] the number of factors isomorphic to Si
in the composition series of X, that is, the multiplicity of Si as a composition factor of
X.

Definition 4.1.10. The standard module ∆(i), for 1 ≤ i ≤ n, is defined as the maximal

factor module of Pi with composition factors of the form Sj, with j ≤ i. Dually, the

costandard module ∇(i), for 1 ≤ i ≤ n, is defined as the maximal submodule of Qi with

composition factors of the form Sj, with j ≤ i.

We will denote by ∆ and ∇ the full subcategory consisting of these standard and costan-

dard modules, respectively.

Note that the previous definition implies that [∆(i) : Sj ] = 0 for j ≤ i and that
the module ∆(n) = Pn. Dually, [∇(i) : Sj ] = 0 for j ≤ i and the module ∇(n) = Qn.
Furthermore, the following results are obtained;

Proposition 4.1.11. Let ∆ = {∆(1), ...,∆(n)} and ∇ = {∇(1), ...,∇(n)}. The follow-

ing holds:

a) HomA(∆(i),∆(j)) = 0, for i > j.

b) Ext1(∆(i),∆(j)) = 0, for i ≥ j.

c) Ext1(∆(i),∇(j)) = 0, for all i, j.

d) HomA(Pi,∇(j)) = 0, for i > j.

e) HomA(∆(j),Qi) = 0, for i > j.

f) HomA(∆(i),∇(j)) ̸= 0 if and only if i = j.

As we have seen, the categories F(∆) and F(∇) are functorially finite in modA,
furthermore, admits the following descriptions, see (26),

F(∆) = {X ∈ modA | Ext1(X,∇) = 0}, and
F(∇) = {X ∈ modA | Ext1(∆, X) = 0}.
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4.1.3 Triangular Matrix Algebras over Quasi-Hereditary Algebras

We conclude by stating an important result obtained by B. Zhu, where he, in (30, Theo-
rem 3.1), proves the quasi-hereditary of the triangular matrix algebras of quasi-hereditary
algebras A and B by a bimodule AMB under a suitable conditions on the bimodule M .
Furthermore, he describe the good module category over this quasi-hereditary triangu-
lar matrix algebra. This same results are generalized to the functor categories in the
previous chapter, in Theorems 3.4.1 and 3.5.1.

All the algebras we will consider will be artin algebras over a commutative artin ring
R. Let E = (e1, e2, ...en) be a fixed ordered and complete set of primitive and orthogonal
idempotents of the R-algebra A. Recall that he pair (A,E), or the algebra A whenever
it does not cause confusion, is said to be standardly stratified if AA belongs to F(∆).
Furthermore, if EndA(∆(i)) is a division ring for every 1 ≤ i ≤ n, then we say that the
algebra is quasi-hereditary.

Let

Λ =

(
A M
0 B

)
,

be the triangular matrix algebra, where M , is an A − B-bimodule such that Λ is an
artin R−algebra. Recall, see (5), that it is possible to identify a Λ−module with a
triple (X,Y, f), where X and Y are an A−module and a B−module respectively, and
f :M ⊗B Y → X is a morphism of A−modules.

Let (A,AE) and (B,B E) be quasi-hereditary algebras and consider ΛE = (BE,AE)
the ordering on simple Λ−modules. In (30), it is shown that (Λ,ΛE) is a quasi-hereditary
algebra with standard modules

Λ∆(1) =

(
0 0
0 B∆(1)

)
,

...

Λ∆(m) =

(
0 0
0 B∆(m)

)
,

Λ∆(m+ 1) =

(
A∆(m+ 1) 0

0 0

)
,

...

Λ∆(m+ n) =

(
A∆(m+ n) 0

0 0

)
.

Furthermore, let T be the subcategory of modΛ formed by all triples (X,Y, f) where
X belongs to F(A∆) and Y is from F(B∆). For any triple (X,Y, f) in T, we can construct
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the exact sequence

0→ (X, 0, 0)→ (X,Y, f)→ (0, Y, 0)→ 0,

where (X, 0, 0) and (0, Y, 0) elements of F(Λ∆). Consequently, since F(Λ∆) is closed
under extentions in modΛ, it follows that (X,Y, f) ∈ F(Λ∆). Thus, we conclude that
T ⊆ F(Λ∆).

In addition, Zhu proves in (30) that F(Λ∆) ⊆ T. Indeed, we have that all standard
Λ−modules Λ∆(i) are in T, where 1 ≤ i ≤ m+ n. By identifying an A−module X with
a triple (X, 0, 0), and a B−module Y with a triple (0, Y, 0), we can consider both modA
and modB as subcategories of modΛ. Thus, we identify modA with the subcategory
(modA, 0, 0) and modB with the subcategory (0,modB, 0) .

Then, since Ext1Λ(modA,modB) = 0, both F(A∆) and F(B∆) are closed under
extensions in modΛ. Using the notation from (30), we know from (26) that

T = F(B∆)
∫
F(A∆) := {N ∈ modΛ | there is an exact sequence

0→ X → N → Y → 0, with X ∈ F(A∆), Y ∈ F(B∆)},

is a subcategory that is closed under extensions in modΛ. Therefore, for any ∆−good
Λ−module N , it follows that N ∈ T since N has a Λ∆−filtration and all Λ∆(i) ∈ T.

Therefore,

F(Λ∆) = T = {(X,Y, f) | X ∈ F(A∆), Y ∈ F(B∆)}.

And in this way, Zhu obtains the following result with which we conclude this work.

Theorem 4.1.12. (30, Theorem 3.1) Let (A,AE) and (B,B E) be quasi-hereditary al-

gebras and ΛE = (BE,AE). If AM ∈ F(A∆), then (Λ,ΛE) is a quasi-hereditary algebra.

Moreover,

F(Λ∆) = {(X,Y, f) | X ∈ F(A∆), Y ∈ F(B∆)}.
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