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Introduction

The classical theory of Sobolev spaces is defined under the concept of weak derivative. However, to define this,
it is necessary to consider an open set of R%, because the weak derivative is defined within compactly supported
smooth functions. For this reason, for weak derivative, we cannot generalize immediately the concept of Sobolev
space on the metric measure spaces setting. On the other hand, there are many results in practice that suggest
how to generalize the notion of derivative, for example Corollary 1.5.23. This lead us to the notion of upper
gradient(Definition 3.1.1). Nevertheless, upper gradients are not compatible with limit(Counterexample 3.1.7).
For this reason, we need to make adjust to upper gradient definition. In this thesis, we discuss what are those

adjustments to the p—weak upper gradient definition(Definition 3.1.1 second part).

The relevance of upper gradients lies in the the fact that this definition allow us to define a Sobolev space in

the metric measure setting.

Main results

The main result is theorem 3.3.16 where we prove that the potential fg r is weakly differentiable using the
theory of module of a family of curves, so Vfg  exists. Furthermore, the module of a family of curves that
join two closed nonempty sets can be computed with the |V fg r| Item 4 of Theorem 3.3.16. By the module of

a family of curves, we mean to a notion of a size of this family.

Structure of this thesis

Chapter 1: We discuss about metric measure spaces, and how the properties of a metric measure space
generalize the Lebesgue-Radon-Nikodym theorem for curves in metric measure spaces. Later, in Section 1.6
we introduce the ACL property, this property is fundamental to provide a characterization of WP (Q) with

general notions defined for metric measure spaces.

Chapter 2: We define the modulus of a family of curves, which is a notion of size of a family of curves. In
Section 2.1, we define the p—modulus of aa family of curves. The most important result in this section is that
this is an outer measure in the family of all families of curves. In Section 2.2, we characterize the families with
p—modulus zero. In Section 2.4 we provide some fundamental examples of modulus, also in this section we will
relate ACL property and p—modulus. In Section 2.5, we introduce Fuglede lemma (theorem 2.5.1) which will
be used to prove the main theorem of Chapter 2 which is Lemma 2.6.1. This chapter culminate in Section 2.6

where we will prove that the Sobolev space W1 (Q) can be characterized with ACL property.

Chapter 3: We will introduce the notion of upper gradients and we will discuss why we need to relax the
hypothesis to weak upper gradients. In Section 3.1, we prove the general properties of upper gradients. Later in
Section 3.2, we prove that considering p—integrable p—weak upper gradients, we have automatically properties
of absolute continuity on curves. We will finish with Section 3.3, where we use all the properties of p—integrable

p—weak upper gradients in Theorem 3.3.16 to prove that a potential is a Sobolev function.

ix



Some considerations

For this thesis, we assume that the reader has the background of analysis and topology of the level of [Fol99]
and [Dug66] respectively. For this work, we state all the basic result and we refer to the reader to the previous
references for proofs. If the reader is also familiarized with the radon measures and the properties of the curves
in the metric measure spaces setting; the reader we can start in Section 1.6.

To read directly the main results of this thesis, it is desirable that the reader is familiarized with a course
on geometric measure theory. In this case the reader can start in Section 1.3 to see the generalization of the

properties of Borel regular measures and Radon for metric measure spaces.

Future work

One of the most important application of Sobolev spaces in metric measure setting is the study of potential
theory and the posses of PDE in the metric measure setting, see [GM13; MS16]. Another product of my thesis is
the paper on the existence and uniqueness of the solutions of the p—Poisson equation in metric measure spaces

with Takala, [CT25], in my visit to Aalto University, we will send this work on this summer.
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Chapter 1

Preliminaries

1.1 Metric spaces

We start by giving the formal concepts of distance.

Definition 1.1.1: Metric spaces
A metric for a set X is a function d : X x X — R such that:

1. Non-negative: d(z,y) >0 Vz,y € X.

2. Symmetric: d(z,y) = d(y,z) Vz,y € X.

3. Identity of indiscernibles: d(z,y) =0< z = y.

4. Triangle inequality: d(z,z) < d(z,y) +d(y,z) Vz,y,z € X.

A metric space is a pair (X, d) where X is a set and d is a metric on X. If the metric d is clear, we refer

to the metric space simply as X.

Now we will provide some canonical examples of metric spaces.
The following example provides the most trivial metric space. However, this is useful for provide counter

examples of metric spaces.

Example 1.1.2: Discrete metric

Let X a set we define dg;s : X x X — R given by:

0 ifxz=y,

ddis(zvy){ | oty

Is easy to see that dg;s is a metric, it is called the discrete metric and the metric space (X, dgis) is called

a discrete space.

Next we define some sets induced by metric:

Definition 1.1.3: Ball and spheres
Let (X,d) a metric space and z € X,r > 0. We define the following sets:

1. Open ball of center = and radius r is te set:

B(x,r)={yec X |d(y,z) <r}

2. Closed ball of center z and radius r is te set:

Blz,r] ={y € X | d(y,z) <r}
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To provide a better notation we refer to closed ball as B(x,r). This is just notation, because the

closure of the open ball and the closed ball does not hold in infinite dimensional spaces.

3. Sphere of center x and radius r is the set:
S(z,r) ={y e X [d(y,z) =r}
Sometimes we need to consider centerless balls, for these reason we provide te next definitions:
4. Centerless open ball of center z and radius r is te set:
B*(x,r) = B(z,r) \ {z}.
5. Centerless closed ball of center x and radius r is te set:

B*[z,r] = Blz,r]\ {z}.

We will use the same notation as the closed ball, that is B" (z,7)

In a discrete space we have the following characterization of balls.

Proposition 1.1.4 (Balls in a discrete space): Let X a discrete space, let € X. Then
if r <1
B =y L
X  ifr>.
if 1
Bl = W A<t
X ifr>.
if r=1
Sa,r) = {z} ifr=1,
g ifr#l
%] if r<1
B*(w,r) = L
X\{z} ifr>.
%) if 1
B*[.’E,T‘] = 1 T
X\ {z} ifr>.

Disclaimer 1.1.5: Balls and spheres cannot be characterized by center and radius This is
because proposition 1.1.4 shows that the same set could be shown as different balls. Therefore, the center

and radius are not sufficient parameters to characterize the balls and spheres.

We use the following notation

Definition 1.1.6: Gy, F,, G5, F,5 sets
Let (X, 7) be a topological space. We say that A C X is a set of type:

1. G if A is a countable intersection of open sets.
2. F, if A is a countable union of closed sets.

3. G if A is a countable union of G5 sets.

4. F,s if A is a countable intersection of F, sets.
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1.1.1 Totally bounded sets

We introduce the following concepts

Definition: s—net

Let (X, d) be a metric space. A subset A C X is an e—net or an e—dense set if

X = UB(CL,E).

acA

A related definition for e—net is the following:

Definition: e—separated set

Let (X,d) be a metric space and € > 0. A subset A C X is e—separated if each two distinct points has

distance at least €.

From the above definitions follows immediately the next:

Proposition 1.1.7: Let (X, d) be a metric space, AC X and e > 0. f N C Aisane—neton Aand S C A
is a 2e—separated set, then |S| < |N]|.

Proof: Let s € S. Since S C A and N is an e—net on A, there exists as € N such that s € B (as,¢). Now, let
us define F': S — N given by F (s) = as. Let us prove that F is injective. Indeed, suppose that

As; = F(Sl) = F(SQ) = Qsy,

from this equality and by definition of F, follow s; € B (as,,€), thus d (s1, s2) < 2¢ and since S is e—separated,
it follows that s; = so. This proves that F is injective. Therefore, |S| < |NJ.
[ |

From the above definitions follows immediately the next:

Proposition 1.1.8: Let (X, d) be a metric space, A C X and £ > 0. Let S C A be a e—separated set. Then,
SU{a} is an e—separated set for all a € A\ J,cq B (s,¢).

Proof: Since S is an e—separated set, we only need to verify the distance condition for a. Since a € A\

U,eg B (8,€), clearly a is distinct from all element of S. Furthermore, we have
d(a,s) > ¢

Therefore, SU {a} is an e—separated set.

With the definition of e—net we define the next notion of boundedness.

Definition: Totally bounded set
Let (X, d) be a metric space. A subset A C X is totally bounded if for every ¢ > 0 there exist A’ C A a

finite e—net in A.

Now, we will prove the following result

Theorem 1.1.9: Totally bounded characterization

Let (X, d) be a metric space. For a subset A C X the following statements are equivalent:
1. A is totally bounded.

2. Every e—separated set in A is finite for each € > 0.
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I 3. For each € > 0, there exists a finite e—separated set in A.

Proof:

(1) = (2) ) Assume that A is totally bounded. Then, there exists a finite §—net in A, from Proposition 1.1.7
it follows that every e—separated set is finite.
((2) = (3) = (1)) Suppose that Item 2 holds. Let a; € A, if A C B(aq,¢), we have finished, if not we choose
as € A such that A\ B (ag, ) in this way {a1, a2} is an e—separated set. Inductively if there exists {ay},_, C A

such that A = |J;_, B (ax,e) we have finished, if not we may assume with loss of generality {a)},_, is an e—
separated set and choose a,+1 € A\ Uj_; B (ax,£). Since Item 2 holds, this procedure is finite, then there
exists N € N such that Uévzl B (a,e) = A, that is {ak}fc\le is a e—net. Therefore, A is totally bounded.

|

The following is a well a know result in analysis.

Theorem 1.1.10: Characterization of compact spaces

Let (X,d) be a metric space. The following statements are equivalent:
1. X is compact.
2. Every infinite subset has an accumulation point.

3. X is complete and totally bounded.

For the proof see [Fol99].

1.1.2 Lipschitz functions

A useful concept on metric spaces is the following:

Definition: Lipschitz function

Let f:(X,dx) — (Y,dy) a function between metric spaces and C' > 0.

1. We say that f is C—Lipschitz if

vx7y€X dY(f(-’E),f(y)) < Cdx(l‘,y)
We say that f is Lipschitz if there exists Cy > 0 such that f is Cp-Lipschitz.

2. The (global) Lipschitz constant of f, is

LIP(f):=inf{C >0: fis C — Lipschitz} .

3. The set of real valued Lipschitz functions, {f: (X,d) — R: f is Lipschitz}, will be denoted by
LIP(X,d). When the metric is clear we simply write LIP(X).

Now, we introduce an intuitive notion of distance between sets

Definition 1.1.11: Distance between sets
Let (X, d) metric space and A, B C X nonempty sets. We define the "distance" between A and B as:

d(A,B) =inf {d(a,b) |a € A,b € B}. (1.1.12)

Sometimes, we will denote (1.1.12) as dist(A, B).

Special case
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The distance between x € X a point and a set A C X, d(x, A), is defined as follows:

d(z, A) = d({z}, A).

With the distance to a set we define a useful set.

Definition 1.1.13
Let (X, d) be a metric space, A C X and € > 0.

A, ={z e A|d(z,04) > ¢},

where 0A denotes the topological boundary of A.

Figure 1.1.14: Set A,

An immediate result for the set €2, is that it is a kind of e—neighborhood. We state that result.

Theorem 1.1.15
Let Q C R? be an open set and € > 0. Then, B(z,e) C Q for all z € Q..

The proof is a usual proof in analysis.

1.2 Measure theory

In this section we recall the concepts of measure theory. To do this we deal with the power set of X, this set
we denote by P (X)

1.2.1 DMeasurable spaces

First, we define a desirable class of sets to define measures.

Definition: c—algebra

Let X be a set and ¥ C P(X). We say that ¥ is a o—algebra if:

1. 7, X € X.
2. It is closed under complements: If A € ¥ then X \ A € %.

3. It is closed under countable unions: If (4,), .y then |,y An € E.

The elements of the o—algebra ¥ are called measurable sets, and a measurable space is a pair (X, )

where Y is a o—algebra on X.
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Motivated by the definition of continuous function, we define a measurable function as follows:

Definition: Measurable function

Let f: (X,Xx) — (Y,Xy) be a function between measurable spaces. We say that f is measurable if
f7HA] € Zx for every A € Sy

Now, we will state a version of Gluing lemma for measurable functions.

Theorem: Gluing lemma
Let {Ai}iEF
countable family of measurable functions {f,: A, — B}, cy such that:

be a covering of a measurable space X such that A; is measurable for each i € I". For any

fola,na, = fmla,na,  YRmeEN, (1.2.1)

there exists a unique measurable extension for all f,,.

Proof: We define F': X — B as follow, let + € X then there exists j € N such that + € A;, we define
F(z) = f;(z), from (1.2.1) it follows that F' is well defined. Let A C B a measurable set. We have that
F M= £ ]
neN
since M is measurable and f,, is measurable, we have that f,  [M] is measurable, then FF~! [M] is measurable.

Therefore, F' is measurable.
|

An application of the previous result is the following:

Lemma 1.2.2: Extension of f: Q C X - R
Let ¥ be a o—algebra in X and €2 C X be a measurable set. If f: Q C X — R is a measurable function,
then, the function g: X — R defined as

) fl@) ifzeq,
Y0  itz¢n

is measurable.

Remark 1.2.3 The most useful form of Lemma 1.2.2 arises when X = R? is endowed with the Borel
o—algebra(which we define below). In this case, 2 can be taken to be open. We use this for of Lemma 1.2.2

without further mention.

1.2.2 Measures and outer measures

The measures and outer measures gives a notion of size. We will prove that essentially both notions are the

same.

Definition: Measure

Let ¥ be a o—algebra over a set X. A measure over X is a function p: ¥ — [0, 00| such that:
1. p(2)=0.
2. o—additive: If (A,), . is a sequence of pairwise disjoints sets then 1 (U, ey An) = 2 ey & (An)-

A measure space is a triple (X, X, ) where X is a o—algebra over X

One of the well known examples of measures is the Lebesgue measure, in this thesis we we denote mg for the

Lebesgue measure.
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Definition: OQuter measure

Outer measure An outer measure over a set X is a function p*: P(X) — [0, co] such that:
1. p* (@) =0.

2. Increasing: If A C B then p* (A) C p* (B).

3. o—subadditive: p* (U, ey An) < X en i (An)

The definition of outer measure provides a general notion of size. Nevertheless, we are looking for more desirable

properties to this notion of size, the following definition is motivated by geometry:

Definition: Measurable sets with respect to an outer measure

Let p* : P(X) — [0,00] be an outer measure and A C X. We say that A is u*—measurable if:

p*(B)=p* (BNA)+p*(B\A) VBCX.

Lemma 1.2.4 and theorems 1.2.5 and 1.2.6 are standard results on geometric measure theory, the proofs of these
results can be found in [Magl2].

The following result optimizes the effort to prove that some set is pu*—measurable.

Lemma 1.2.4: Characterization of y*—measurable sets

Let p* : P(X) — [0, 00] be an outer measure and A C X. Then, A is p*—measurable if and only if

pw (BNA)+pu* (B\A) <u*(B) VB C X with u*(B) < oco.

Now, there is a natural restriction of an outer measure to obtain a measure.

Theorem 1.2.5: Restriction of an outer measure to measurable sets is a complete measure

Let p*: P(X) — [0, 00] an outer measure on a set X. Then:

1. The family of the p*—measurable sets, M(u) is a o—algebra.

2. u* M) is a complete measure, that is every subset of a measure zero set is measurable.

On the other hand we can extend a measure to an outer measure as follows:

Theorem 1.2.6: Extension of a measure to an outer measure

If 4 : ¥ — [0,00] is a measure over X. Then the function p* : P(X) — [0, co] given by:
p*(A) =inf{u(M)| AC MeXx} (1.2.7)

is an other measure that extends to g and ¥ C M(u).

Definition 1.2.8
If 4 : X — [0,00] is a measure over X. Then the function p* : P(X) — [0, 00] given by (1.2.7) is called the

extension of the measure p.

From Theorems 1.2.5 and 1.2.6 we obtain the following:

Theorem 1.2.9: Compatibility of the restrictions and extensions of measures and outer mea-
sures
Let X be a set. The following statements holds:

1. Let pu: ¥ — [0,00] be a measure in X. Then, p*|s, = p.

*
2. Let pu*: P (X) — [0,00] be an outer measure. Then, the extension , satisfies (N*|M(m)) = p*
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Proof:
1. From Theorem 1.2.6, we have that p* is an extension of p, that is p*|y = p.

2. It is clear that v = p* | vq(,~) satisfies p* < v*. For the other inequality we use the infimum property. Let
A C X and € > 0, then there exists M € M (u) such that A C M and

1 (A) < i (A) < v (A) + <.

*

this proves p*(A) < v*(A). Therefore we conclude v* = p*.

Remark 1.2.10: Measures and outer measures are the same considering restrictions and
extensions Theorem 1.2.9 shows that considering the appropriate adjustment with extensions and re-
strictions measures and outer measures we can take as the same thing. For this reason we put a convenient
name for a measurable sets. When we define a property for a measure, we will extend this notion for

outer measure considering the extension.

From Remark 1.2.10 follows that we have some examples of measures, one of the most important of (outer)
measures is the generalization of the extensions given with the canonical definition in the induced o—algebra
YN A.

Proposition 1.2.11 (Restrictions of measure): Let u: ¥ — [0, 00] be a measure on aset X and Y C X.
Then, the following statement hold:

1. The restriction of p to the o—algebra ¥ N A, py = 11 |sny is again a measure. That is py = gy is

a measure if 4 is a measure, and py = i |p(y) is an outer measure if p is an outer measure.
2. The restriction of u, py : ¥ — [0, 00] given by:

poy (M) = (Y 0" M) VM eX.

Notice that the definitions of Proposition 1.2.11 are defined by outer measures but this generalization is simpler

than the definitions for oc—additive measures.

Disclaimer Even within the considerations of Remark 1.2.10 the properties of measures do not inherit
immediately to outer measures and viceversa, for example the continuity from below of measure is not
inherited to outer measures, an example of this incompatibility is proved in Counterexample 2.5.9. To
extend properties of measure to outer measure we need to consider the appropriate extension or restriction
as in Remark 1.2.10.

1.2.3 Regular measures

First, we will define the kind of measures to work with metric spaces:

Motivation 1.2.12: Measures in a metric space
Let (X,7) be a topological space. We aim to make compatible the notions of measure theory with the

topology, To do this we have the following options.

1. Compatibility with measures To define a measure p for X compatible with the topology, we require
a o—algebra to define . For any give o—algebra ¥ we can define a measure puy: ¥ — [0, c0]. However,

the measure uy; and the topology of X no need to have common elements. A way to do this is
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considering the Borel sets contained in the topology of X, that is B(X) C X.

The disadvantage of this definition is that we have a two non-topological notions. These are measure as a

function as well its domain.

2. Compatibility with outer measures Notice that if we consider an outer measure p: P(X) — [0, o0]
the domain is provided. Considering Remark 1.2.10 and the previous requirement a compatible outer

measure with the topology is such that

B(X) C M(p). (1.2.13)

The advantage of (1.2.13) is that there is essentially a unique different object of the topological notions.

Conclusions

The essence in the proposed definition in Items 1 and 2 are that the Borel sets are measurable. The
importance on this example lies in (1.2.13). We will use the definition provided in Item 2. Also this example

shown the convenience of consider outer measures and measure as in Remark 1.2.10.

The measures that satisfies the conditions of Motivation 1.2.12 have an special name.

Definition 1.2.14: Borel measure

Let X a topological space. A Borel measure is a measure such that every Borel set is measurable.

Notice that Definition 1.2.14 can be stated for either a measure or an outer measure.

Now, we will define concepts about regularity:

Motivation 1.2.15: Regularity for measure
The idea of regularity of a measure is to have approximation properties. The intuitive idea is given by the

following:

Definition 1.2.16: Regular measure [Fol99]

Let p a Borel measure in a topological space X and E C X measurable, we say that p is:

1. Outer regular on F if

w(E) =inf {u(U) | U D E with U open} .

2. Inner regular(by compact sets) on E if

w(E) =sup {u(K) | K C E with K compact} .

3. Regular on F if y is inner an outer regular on E.

4. Regular if y is regular on every measurable set.

However this definition requires to have a topological space, and for that reason, we need make compatible
the space with this topological notions.
Generalization

Suppose that 4 is outer regular. Let E C X be a measurable set, then there exists a sequence {U,}, oy of
open sets each containing E such that lim,, . 1 (U,) = u (E). Now, by the monotonicity of y, we also have
that

WE)<p nt < w(Un),
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and so we can replace U,, with V,, = ﬂ?zl U; and see that

ECVpp1 CVyand lim p(V,) = u(E).

n— oo

Now take the Borel set W = (1 .y Vi and note that E C W and

w(E) < pu(W) < p(Vi)

for each k, and letting & — oo we get that u(E) = p(W). This provides the notion of regularity in terms
of only measurable sets not necessarily open. Then, the notion of regularity can be generalized for any
measurable spaces. We can do a same proceeding to extend the notion of inner regularity. However, we use

this notion provided by outer regularity it is compatible with the outer measure.

Conclusions

Definition 1.2.16 is in terms of Borel sets but his could be in terms of any measurable set this lead us to the
general definition of regular measure, Definition 1.2.18, this is the most usual definition of regularity. For
geometrical analysis we focus on Borel regular measures and we prove that in this context we prove that

Definitions 1.2.16 and 1.2.18 are equivalent.

There are two definitions for inner regularity because the approximation could be by closed sets. Later, we will
prove that for metric measure spaces there is no distinction between two definitions under certain conditions.

For either definitions of inner regularity follows immediately the next:

Proposition 1.2.17: Let p be Borel measure on a topological space X. If p is a inner regular measure

by compact(closed) sets on a measurable set £ C X. Then, there exists an increasing sequence of com-

pact(closed) sets that approximate p (E).

Proof: By definition of inner regularity by compact(closed) set, there exist a sequence of compact(closed) sets
{Kn}, ey such that lim, o pt (K,) = p(E) and this limit converges increasingly. Thus, the finite unions of
{Kpn}, ey converges to u(E).

|

From the discussion of the Motivation 1.2.15, we state the following:

Definition 1.2.18: Regular measure

Let p be a measure on a set X and C C P (X) a given class. We say that u is C—regular if every set is

contained in a set in C of equal measure.

Borel regular measure

Let p be a Borel measure in a topological space X is Borel regular if every set is contained in a set of C

of equal measure.

Remark 1.2.19: Importance of the regularity

1. The notion of C-regularity allows us to focus on the behavior of the measure within a smaller and
known class of sets. Often this class C the sets are measurable, we require this condition to do

arithmetic with pu.

2. To prove properties that only depends on u, we only need to prove it on the class C and by regularity
we have automatically the extension. Notice that this statement holds for the notions of

inner and outer regularity.

Now, we will prove some regularity results for measure, those results are stated for Borel regular measures.
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However, we can generalize for any regular measure. In the next result we prove that a Borel regular measure

can be approximated from below.

Proposition 1.2.20: Let yp is a Borel regular measure on X. If A C X is a measurable set with finite
measure then there are By, By Borel sets such that By C A C By such that p(B;) = u(A4) = w(Bs2).

Proof: Indeed, by the definition of Borel regular measure there exist A; Borel set such that A C A; with
1(A) = p(A;); since A has finite measure follows that p(A; \ A) = u(A1) — p(A) = 0. Again, by the regularity
of p there exist Az Borel measurable set such that A; \ A C Az and pu(As) = u(A; \ A) = 0; then A; \ Az is a
Borel set such that A; \ Ay C A and p(A; \ Az) = p(Ay) — plAsT= u(A). Taking By = Ay \ As, By = A; we
have the result.

]

Remark: A must be measurable in Proposition 1.2.20 Remember we are considering measures
and outer measures as the same, then to do arithmetic used in the proof Proposition 1.2.20 is necessary

require A measurable.

Now, we will prove some immediate results about Borel regular measures.

Theorem 1.2.21: Borel regular measures properties

Let p be a o—finite Borel regular measure on X. Then:
1. p is inner regular by closed sets on measurable sets.

2. p is outer regular.

Specific cases of regularity

3. Every measurable set A C X contains F a F, set such that u (F) = u(A).
4. Every set E C X is contained in G a Gy set such that u (E) = u(G).

5. For every A C X measurable and for each € > 0 there exists C C X and O C X closed and open sets
respectively such that C' C A C O and satisfy

p(O\C)<e.

Proof:

1. First, we prove the result when p(X) is finite. Since p (X) is finite and A is measurable, we can use
Proposition 1.2.20 thus there exist B’ C A a Borel set such that u(B’) = u(A). Then, we can replace A
for B’ if necessary. Hence, we need to prove the result only for Borel sets.

Define F as the family of subsets of X for which pu is inner regular by compact sets. Thus F contains the
closed sets, hence also contains the open sets, since the open sets are F,, by separability. Notice that the
measure of a countable union of closed sets can be approximated by the measures of finite unions of these
closed sets, that is F contains all the F, sets.

Let {Fn}neN C F and € > 0. Then for any n € N there exist C,, C F,, a closed set such that

9
p(Fp) — on <p(Cy) > Since all the sets are measurable and
e .
f(Fy\Cp) < o L HR) =0

2n+1
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Then by the series argument, we have

N(UFn\ UCn> </~L<U (Fn\cn)> SZ/‘(FH\Cn)S

neN neN neN neN

. (1.2.22)

| ™

and similarly as in Theorem 1.2.21, we prove that

Now, let us prove that F has the following properties:

(.’F is closed under countable unions.)

From the continuity from below of measure, we have

mr(UriUe)

neN

N(UFn\UCn>
neN neN

> From (1.2.22).

v

IN

€
5
Then, there exist M € N large enough such that
M
M (U 0\ Cn> <e (1.2.23)
neN n=1

and clearly [JM., C,, is closed and J2, C,, C Unen Fn- Therefore | J,, oy Fr € F.

(.’F is closed under countable intersections.)

Since ,,en Cn C Cp, for all m € N, we have

u(ﬂ F\ () cn> Su(U (Fn\Cn)>

neN neN neN
< Z v(Fp\ Cr)
neN > From (1.2.22).
< € A
-2

and clearly N C, C N

nen An is a closed set. Thus [, Fn € F.

Hence, the family
G={AeF: X\AcF}

is a o-algebra containing all closed sets. Hence, G must contain all Borel sets, and (1.3.3) follows. We

extend the result by o—finiteness.

2. First, we prove the result when p (X) is finite. Since p is Borel regular there exist a Borel set Ey with
E C Ey and p(FE) = p(Ep). Let € > 0 from (1.3.3), we may choose a closed set C C X \ Ey such that

p(X\ Eo) —e<p(C)
WX\ C) < p(Eo)+e
= u(E) +e.

Since X \ C is open this proves (1.3.4). We extend the result by o—finiteness.
3. The particular case follows immediately from the first part and analogously as in Motivation 1.2.15.

4. Follows immediately the inner regularity by closed sets on measurable sets and the outer regularity of pu.
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5. First we prove the case when p (X) < co. From (1.3.3) and (1.3.4) there exists C C X and O C X open
and closed sets respectively such that C' C A C O and satisfy

€
p(d) =5 <p@)
5
p(0) < u(A)+
Since p (X) < oo, it follows that

O\ C) = pu(0) = u(C) < u(A) + 5 —u(A) +5 = e

The general case is by o—finiteness.

1.2.4 Radon measure

Now, we will define a kind of measure with many desirable regularity properties

Definition: Radon measure

Let u be a Borel regular measure in X a topological space. We say that u is a Radon measure if:

1. p is finite on compact sets.

2. Outer regular. That is for every subset £ C X, we have
w(E) = inf {u(0) | O D E with O open}.
3. Inner regular by compact sets on open sets. That is

w1 (0) =sup {u(K) | K C O with K compact} (1.2.24)

for all O C X open.

Remark 1.2.25: Computations for a Radon measures From the outer regularity, to compute p, we

only need to compute p for open sets, thus by the inner regularity on open sets, we only need to compute
1 on the compact sets.

Theorem 1.2.26: 0—finite Radon measures are inner regular(approximated by compacts)

Let u be a o—finite Radon measure on a topological space X. Then, yu is inner regular by compact sets on

every measurable set.

Proof: By o—finiteness, we may assume that p(X) < co. Let A C X be a measurable set, then, there exists
C C X and O C X closed and open sets respectively such that C C A C O and satisfy

w0\ C) <.
Furthermore by the definition of Radon measure, there exists a compact set K C O such that
H(K) > p(0) — e.
Then the compact set K N C C A satisfies

H(A) > (K 1 C) = p(K) = p (K \ ©) > p(O) — 2€ > u(A) - 2e.
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1.2.5 Hausdorff measures

In this section we will introduce Hausdorff measure. In our work we often use the properties of the measure

H1. We start with the following:

Definition: j—cover
Let X a metric space, £/ C X and 0 > 0. A sequence of subsets of X, (E,,), .y C X is a 6—cover for I if it
sequence is a cover for F such that diam(E,) < ¢ for each n € N. The set of all 6—covers for E is denoted

by C(E,9).

From the definition follows immediately the next:

Proposition 1.2.27 (§—covers are increasing): Let X a metric space, £ C X. If 0 < &; < 2, then
C(E,6) Cc C(E, ).

Proof: Let {E,}, .y € C(FE,61), then {E,}, .y is a numerable cover of E and

diam FE,, < 01 < 82

then {En}nEN S C(E,dg)

Using d—covers we define a sort of notion of volume in a metric space as follows:

Definition: a—Hausdorff measure of step ¢
Let X a metric space, « > 0 fixed. Let § > 0 the a—Hausdorff measure of step ¢ is the function

Ha,5: P(X) — [0, 00] defined by

(En)nen € C(E, 5)}

Ha,s(E) = inf { Z v(a)(diam E,,)

neN

where

From the definition of H, s follows immediately the next:

Lemma 1.2.28: Basic properties of #, s
Let X a metric space, o > 0 fixed. For each £ C X and d > 0,

1. The function Hq,5: P(X) — [0, 00] is increasing.

2. The family of functions {Ha s} 4 is decreasing.

Proof:

1. Let A C B, then C(B,d) C C(A,J) and since the infimum is decreasing with respect to the contention we
have /Ha)g(A) < Has (B)

2. Let F C X and 0 < 1 < d2. From Proposition 1.2.27 and since the infimum is decreasing with respect to

the contention, it follows that

,HOMSz (E> < HQ,51 (E)
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Definition: «—Hausdorff measure

Let X a metric space, a > 0 fixed. The a—Hausdorff measure is defined by

Ho(E) = lim o, 5(B).

The proof of the fact that H, is a measure is standard in geometrical measure theory, see [Magl2].

In the next result, we prove the compatibility of the Hausdorff measure with Lipschitz functions.

Lemma 1.2.29: Hausdorff measure and Lipschitz functions
Let f: X — Y a L—Lipschitz function and £ C X. Then:

1. If 7 be a d—cover of E, then f [F] is a Lo—cover of f [E]. That is f [C(E, )] C C[f [E], L]

2. Ho,Ls(fIE]) < L*Ha 5(E). (1.2.30)
3. Ha(f[E]) < LHa(E).
Proof:

1. Since F is a —cover of F, it follows that f [F] is a numerable cover of f[FE]. Since f is L—Lipschitz, for
all F' e F, we have

diam f [F] < Ldiam F’
Q F is a d—cover.
< Lé

This proves that f[F]is a Lo—cover of f[E].

2. From Item 1, the definition of #H, s and since the infimum is decreasing with respect the contention, it
follows that

Moz (F[E]) < inf { S vfa) (diam £ [B,])"

neN

(En)pen € C(E, 5)}

3. Since § > 0 in (1.2.30) is arbitrary, we can take the limit when 6 — 0, then

Ha,Lé(f[E]) < LO"HQ,(;(E) Q From Item 2 of Lemma 1.2.28 and the
Ha(f[E]) < La'Ha(E). definition of H.s.

]
The Item 3 of Lemma 1.2.29 is the most useful result of this theorem. Thus, when we invoke Lemma 1.2.29 we
refer to Item 3.

Motivation: H; and the notion of length

For the specif case of the 1—Hausdorff measure notice that from the properties of function I', we have that

Thus, in this case we have that

Hi,s = inf { Z diam F,,

neN

(En)pey € C(E, 6)}

This identity give us a glimpse of the relationship with the notion of a length of a curve(see Definition 1.5).

But it is better deal with the 1—Hausdorff measure from the point of view of measure theory.

For the present work the previous results are enough. For a further lecture on Hausdorff measures see [Rog70].



16 CHAPTER 1. PRELIMINARIES

1.3 Metric measure spaces

Now, we define the spaces with which we are dealing in this thesis.

Definition: Metric measure space

A metric measure space is a triple (X, d, u) where (X, d) is a separable metric space and y is nontrivial

locally finite Borel regular, that is for every z € X there is > 0 such that p (B (z,7)) < co.

From the definition of metric measure space, we have the following properties:

Theorem 1.3.1: Metric measure spaces are c—finite

1. Metric measure spaces are Lindelof.

2. Metric measure spaces can be written as a countably union of balls with finite measure. Particularly,
every metric measure space is o—finite. For this reason in metric measure spaces, we can use Fubini

Theorem immediately, because o—finitenes is the only necessary condition see [Fol99].

3. Compact subsets of a metric measure space have finite measure.

Proof: Let (X, d, 1) be a metric measure space.
1. Follows from the separability of the metric measure space.

2. Let x € X since y is locally finite there exists r, > 0 such that p (B (z,7;)) < co. Clearly {B (z,74)} ¢ x 18
a cover of X. From the Lindelof property it follows that there exists a countable subcover of {B (z,7;)}
Therefore, X is o—finite.

reX "

3. Similarly as in Item 2, since u is locally finite, it follows that a compact set can be covered by finitely

many balls, each of which has finite measure. Therefore, every compact subset of X has finite measure.

We will use the above properties without further mention. By definition of metric measure space and their

o—finiteness together with Theorem 1.2.21 it follows that immediately the next:

Theorem 1.3.2
Let (X,d, ) be a metric measure space. Then:

1. p is inner regular(by closed sets) on measurable sets. That is
u(A) =sup{p(C)|C C A with C closed} . (1.3.3)

for every A C X measurable.

2. p is outer regular. That is

w(E) =inf {u(U) | U D E with U open}. (1.3.4)

Specific cases of regularity

3. Every measurable set A C X contains F a F, set such that u (F) = u(A).
4. Every set E C X is contained in G a G set such that p (E) = p(G).

5. For every A C X measurable and for each € > 0 there exists C' C X and O C X closed and open sets
respectively such that C' C A C O and satisfy

p(O\C) <e.
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1.3.1 Radon measures on metric measure spaces

By o—finiteness of metric measure space and Theorem 1.2.26, we have the next

Theorem 1.3.5: Radon measures in metric measure spaces are inner regular(approximated by

compacts)

Let (X, d, 1) be a metric measure space with u be a Radon measure. Then, every measurable set A C X is

inner regular by compacts sets

Theorem 1.3.6: Decomposition theorem for metric measure space with a Radon measure

Let (X, d, 1) be a metric measure space with 1 be a Radon measure. Then, X can be expressed as a countable

union of compact sets plus a set of measure zero.

Proof: From Item 2 of Theorem 1.3.1, we can cover X by countably many balls {B,, } each of finite measure.

neN?
Because p is Radon, for each j € N, we can find a compact set K, ,,, C B,, such that

13
w(Bn) — om < ,“(Kn,m)

2 (Bn \ Kn,m) < -

> Sincel B, and K, .. are measurable
om’

Using the same argument of Theorem 1.2.21 and the continuity from below of measure, we have

m (Bn\ U Kn7m> =0,

meN

by oc—additivity, we have

M(X\ U U Kmm) =0.

neNmeN

Thus, {K,m} y 18 @ countable decomposition of X by compact sets such that

,u(X\ Uy Kn,m> =0.

neNmeN

n,me

Remark This decomposition is used to extend the properties of measure.

Theorem 1.3.7: Sufficient conditions for Radon measures on a metric measure space

Let (X,d, 1) a metric measure space. If either
1. p is inner regular by compacts on closed sets.

2. (X,d) complete.

then p is a Radon measure. Furthermore, in this case p is inner regular by compact sets on measurable sets.

Proof: Since p is a Borel regular measure, we have that u is outer regular, and from Item 3 of Theorem 1.3.1,
we have that the compact sets have measure finite. Then, to prove that u is Radon, we only need to prove the

inner regularity by compact sets on open sets. Let O C X a measurable set and € > 0.

1. Suppose that Item 1 holds. Since p is Borel regular, it follows that p is inner regular by closed sets on
O, then there exist a sequence of closed subsets {C,,}, .y of O such that p(C,) 1 1 (O) from Proposi-
tion 1.2.17, we have that p (UneN Cn) = (0). Let n € N, since Item 1 holds we have that there exists
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K,, c C,, such that

1(Ca) = 5 < n(Ky)

5
N(Cn\Kn)<W

Using the same argument of Theorem 1.2.21, we obtain a similar inequality as (1.2.23), this together with

the fact p is finite on compact sets

() () () (g ) -

Since Uiil K,, C O is compact, then (1.2.24) holds. Therefore, 1 is inner regular by compact sets on

measurable sets.

. Suppose that Item 2 holds. From Item 1, we only need to prove that y is inner regular by compacts on

closed sets, furthermore, by the o—finiteness of metric measure spaces, we may assume that p(A) < oo.

Let A C X be a closed subset with finite measure and let n € N. Since A is closed it follows that A is
Lindeldf for all n € N there exists a countable collection of closed balls { By, }, ., With centers in A, each

with radius 1, such that
o0
clB
k=1

Thus, {A NUr_, B, }nEN is an increasing sequence of closed sets such that converges to A, and since
w1 (A) is finite it follows that there exists N,, € N

N7L
— €
m (A\ U Bnk> <o (1.3.8)
k=1
Let us define
N,
Cn = Enka
k=1
K=[)C,
n=1

Now, we prove the following properties of K:

(,u (K) approximates p (A))

From the subadditivity of u, we have

u(A)Su<A ¢ >+ZM (A\Cy) \
’“:Ll | From (1.3.8).
<pu (A N Ck> +e. L/ (1.3.9)
k=1

Since A as finite measure, we can use the continuity from above of measure, then

p(ANK) = n}gnoo,u <Aﬂ ﬂ C’k>

k=1
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Using this limit in (1.3.9), we obtain that
B(ANK) > p(A) —e.

This proves that u (A) approximates p (K).

CK is compact )

Let us prove that K is totally bounded, to do this we use the characterization from Theorem 1.1.9. Let
S C K be a e—separated set, from the definition of K, we have that S C C,, for all n € N. Considering n
large enough such that % < 9, from Proposition 1.1.7, it follows that S is finite.

By definition K is closed, hence is complete, and we have already proved that K is totally bounded.

Therefore K is compact.

This proves that p is inner regular by compacts on closed sets. Therefore, the conclusions of Theorem 1.3.7
hold.

There is more results about the regularity of metric measure spaces, the above results are sufficient to this

thesis. For a further lecture about the properties of metric measure spaces see [Hei+15].

1.3.2 Differentiation of measures on metric measure spaces

We present the extension of the classical results of differentiation of measures for a metric measure space. For
the classical results see [Rud87, Chapter 7].
First, we introduce the notion of metric derivative in metric measure spaces. It is a well known fact in the

metric measure setting that this generalization require for an extra condition on the measures

Definition 1.3.10: Doubling Space, Doubling Measure

1. For a metric measure space (X, d, i), we say that u is a C—doubling measure if 4 is non-trivial and
3C > 0 such that p (B(z,7)) < Cu (B (z,%)) Vo € X,Vr € RT.

2. For a metric space (X, d), we say that it is C—doubling, with C € Z™, if any ball of radius r can be

covered by at most C balls of radius 7.

Considering the previous restriction, we can define.

Definition: Metric derivative

Let (X, d, u) be a metric measure space and v be a Borel regular locally finite measure. If at least one of the

measures is locally doubling, we define the derivative of v respect to p at x as the limit

The reason to ask for the doubling condition is to make the above definition compatible with the Radon-Nikodym

derivative.

First, we extend the definition of variation.
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Definition: Variation of a function of one variable
Let I C R be an interval, f: I C R — (X, d) a function. We define the variation of f in [a,b] C I as follows:

Var(f, [(1, b]) = V(fa [a’ b])

= sup { Zd(f(tk), f(te—1)) | {tr}r—o is a partition of [a, b]} :
k=1

where a partition of the interval [a, b] is an ordered finite collection of points in [a, b], we denote this as follows

a=ty<...<ap<...<t,=h.

_/’ <

Figure 1.3.11: Variation of a function

Remark Considering extended values the variation always exist.

From the definition of variation follows immediately the next:

Proposition (Monotonicity of the variation): Let I C R be an interval f: I C R — (X, d) a function.
If [ag, be] C [a1,b1] C I, then

V (v, laz, b2]) <V (7, a1, b1]) -

Now, we will prove the following property of the variation:

Lemma: Additive property of the variation

Let X be a metric space and f: I C R — X be a function where I C R is an interval. For all [a,b] C I, the
following identity holds.

V (7,[a,b]) =V (v, [a,c]) + V (v, e, b]) Ve € (a,b). (1.3.12)

Proof: We will prove that the following inequalities holds:

©

Let {z},_o C la,b] be a partition of [a,b]. Let us define {yk}2=o be the partition given by {zx};_, U {c}.
Thus, we can separate {y;}\_, as the union of

Therefore:

Vi la,b) <V (v, a,d) +V (v [c0])  Vee(ab).

©

Without loss of generality, we can assume that V (v, [a, b]) is finite. Then, from Proposition 1.3.2, it follows that
V (7, la,c]) and V (v, [c,b]) are finite. Let {zx};_o,{yx}reo be arbitrary partitions of [a, (], [c, b] respectively.
Thus {zk},_o U {yk}r is a partition of [a, b].
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Therefore:

> d(f(w), fee-1)) + > d(f () flye—1)) <V (. [a, b)) -

k

n m
=0 k=0

Fixing one and varying the another we obtain the result.

V(v lad) +V(y,le b)) <V (v,a,b]).

Therefore, (1.3.12) holds.
|

Now, we will extend the classical differentiation for measure theorems in for a curve in a metric measure space.
The proof of this result is lengthy and highly technical, this is Theorem 4.4.8 of [Hei+15]. The idea is that we
can think a curve in a metric measure space as R and we use this idea with another techniques together with

the classical Lebesgue-Radon-Nikodym to extend it to a metric measure spaces.

Theorem 1.3.13: Metric derivative of a curve
For each continuous function v : [a,b] — X of bounded variation. We can associate v with a unique Radon

measure v, on [a, b] such that

vy (0) =V (7,0) (1.3.14)
for every open O C [a,b] and
dvy _d(y(t),7(w)) /
prl _115% T Iy ()]

for m;— almost every t € [a, b].

Notice that Theorem 1.3.13, considering curves, gives a notion of differentiability in a metric measure spaces.
In the following chapters, we develop the theory to define Sobolev Spaces on metric measure spaces. From now

on, we will prove an useful form of Theorem 1.3.13.

Corollary 1.3.15: Let y: [a,b] — X be a curve of bounded variation such that
V(v [tu) =t—u Va<t<u<b. (1.3.16)
Then the following statements hold:

1. v is 1—Lipschitz. Hence + is absolutely continuous.

2. The limit
d(~v(t
uit ft—ul

holds for m;— almost every t € [a, b].

3. If E C [a,b] satisfies H; (v [E]) > 0, then #; (E) > 0. That is v maps H;-null sets in H;-null sets.

Proof:

1. The fact that v is 1—Lipschitz follows immediately from (1.3.16), and the second fact is a well known

result of real analysis.
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2. From Theorem 1.3.13, we have that

\> Definition of metric derivative.

vy(B[t, r])

1(Blt, 7)) L
Fro 1.3.14).

V([t—rt+ 7)) rom ( )

b

I t—nr,t
10 ma(ft = rt 1)) > From (1.3.16).

3. From Item 1 we have that v is 1—Lipschitz, the we can use Lemma 1.2.29. Then

H1(7[E]) < Hi(E)
which proves the result.

We can extend the notions absolute continuity for curves, within this notion, we extend the results of differen-
tiability of absolute continuous functions. We discuss all these details in Section 1.5.3.

1.4 Dini derivatives

In this section, we introduce the notion of derivative for Borel functions in an Euclidean set. The derivative in
the Euclidean setting is defined as the limit of the Newtonian quotient, the issue within this limit is its existence.
To fix this issue with the existence, we can consider the superior and inferior limits, since both are limit notions

which always exists. This lead us to the following definition.

Definition: Dini derivatives

Let f: © C R? = R a function on an open set and i € {1,...,d}. The i—th directional Dini derivatives
at € 2 are defined as:

3j_f(:c) = lim sup flx+ re;) - f(ac)’
r—0+

91 f (@) = limin flz+ 7“6;‘) @)

87 f(z) = limsup L&) /(@)

r—0— r

9;— f(x) = lim sup fletre) = f(x)

r—0— r

From the definition of the Dini derivatives, it follows immediately the next

Proposition 1.4.1: Let f: O C R? — R a function on an open set and i € {1,...,d}. Then, the partial
i—th partial derivative of f at x, 9; f(x) exists if and only if all the ¢—th directional Dini derivatives are finite

and coincide.

Now, we will prove that the Dini derivatives are Borel.

Theorem 1.4.2: Dini derivatives are Borel functions

Let f: @ C RY — R a measurable function. Then the Dini derivatives ;' f, 9,4 f, 9; f, 0;— f are measurable

functions.
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Proof: We will prove the result for the Dini directional derivative aj f. The proof for the rest of the Dini

derivatives is the same. Consider g: R? — R be the function defined as
flx) ifxzeQ,
o) =1 I
0 if z ¢ Q.
From Theorem 1.2.1, it follows that g is measurable. For each n € N define g,,: R? — R

o) = ? (z+ 3ei) —g(2)

n

then g, is measurable. Then

lim sup g, (x) = lim sup g(@tre)—g(@)

n—o0o r—0+ r

is measurable. Therefore, the i—th directional Dini derivative 9;"g: R? — R is measurable, then 9; f = 0" g|Q

is measurable.
[ |

From the above theorem it follows immediately the next:

Theorem 1.4.3: The set where 0; exists is measurable

Let f: Q C R? — R a measurable function. For i € {1,...,d} define A; as set where the partial derivative

0;f exists is measurable. Then A; and Q \ A; are measurable.

Proof: Let ¢ € {1,...,d}, define
Aj={z€Q|0f f(x) = 01 f(z) = 0] f(w) = B f(w) < 00} .

From Theorem 1.4.2 8;' f,0i+f,0; f,0i_ f are measurable, then A; is measurable. Thus, O\ A; is also measurable.
|

1.5 Curves in metric measure spaces spaces

We start defining concepts relatives to curves in a metric space:

Definition: Curves

Let X be a metric or a topological space.

1. A curve on X is a continuous function v : I — X where [ is an interval in R. From the properties of
the interval we say that the curve is open, closed, half~-open or compact. The interval [ is called the

parameter interval. The endpoints of the curve ~ are the image of the endpoints of the interval.

2. We say that v is a constant curve if y[/] is a single point. For each x € X, we define ¢, : I — X as

the constant curve which is identically x, where x is a customary interval.

3. A subcurve of a curve v : I C R — X is any restriction of v to some subinterval of I.

Remark: Considerations for the parameter interval

1. Considering the same type of interval, we can take I bounded Since there is a canonical
homeomorphism between a non bounded interval and a bounded one, we can change the parameter

if necessary.



24 CHAPTER 1. PRELIMINARIES

2. The definition of open, closed, half-open and compact curves indicate the characteristics
of the parameter interval but not the properties of the curve on our metric space. For

example there are open curves that can be compact and therefore not open in some cases.

Now, let us define the geometrical notion of length:

Definition: Rectifiable curve

Let v be a curve in X. We define

1. The length of the curve as follow: If the curve is compact we define the length as the total variation
of . If the curve v is not compact we define the length as the supremum of the lengths of the compact

subcurves of 7. We denote the length by length(~).

Thus, the length of the curve v: [a,b] — X is defined as:

length(vy) = sup { Z d(y(te), Y(tk—=1)) | {tk}r—o is a partition of [a, b]} :
k=0

Figure 1.5.1: Length of a curve

2. We say that « is a rectifiable curve if has finite length and locally rectifiable if all of its compact

subcurves are rectifiable. If a curve is not rectifiable we say that is nonrectifiable.

From the definition of rectifiable curves we have Differentiation of measures on metric measure spaces, and

follows immediately the following equivalences:

Theorem 1.5.2: Equivalence of rectifiability on compact curves

Let « a compact curve in a metric space. Then, the following statements are equivalent;:
1. ~ is rectifiable.

2. v is locally rectifiable.

3. ~ is a function of bounded variation.

Proof:

(1)<(2) ) The implication (1)=-(2) follows immediately from the properties of the variation. On the other
hand, since + is a compact curve follows that v is a compact subcurve of itself. Thus, the converse implication,
(1)<=(2) holds.

(1)<(3) ) Follows immediately from the definition of length.

The previous implications prove that the statements of Theorem 1.5.2 are equivalent.
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Remark In this work we only considering compact curves Then we can use Theorem 1.5.2 as a

characterization of rectifiability.

The next result give us an useful example of rectifiable curves

Proposition 1.5.3: A Lipschitz curve is locally rectifiable.

Proof: Let v a L—Lipschitz curve and v |; a compact subcurve of +, then we have

length(y [7) = V(v 1)

> Definition of variation.
< Llength(J) < +o0. ¥ f is L—Lipschitz.

This proves that each compact subcurve of v is rectifiable therefore v is locally rectifiable.

|
The natural generalization of Proposition 1.5.3 is the next:
Theorem 1.5.4: Composition of curves by a Lipschitz function is a Lipschitz curve
Let f: X — Y a L—Lipschitz function and «: I — X be a curve then f o~ is a curve and
length(f o) < Llength(vy). (1.5.5)
Furthermore, if 7y is rectifiable then f o~y is rectifiable.

Proof: The fact that fo~ is a curve follows from the continuity of f. First, we will prove the result for I = [a, b],

let {tx},_, be a partition of [a,b], since f is Lipschitz it follows that

S d(fory(te), foy(tk) <D Ld(y(tx) .7 (th-1))

k=1 k=1 > Definition of
< Llength ()

From the definition of length we extend the inequality (1.5.5) for any curve.

Now, we will introduce the classical operations with curves.

Definition: Concatenation

Let X be a metric space. For ¢ = 1,2 we consider 7;: [0,a;] — X compact curves in X such that v;(a;) =

72(0). The concatenation is the function 1 * v2: [0, a; + as] — X given by

i (t if t € [0, a1],
o) =4 A '

’Yl(t = al) if t e [al,al + ag].

From the definition of concatenation and by the additive property of the variation of a curve, follows immediately

the next:

Lemma 1.5.6: Concatenation preserve rectifiability

Let X be a metric space and v;: [0,a;] — X with ¢ = 1,2 two compact curves in X such that v;(a1) = 72(0).
Then

length (71 * 72) < length (1) + length (v2) .

Particularly, if the curves =1, y2 are rectifiable, then the concatenation ~y; * 7, is rectifiable.
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Proof: Let {t;};_, a partition of [0, a1 + as], we can assume that a; is an element of the partition {t;},_,.
Thus, we can decompose the partition {¢x}y_, as {ri} L, , {sk} 12, partitions of [0, a1], [a1, a1 + a2] respectively.
Considering the previous decompositions, we have

n n

DAy y2) (k) s (71 % 72) (1)) = D d (1 %72) (k) s (71 % 72) (k1))
k=1 k=1
+ ) (7 72) (sk) (11 % 72) (sk-1))
k

m

= Zd('yl (k) s 71 (rre=1))
k=1
+ Zd(’}/g (Sk - al) » V2 (Skfl - al)) > {sp —a1}}2, is a

1
partition of [0, az].

k
< length (1) + length (y2)
|

After continue with our analysis is convenient give the next definition, this is motivated of the topology defini-

tions:

Definition: Rectifiable component of a point
Let X be a metric space and x € X. The rectifiable component of z is the set of points y € X such that

there exists a rectifiable path from z to y.

From Lemma 1.5.6, follows immediately the next:

Proposition (The rectifiable components of a point defines a partition): Let X be a metric space
and define the relation x ~ y if and only if there is a rectifiable curve with endpoints x and y. Then, the

relation x ~ y is an equivalence relation.

Counterexample: Rectifiable component can be strictly contained in the path component
The Collapsed topologist’s sine curve is path connected but not rectifiable connected. Furthermore,

has three rectifiable components. That is because any nonconstant curve such that contains to (0,0) is

not rectifiable.

\/\UW‘WU[\/

Figure 1.5.7: Topologist’s sin curve

1.5.1 The length function s, and its right-inverse

Now, let us the introduce the following function:

=1 Definition of v1 * y2.
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Definition: Length function

Let 7: [a,b] — X a rectifiable curve. We define length function s, : [a,b] — [0,length(y)] given by:

54(t) = length (7 |ja,y) -

We will use the arc length to define the canonical parametrization of a curve. The reason for using this specific
parametrization lies in its desirable properties. The following result is about the arithmetic properties of the

arc length function

Proposition (Arithmetic properties of s,): Let : [a,b] — X a rectifiable curve.

Swll’qyto] (tl) = S~ (to) — Sy (tl) Y a S t() S tl S b (158)

Proof: From the additive property of the variation, it follows that

length <'y|[a7t0}) + length <’Y|[t0,tl]) = length (Py‘[a,t1]>

> Definition of s~.
59000y (1) = 8y (£1) — 84 (o)

|
The following result is a usual technique to prove results when the length is involved.
Proposition 1.5.9: Let v: [a,b] — X a rectifiable curve. If
length () > 6 >0 (1.5.10)

then there exists a collection of points {t;},_, such that a =ty < ... <t, < b and

n

> d (v (ar),y (ar-1)) > 6 (1.5.11)

k=1

Proof: We proceed by contradiction. Suppose that the conclusion of Proposition 1.5.9 does not hold, that is
every finite set of points {¢},_, such that a =ty < ... < t, < b satisfies

n

D d(y (), (1)) <6 (1.5.12)

k=1

Let {si},—, be a partition of [a,b], for this partition, we consider {t;},_, defined as follows

b Sk if k<m,
b any number of (s;,-1,8,) if k=m.

Then, (1.5.12) holds and since t,, is any number in (S;,—1, Sm ), we can take the limit in (1.5.12) when s,, — ¢, ;

from the continuity of v and the metric together with the definition of t, it follows that

> d (v (sk) v (sk-1)) <0

k=1

Since the partition {sj},., is arbitrary, we have
length (v) < §

this contradicts (1.5.10). xTherefore, the desired collection of points exists.
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Remark The intuitive idea of Proposition 1.5.9 is that to obtain partition such that the estimation
(1.5.11) holds, we do not need the whole curve v. We will use this idea to prove the continuity of the arc

length function s.,.

gl

Figure 1.5.13: "Incomplete" partition

Considering the above results, we state the result about the properties of the arc length function.

Lemma 1.5.14: Length function is increasing continuous

The length of a compact rectifiable curve v: [a,b] = X, s, [a,b] — [0,length(y)], is increasing continuous.

Proof: The fact that s, is an increasing function is clear, now we prove the continuity. Let ¢y € [a,b] fixed.
Since s, is increasing, it follows that the one-sided limits

s(to)” = lim s(t),

t—ty

S(t0)+ = lim S(t)

t—td

exists. Now, we will prove that the following equations hold:

Cs(to)_ = S(to))

We proceed by contradiction xSuppose that s, (to) > s (o), then, there exists s, (tg) — sy (to)” > d > 0,
thus to > a. Let a < t; < tp, from (1.5.8) it follows that

S ly.ag (F0) = 87 (Bo) =8y (B1) s (1) < s (10)
length (’y‘[tl,to]) > sy (to) — Sy (to) / since sy s increasing.

>0 (1.5.15)
Since the above inequality holds, we can use Proposition 1.5.9, then, there exists t; = ag < -+ < ax < to that
satisfies:
k
S d (3 (a5) 7 (a5-1)) > 4. (1.5.16)
j=1

Define t2 = ai. From the above inequality, it follows that length (’y|[t1 tQ]) > 4 this inequality is essentially the
same as (1.5.15), then we can repeat the procedure to obtain a sequence of values t; <ty < -+ <t; < -+ <tp

such that length length (7|[ti’t ]) > §. Then, for every 7 > 2, we have

i+1

length <7|[t1,t0]> > length (’Y|[t1,ti]>

= Zlength (’7‘[tk—17tk]) \
k=2 1(‘11@,111(”,\[/(_,/7\}) > 0.
> (i—1)0 /
for every i = 2,3,..., contradicting the rectifiability of . %Therefore, s7 (to) = s, (to)-

(s(to) = s(to)*)

This equation is proved analogously by contradiction as the previous one.
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This proves that s(to)™ = s(tg) = s(to) ™.

Therefore, s, is continuous.

|

Counterexample: s, is not necessarily strictly increasing
Consider the curve v: [—1,1] — R given by

@ 0 if -1 < z <0,

) =

7 r if 0 < =z <1
Clearly s, = v which is not strictly increasing function.
Now, we prove some properties of s..

Theorem: Invertibility of s,
Let 7: [a,b] — X be a curve. The function s3*: [0,length (v)] = [a,b] defined as

s,?l(t) =sup{s € [a,b]| sy (s) =t}
has the following properties:

1. 551 (t) = max { s € [a,b]] s (s) = t}. (1.5.17)

2. s, is a right-inverse of s,.

3. sy is increasing right-continuous. Furthermore, if lim,_, 57" (t) = so < 55" (to) then 57" is constant

on [so, s;l (to)} .

Proof:
1. Notice that v~ [{t}] C [a,b] is a compact set, thus y~! [{t}] has a maximum and clearly y~!(t) =
supy~ ! [{t}]. Therefore v~ (t) € v~1 [{t}]
2. From (1.5.17) and the definition of s;l, we have s, (s;l(t)) = t. This proves s, (s;l) = Id[q,p). Therefore,
551 is a right-inverse of s.,.

3. From Lemma 1.5.14 we have that s, is increasing right-continuous, then the inverse also is.

1.5.2 Arc length parametrization

With the arc length, we define the canonical parametrization for a curve.

Definition: Arc length parametrization

Let v : [a,b] — X arectifiable curve. The arc length parametrization of v is the curve v, : [0, length(y)] —
X defined by

Ys(t) =7 (551 (1))

where sy L is the one-sided inverse of 5.

From the definition of arc length parametrization, we have immediately the next:
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Theorem: Properties of arc length parametrization

Let v: [a,b] — X a rectifiable curve. The arc length parametrization has the following properties:
1. v, is the unique curve that satisfies:

Y =50 Sy. (1.5.18)

2. length ('Vs|[t0,t1]) =t —to V0 <ty <t <length ().

Proof:

1

1. By definition of arc length parametrization, it follows that 75 =y o s} ! where s~ is the right-inverse of

sy. Then, the identity (1.5.18) follows immediately.

2. From the arithmetic properties of the arc length function (1.5.8), we have

S”'[s#(to),s;l(tl)]

(S;l (tl)) =Sy (8;1 (tl)) — 5 (5”71 (to)) > 55t is the right-inverse of s-.
(577 (t0) 57" ()] = 5" [{tor 1]l

= ~ |
I$1[to,t1]"

length (7\57_1[[%’751“) =t; —tg > | -
M ito,ta) = 795
length (’75|[t0,t1]) =t —tg

'
7Y o, ta]

Notice that s satisfies the conditions of Corollary 1.3.15. Then, we have automatically the following:

Theorem 1.5.19: Metric derivative of v

The arc length parametrization ~ys of a compact rectifiable curve in a metric measure space satisfies the

following;:

1. v, is 1—Lipschitz. Hence ~; is absolutely continuous.

9. |’y/(t)| S - d('Ys(t)v'Vs(u)) —1

3. If E C [a,b] satisfies H; (s [E]) > 0, then H; (E) > 0.

1.5.3 Absolute continuity on curves

From Theorem 1.5.2, it follows that the theory of differentiation of functions of bounded variation can be
applied to rectifiable curves. Since we will deal with curves, it is convenient to adapt some terms of the theory
of functions of bounded variation for rectifiable curves.

We extend the concept of absolutely continuity for curves.

Definition: Absolute continuity on v

Let v : [a,b] — X a continuous map of bounded variation. We say that v is absolutely continuous if: For

each € > 0 there exists § > 0 such that:

whenever {(a;, bi)}le are nonoverlapping subintervals of [a, b] with

(bi — ai) < 0.

1

k

(2
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From the above definition, it follows immediately the next:

Theorem 1.5.20: Characterization of absolute continuity of a curve |

Let : [a,b] — X be a rectifiable curve in a metric space X. Then, v is absolutely continuous if and only if

its length function s : [a,b] — [0,length~] is absolutely continuous.

Proof:

@ Assume that ~ is absolutely continuous. Let € > 0, and 6 > 0 as in the definition of absolutely continuity
for ~. Let {[a;, bi]}le be nonoverlapping subintervals of [a, b] with Zf 1 1bi —a;] < 4.

Fori € {1,...,k}, we have that s, (b;) — s,(a;) = length~ |4, 5,)< o0. Thus, we can divide [a;, b;] in k; intervals
{[am,bi,j]}j ., such that

ki
sy(b;) — Z v(ai;))

I= Adding these i inequalities.
k k c ki
S (o) 51 (0) <3 (k ot 1)
i=1 i=1 Jj=1
k k ki
D (sy(bi) = 54(ai) < e+ZZ )27(aig))- (1.5.21)
i=1 i=1j=1

From the definition of {[a; ;, bi,j]}fi:l, it follows immediately that Zi:l Zf:l |b;; — aij| = Zle |b; — a;] < 9.
Thus, Zle 2521 d(y(bi,;),v(ai,;)) < €. From, this inequality and (1.5.21), it follows that.

Z|s7 —5,(a;)] < 2

Therefore, s., is absolutely continuous.
@ Conversely, assume that s, is absolutely continuous. Let € > 0, and § > 0 as in the definition of absolutely

continuity for s,. Let {[a;, bi]}f;l be nonoverlapping intervals of [0, length(+)] with Zle |b; — a;] < 4. Then:

k
e > Z |5+ (bi) — s4(ai) \

| 54(bi) — sy(ai) = lengthy |(q, 5,

k
— Z length~y (4, 5:]

i=1

k
> d(y (b)), (a:).
i=1

| Properties of the length.

Therefore, v is absolutely continuous.

Remark: Underlying notion of differentiability on curves that are absolutely continuous
Theorem 1.5.20 gives an equivalence between the absolutely continuity of curves and absolutely continuity
of functions. The advantage of absolutely continuity of s, is that this is a sufficient condition to have a

derivative. Thus, considering appropriate families of curves, we can define notions of partial derivatives.

Now we prove some technical results about Absolute continuity on curves.
Theorem 1.5.20 suggests that the natural definition for a function be absolutely continuous in a rectifiable curve

is:
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Definition: Absolute continuity of a function on a curve

Let f: X — R be a function and ~y any rectifiable curve on X. We say that f is absolutely continuous

on - if f o, is absolutely continuous on [0, length(+)].

As in the classical case, we obtain the following

Theorem 1.5.22: Absolute continuity of functions and measures

Let v: [a,b] — X a continuous function of bounded variation. Then + is absolutely continuous if and only if

the associated Radon measure v, is absolutely continuous with respect to the Lebesgue measure m;.

For the proof see [Rud87]. The following result of Theorem 1.5.22 gives the intuitive idea of the concept of
upper gradient.

Corollary 1.5.23 (Glimpse of upper gradients): Let v : [a,b] — X a continuous function of bounded

variation. If v is absolutely continuous we have:

b
d(v(a)m(b))s/ IV (t)] dt.

Proof: From Theorem 1.3.13 follows that:

b b dv
/ |7/(t)| dt = / —1 (t) dm(t) Lebesgue-Radon-
a a dml )
b > Nikodym theorem and
= / dv, (t) Theorem 1.5.22.
a
=v,((a,b
2((a,0)) Q Definition of v .
= V(’W (a'7 b))

> By the definition of variation.
= d(y(a),y(b)). *~

Notice that in Corollary 1.5.23, essentially we use concepts that can be defined in a metric measure space. This
inequality give us an idea of the size of the derivative along a curve. This is glimpse to the concept of an upper

gradient, which generalizes the notion of the derivative in a larger class of spaces.

1.5.4 Line integral

Once we have defined the arc length parametrization, we define the

Definition: Line integration

Line integration

1. Given 7 : [a,b] — X a rectifiable curve and a nonnegative Borel function p: X — [0, co] we define

the line integral of p over ~ as:
length(y)
/ pds = / p(ys(t)) dt.
-y 0

2. Given v : [a,b] — X a locally rectifiable curve and a nonnegative Borel function p: X — [0, co] we

define the line integral of p over ~ as:

/ pds::sup{/pds
& n

To extend this definition for any Borel function we consider the canonical decomposition p = p™ — p~ and

7 is compact subcurve of 7} .

previous definitions.
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Special cases

For upper gradients, we use exclusively nonnegative Borel functions. In this case, we can think the line

integral f7 p as the weight of p over . Therefore, we refer to fv p as p—weight; hence in this case we refer

to p as a demnsity.

Remark

1. Integrability on a curve. By the definition of line integral we have that it admits values in [0, co].
Therefore the nonintegrability of p on 7 is equivalent to f7 p ds = oo. We use this equivalence

without further mention.

2. The line integral is a pure metric concept. That is because the line integral is defined within

Riemann integral in R, therefore we not need a measure on our space.

To define this, we will introduce the following:

Definition: Integrable curves for a Borel function

Let X be a metric measure space and p: X — [0, 00] be a Borel function. We will denote I'(p) as the set of
curves v in X for which p is integrable over . That is the set of curves for which

/pds<oo.
~

The curves whose are not elements of T' (p) are called p—heavy. That is the curves ~ such that fv p = Q.

From the definition of I' (p), it follows immediately the next result

Proposition 1.5.24: Let X be a metric measure space and p: X — [0, oo] be a Borel function. Then, T (p)

contains all the compact curves.

To calculate line integral, we need change to arc length parametrization. However, this change could be not
explicit. Since all theory of functions of bounded variation holds for rectifiable curves, we have the following:

Theorem 1.5.25: Compatibility of the line integral with metric derivative |

If v: I — X is an absolutely continue locally rectifiable curve, then:

/ fds= /, FO®) Y (0] . (1.5.26)

Proof: From Theorem 1.5.19, we have that s, is absolutely continue, and from Theorem 1.3.13, we have

_ duy

O] = 20

= s (t).
From the above identity and v = v, o s, we have
/ FOH () (0] dt = / £ 0 5,()51, () dt
I I
- / F(7(5)) ds.

> Since s~ is absolutely continuous.

Theorem 1.5.25 makes easier the computations of the line integrals. Furthermore, since we focus on the com-

pactly rectifiable curves we can take (1.5.26) as the definition of the line integral.
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1.6 The class ACL ()

We will study the properties of absolutely continuity on curves for the Fuclidean space. To do this first, we

introduce the following

Definition: Decomposition in parallel lines

For all i € {1,...,d}, consider the i—th canonical hyperplane H, in R%.
Hi:{xeRd ’a:i:0}.
Thus:
R% = H; & Re;.

We call to this decomposition decomposition in parallel lines to the i—th coordinated axis or de-

composition in parallel hyperplanes to the H; canonical hyperplane .

We will prove that the functions of our interest are determined for its behavior in a specific family of curves.

To do this, we will focus on the definition of Sections of a set for a set in R"

Definition: Sections of () parallel to the i—th axis

Let i € {1,...,d}. Consider the decomposition of R? in parallel lines to the i—th coordinated axis
RY = H; @ Re;. (1.6.1)

Within this decomposition any set Q C R™ can be considered as a subset of the product as Q € R4 x R.

The sections of Q2 (associated with the decomposition (1.6.1)) are:

1. For each 2 € R4~! = H;, the x—section of € parallel to the i—th axis is:

Q. ={teR|(z,t) € Q}.

Sometimes, we need to consider the lines parallel to the i—th axis, this denoted by I';(€2). If the set
Q) is clear, we only denote this with I';. Clearly, this class of lines curves are all the curve in the sect

2. For each t € R, the t—section of €2 parallel to H; canonical hyperplane is:

Qf = {xGRd_l | (z,t) € Q}.

Rd

u-\
~/
=

Ot

N
N |

Rd—1

Figure 1.6.2:
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Comments about the definition

The sections depend on the decomposition of R? given in (1.6.1). Sometimes, we need to consider all the
possible decompositions for ¢ € {1,...,n}. However, to keep simply the notation, we omit the dependence on
the decomposition in (1.6.1) as the word parallel in the terminology, only remarking this dependence when

the situation merits it.

Suitable representation

Considering this identification, we can characterize the elements of (2, as follows:
teQ, & x+te; € 0.

We will use both characterizations indistinctly.

Definition: Absolute continuity on lines (ACL)

Let Q C R? be an open set. A function f: Q ¢ R? — R is:

1. Absolutely continuous on almost every line parallel to the :—th axis if for my_;-almost every
x € R?! we have that f is absolutely continuous on each compact line segment contained in the section
Q. The set of all these functions is denoted by ACL;(S2).

2. Absolutely continuous on lines (abbreviate ACL) if f absolutely continuous on parallel lines to
the ¢—th axis for all 7 € {1,...,d}. The set of all these functions is denoted by ACL(2).

Remark: Let f: Q ¢ R? — R be a function. For i € {1,...,d} we define F; as the set as the points
in H; = R such that f is not absolutely continuous on each compact line segment contained in the

section €,. The condition f € ACL; F; is equivalent to Fj; is a set of measure zero.

Rd

R(ﬁ

Rd—1 Rd—1

Figure 1.6.3: Sections of Q) parallel to i—th axis where f is not absolutely continuous.

Interpretation

From the theory of absolutely continuous curves it follows that the curves the absolutely continuous on
lines are differentiable for almost every direction parallel to the axis. Later, in Lemma 2.6.10, we will
prove that the absolute continuity on lines together integrability conditions are sufficient to prove that
those functions are differentiable almost everywhere. Also, we will prove by modulus of curves theory

that the Sobolev space W1 (2) can be characterized by absolutely continuity on lines.

Lemma 1.6.4: ACL(Q2) and classical partial derivates

Let Q C R? an open subset. If u € ACL()), then u has classical partial derivatives mg—a.e. on .

Furthermore, if u is measurable in €2, then the partial derivatives also are.




36 CHAPTER 1. PRELIMINARIES

Proof: Let L be the set where the partial derivative Ou; does not exists. From Theorem 1.4.3, it follows that
L and Q\ L are measurable in Q.
Now, let us consider the decomposition in parallel lines to the i—th coordinated axis:

R? = H; @ Re;.

and the sections of parallel to the i—th axis Q, {€2.},c - Since u is absolutely continuous on parallel lines to
the i—th axis, f (z,-) : 2, — R is absolutely continuous for m4_; —almost every x € R¢~1. Consider N C R4~1
as the set where this property does not hold, then mgy_; (N) = 0. Let x € R?"!\ N, by the definition of N,

f(z,): Q, — R is differentiable almost everywhere, thus
my(Ly) =0 Ve eRITI\N.
From the above identity and since mg4—1 (N) = 0, from Fubini theorem, we have

(NxRU  |J L
zERI-I\N
and clearly
Lc(NxRU ] L
TzERI-I\N

Therefore mgq (L) = 0.

Remark 1.6.5: About the the requirement (2 open in ACL definition Notice that in Definition 1.6,
we do not need the requirement of €2 open. We require this condition for existence of Dini derivatives
and to establish Lemma 1.6.4. Thus, we can define all the notions for Definition 1.6 for {2 not necessarily

open. Considering the zero extension, we can obtain the same results for that extension.

Lemma 1.6.4 motivates the following:

Definition: ACL?(2)
Let © C R? an open subset. The class ACLP() is defined as:

ACLP(Q) = {u € ACL(Q) |diu € LP(Q) Vi € {1,...,d}}.

The following example shows that the absolute continuity is not preserved under changes of sets of measure

Zero.

Counterexample: Absolute continuity is not a measure theoretical notion

Consider the decomposition of R? in parallel lines to the i—th coordinated axis
R? = H; ® Re;.

Let Q c R? an open set such that contains a not mgy—_; —null set of H; in some section. Consider the indicator
function of the hyperplane H; on Q, xp, :  — R. Now, let us prove that x g, ¢ ACL;(2). Indeed, let h € H;.
Then, xg, (h,:) : Q» C R — R coincide with x(0y: €, C R — R which is a non-continuous function thus
x#; (h,-) is not absolutely continuous. This proves that yz, ¢ ACL(R?). Therefore, yz, ¢ ACLP(Q2). Notice
that xg, = 0 in L{ (Q). However 0 € ACLP(Q2). This shows that absolute continuity is not a measure

theoretical notion.

The issue of Counterexample 1.6 lies in that H; is a large set. We fix this issue below. Before to do this, it is

convenient remember the following property of the sections of a set.
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Lemma 1.6.6: Properties of sections

Let © ¢ R? and F c R4, Then:

{£} xQ, CQ\F  VreR¥™\x[F], (1.6.7)
(Q\F), =9, VzeR"'\r[F], (1.6.8)

where 7: R¢ — H; is the canonical projection to the i—th hyperplane.

Proof:
(1.6.7). ) Let (z,y) € {z} x Q with z ¢ 7 (F), then (z,y) € Q. To prove that (z,y) ¢ F, we proceed by
contradiction xSuppose that © € F. Then

7m(F)>n(z,y) =z €F

which contradicts « ¢ 7 (F).

(1.6.8).
Let y € Qg, by (1.6.7) and the definition of €2,, we have (x,y) € Q\ F. The other contention holds by
monotonicity. Therefore, (1.6.8) holds.
]

Now, let us prove a result that avoids cases as Counterexample 1.6.

Theorem 1.6.9: Removability for functions that are absolutely continuous on almost every line

Let © C R? be an open set and F' C Q a closed. The following affirmations hold:

Removability for ACL;

If F is such that the i—th projection of ' in R%~! has measure zero. Then the following statement holds.

1. uw € ACL,;(Q) if and only if u € ACL; (2 \ F'). This equivalence is considering appropriate restrictions

and any extension.

Removability for ACL and ACL?

If F is such that each projection of F in R%! has measure zero. Then the following statements hold.

2. u € ACL(Q) if and only if w € ACL(Q\ F). This equivalence is considering appropriate restrictions

and any extension.

3. Forallp > 1, u € ACLP(Q) if and only if u € ACL? (2 \ F'). This equivalence is considering appropriate

restrictions and any extension.

Proof: First, notice that 2\ F' is an open set since F is closed, then it makes sense to consider the spaces in

the statement. Consider the decomposition in parallel lines to the i—th coordinated axis:

and the sections of parallel to the i—th axis 2, {Qw}zeHi- Consider F; as the i—th projection of F. First, we
prove Item 1. By hypothesis, we have that mgy_; (F;) = 0.
@ Assume that v € ACL (). Then for almost every € H; we have that u is absolutely continuous on
each compact subset in €2, let I; the set where this property holds. Since mq_1 (F;) = 0, it follows that almost
every point in R4~! belongs to I; \ F;. From Lemma 1.6.6

U =} xQcO\F

zel;\F;



38 CHAPTER 1. PRELIMINARIES

and all of the above sections are the sections of 2\ F' and by constructions in all of these sections the absolute
continuity property holds. Therefore, u|Q\F € ACL (Q\ F).

@ Suppose u € ACL (2\ F). Let v: Q — R any extension of u. By definition for almost every = € H;, u is
absolutely continuous on every compact segment contained in the section (2 \ F)),, and by hypothesis, we have
mg—1 (F;) = 0, then for almost every « € H; satisfies € H; \ F;. From 1.6.8 of Lemma 1.6.6, we have that

U e xQ.ca\F (1.6.10)
z€H;\F;

and all the previous sections coincide with the sections of {2 and in all of these sections v is absolutely continuous
on lines. Furthermore, by (1.6.10) and since v is an extension of u, it follows that v is absolutely continuous on
lines. Therefore, u € ACL (€2).

This proves Item 1. Considering the construction in the proof of Item 1 for each axis we obtain Item 2. Notice
that the argument for the proof of Item 2 does not affect p—integrability, thus, this holds for Item 3.
|

Remark 1.6.11: Changes of for functions that are absolutely continuous on lines Notice that
the set F' in Theorem 1.6.9 has measure zero, this follows from Fubini theorem. Theorem 1.6.9 shows
that we can change(in the sense of measure theory) the representative of a function in ACL (£2). However
Counterexample 1.6 shows that this change cannot be in the usual measure theoretic sense. The set

where the function change is fundamental.

Remark: The hypothesis of Item 1 of Theorem 1.6.9 can be relaxed Considering the restrictions
of Remark 1.6.5, it follows that Theorem 1.6.9 the conditions €2 open and F' closed can be omitted.

1.7 Mollifiers

Mollifiers are smooth functions that regularize and approximate functions. This concept is useful in the Sobolev
space theory. The objective of this section is to prove Theorem 1.7.9 which is the most useful result to operate

with mollifications.

Definition: Mollifier
Let ¢: R? — R be a real valued function. We say that ¢ is a mollifier if satisfies:

p € C& (R, (1.7.1)
spt C B[0,1], (1.7.2)

/Rd =1 (1.7.3)

We also require that ¢ to be a even function, the reason why symmetry is require is discussed in Remark 1.7.

However, we will show that the most essential without the symmetry.

Remark: Essential part of the integral of mollification Since spty C BJ0, 1], it follows immedi-

Je# = fop? =t
Rd BJ0,1]

We use this fact without further mention.

ately:
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As an abstract definition, mollifications looks pretty useful. However, it is not obvious the existence of this type

of functions. The canonical example is as follows:

Example: Canonical mollification

The function 7: R? — R defined as follow

06”1”12,1 if ||z]| <1,
() = { ; |

if o] > 1.

is know as the Friedrichs’ mollifier or the standard mollifier. It is a well known result that 7 satisfies

all the conditions of Definition 1.7.

From the definition of mollifier, it follows the next useful property:

Proposition (Mollifiers are in LP): Let ¢ be a mollification. For every 1 < p < co and Q C R?
measurable set, we have that ¢|, € LP(§2). Furthermore, if 2 is that B[0,1] C €, then:

=1

&
p
S"pQ

Proof: Since ¢ is continuous on B0, 1], such is a compact set, and vanishes outside of B[0,1], it follows that
¢ € LP(RY), then ¢|, € LP(2). Now, let suppose that B[0,1] C Q. Hence:

()
1(W)

J#*],.

From the definition of mollification, it follows immediately that we can extend the essential properties of

mollification to larger sets of R? considering dilations and translations as the following.

Definition: Mollifiers of step ¢

Let ¢ be a mollification and z € R%, ¢ > 0. The mollifier of step € > 0 in z is the function ¢, ,: R? — R

1 Y—x
‘Pe,w(y)zg_d@( - )

From Definition 1.7 follows immediately the next:

given by:

When z is 0, we simply write (.

Proposition (Mollifiers properties): Let ¢ a mollification and z € R ¢ > 0. Then the function
¢er: RT — R given by:

has te following properties:

Pew € C5° (RY), (1.7.4)
Spt e o C Bz, €], (1.7.5)

/ Do = / Ve = 1. (1.7.6)
B[0,e] Ré
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Notice that the properties (1.7.4), (1.7.5), (1.7.6) are a slight adjustments of the conditions (1.7.1),(1.7.2),
(1.7.3). The functions . , will be used to regularize nonsmooth functions.
Theorem 1.1.15 specifies a suitable domain for defining mollifiers. The reason why this domain is appropriate

is discussed in Remark 1.7. With the domain established, the definition of a mollifier is as follows:

Definition: Mollification of f
Let © C R? be an open set and f € L _(Q) (real or complex valuated). We define the e—mollification of

loc

f, denoted by f., as the function: f.: Q. — K given by:

£ul@) = [ peat

here K is R or C, depending if f is real or complex valuated.

Remark: Mollifiers as convolution Notice that the definition of mollifier and spt ., C B[0,¢], it
follows that:

.fs(w)\/B( )Sas,zf

= / we(y — ) f(y) dy (L.7.7)
B(z,e) > Z2=T—Y.

o R COCEDY: (179
B(0,¢)

The equation (1.7.7) shows that we must consider = € Q.. To avoid the unnecessary sign in z on (1.7.8)
some authors ask mollifiers be pair functions. The standard mollifier 7 is a pair function. Considering

symmetry in the mollification we have that
fe = e * f.

We will use these facts without further mention.

The following results proves the mollifiers has the desired properties:

Theorem 1.7.9: Properties of mollifications

Let and Q C R? be an open set, u € L] (Q) and ¢ > 0. Then, the mollifications of u, {u.},., have the

loc

following properties:

Regularity

1. Directional derivatives: For any w € S”! be an unit vector. The following identity holds:
Ow(ue) = Op(u* o) =u*0upe = ux (Vo - w) (1.7.10)
2. Smoothness: u. is a C*° function. Furthermore, the following identities holds:

D%(us) = D*(pe *u) = D%, * u Vo € Ny. (1.7.11)

All the previous convolutions can be considered as integrals in 2.

Approximation

3. Pointwise approximation: Let u € L} (). If z a Lebesgue point, then u.(z) — u(x). Furthermore,

if u is continuous, then u. converges uniformly on compact sets.

4. Approximation in LP: Let 1 < p < co. If u € L{ (). Then, for each ' CC Q there exists
g0 = €o(2') > 0 such that:

ue € LP () V0 < e < eg.
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I then u. € Li, () for all £ > 0. Furthermore, u. — u in L, ().

Proof:

1. Let « € €. fixed and 7 € {1,...,n}. Clearly Q. is an open set, then, there exists hg > 0 such that
{z+ hw||h| < ho} C Q. From now on, we consider h € R such that |h| < hg. Notice that:

e (@) = e (@) = [ (Persne =02 ]
:/Q(% (z+hw —y) —p(x —y)) f(y) dy. (1.7.12)

Recall, ¢, is compactly supported, then we can find a compact set K C independent of h such that:
pe(r+hw—y) —pe(v—y) =0 VygK,
dupe(z —y) =0  VygK,
With this considerations and with (1.7.12), it follows that:

e (& + huw) — e (2) = /Q (e (@ + hw — y) — ool — 9)) £ (4) dy

:/K(sos (x+hw —y) —pe(r —y)) fy) dy (1.7.13)

Considering h # 0, we can divide by & in (1.7.13). Thus, we have:

ue (v 4+ hw) —ue () [ @ (x+hw—y) — o (x —y)
’ —/K ! £

y) dy. (1.7.14)

Since K is compact and . is C°, it follows that “’E(z+h”_y)_%(x_y) — Oype(r —y) when |[h] — 0
uniformly for all y € K. Therefore, from (1.7.14); it follows that

Dot ( / Bz — 1) () dy >
- /Q Buelz —y)f(y) dy ¥

= Oupe * f.

Since K is choosen appropriately.

(1.7.15)

From this identity, the other identities of (1.7.10) immediately holds.

Another way to prove this is the following: Applying the Fundamental theorem of calculus in (1.7.13) for

h
Ue (T + hw) — ue (x) Z/Q </0 Ouwpe(r —y + tw) dt) f(y) dy

h
_ / / Do (i — y + 1) f(y) dt dy
QJo

e, we have:

h
= / / Oupe(x —y + tw) f(y) dydt. (1.7.16)
o Ja
Considering that J,,¢. is uniformly continuous, we have that

R>se /Q Dupe(z — y + sw) f(y) dy

is continuous. Thus we can use Fundamental theorem of calculus for the previous function in (1.7.16) to
obtain:

ue (z + ho;) - i L / / Dupe(a — y + te;) f(y) dy dt

I
i, h—0 h

h—0

Otie (x / Owpe(x —y) f(y) dydt

8wu5(-1’) = 0,pc * f(a?)
Therefore, we have proved that (1.7.10) holds.
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2. Now, we will prove the identity (1.7.11) by induction for |«|. The basis of the induction is given by (1.7.10)

for the specific cases when w is a vector of the canonical basis. To prove the inductive step, we notice
that we can compute the partial derivative of D;u. applying all the previous steps to (1.7.15) with w a
vector of the canonical basis. This proves that (1.7.11) holds for every multi-index. Therefore, u. is a C*

function.

. Notice that:

|ue(z) — u(z)| =

/ ez —y) (fy) — F(2)) dy
B(z,e)

1
<

€" JB(x.e)

\ e definition.

| Absolute value and

® <$ — y) ’ |fy) — f(z)] dy J integral inequality
g

Since ¢ is a test function, and for the properties of Lebesgue measure, it follows that there exists a suitable

constant C' > 0 such that

|ue(z) —u(z)| < g" /B(gc,a)
(54 [y s

3

0 (”C‘y)]u(y) — @)l dy

=C
B(xz,e)

Since we are considering x as a Lebesgue point from the previous estimation we obtain u.(z) — u(z).

Now, let us suppose that u is continuous. Then, w is uniformly continuous on compacts. Therefore, the

convergence u.(x) — u(z) is uniform in compacts.

. Since R? is a locally compact T5 space and €’ CC 2, then there exists an open subset ” and € > 0 such

that:
Q' ccQ’ ccq,
B(z,e) C Q.

Let ¢ the Holder conjugated of p and x € Q.. From Holder inequality, it follows that:

/ (o) | f(z — 2)] dz < / vel2)f (@ — 2) d
B(0,¢) B(0,¢)

141 a a P P
/ pla” |f < (/ wé,x> (/ Pla |f”>
B(z,e) B(xz,e) B(z,e)

P
/ peuf| <10 (/ Pe o |f|p>
B(z,e) B(z,e) \

1 /’11, definition.
Jue()] < ( / gomﬂ”)
B(z,e)

e (@)|? < / e 1P
B(z,e)

The above estimation holds for every x € Q., it follows that:

/Q, lue ()| do < /Qr/g%’ﬂf(y)'p dyd
B /Q /Q e | FW)IP dady
[ [ o sy

< [ 1wl dy (1.7.17
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Cue — u in Lﬁ)c(ﬂ).)
Let 6 > 0, since f € LP(Q") and C.(Q) is dense in LP(), then there exists g € C () such that
I1f = 9ll Loy < 0. From (1.7.17), it follows that

”fs - 96||Lz>(9) <9

Therefore:

1f = fellpooy £ 0+ I1fe = gellpo(q) + 0 < 36.

Remark

1. Mollifiers regularize functions As Item 2 demonstrates, the mollifier is smooth. For this reason,

mollifiers are also called as regularization.

2. Mollifiers commutes with the derivative This result will be extended to functions in appro-

priate Sobolev Spaces.

1.8 The Sobolev spaces L'*(Q2) and WP (Q)

Sobolev spaces generalize the ideas of derivatives to solve partial differential equations. In this work, we will
provide an approach to Sobolev spaces with upper gradients. Remember the classical Sobolev Spaces are defined

considering the following:

Definition 1.8.1: Weak derivate, weak gradient
Let Q C R? be an open set and u € Li. (), then:

loc

1. Fori € {1,...,n} a function v; € L{ (Q) is the i—th weak derivate of u if

/vicp:—/waicp Vo € C°(Q).
Q Q

2. We say that u is weakly differentiable if all weak derivates exists, v; , the function Vu : Q — R?
such that

Vu = (vi,...,0,)

is called the weak gradient of u.

Remark 1.8.2: Elements of Definition 1.8.1 From the classical theory of Sobolev spaces, see [EG15;
AF03], we know that the properties of the weak derivative came from the properties of the the space of
test functions CS° (©2). We know that the properties of C° (Q2) related with the weak derivative came

form the differentiable structure of {2 which is in terms of the vectorial structure of R?.

Now, using the weak gradient we define spaces in terms of its regularity.

Definition: The Dirichlet space LYP((2) ]
Let Q c R be an open set and 1 < p < co. We denote the set of functions in LIIOC(Q) with weak derivate in |
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L'P(Q) = {u € Li,.(Q) | Vu € LP(Q;RY)} .

p—energy

Let © C R? be an open set and 1 < p < oo. For the functions in v € L'?(Q), we will define p—energy of
u as Ey(u) = |[Vul;. That is:

Byw) = [ [vuf.

where |z[, is the p—norm in R? of z. That is

d b
(21, ..., za)l, = (in) .
k=1

The reason of the name energy came from the case p = 2. In this case

Baw) = [ [VuP

which is a multiple of the kinetic energy.
We always endow L!'?(Q) with the seminorm given by the energy, unless we state otherwise. This space is

called Dirichlet space.

As in in the classical case, we introduce a local version of L1 (Q).

Definition: The Dirichlet space L;? ()

loc

Let Q C R? be an open set. The local Dirichlet space is the set

LP(Q) = {ue L, (Q) |ue L'P(Q) VO cca}.

loc

endowed with the following notion of

Convergence in L, 7(Q)

Given a sequence {f,}, .y C LiP(Q) and f € LIP(Q) we say that f,, — f in LoP(Q) if Vf, — Vf in
LP(QY) for all Q' CccC Q.

Now, we will prove approximations in L} ().

Theorem 1.8.3: Approximations by mollifiers in Ll’p(Q)

loc

Let Q € R? be an open set and 1 < p < co. If u € L{ (Q) has i—th weak derivative, then

loc

Oz, Ue = (O, U), = Qe * Uy, . (1.8.4)

Convergence

Let @ C R? be an open set and 1 < p < co. If u € L () has i—th weak derivative in L
Oiue — O;u when € — 0 in LY (Q).

loc

(), then

Particular case

Let © c R? be an open set and 1 < p < co. If u € Ll’p(Q), then the mollifications u. satisfies that u. — u

loc
when & — 0 in LP(Q).
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Proof: From the regularity of the mollifications, check Theorem 1.7.9, we have that:

Op,ue (x) = (azi 906) *f

:/Q(ax,«pa (x—y) fly) dy
:/Q—ai(gaa(x—y)%f(y) dy
:/%(x—y)@yif(y) dy

Q

> From Theorem 1.7.9.

> i—th weak parial derivative definition.

= Qe * Uy,

== (aiu)a .

From the convergence properties of the mollifications, check Theorem 1.7.9, we have that (J;u). — 0,,u when

e—=0in L?

I .(Q). From this convergence and (1.8.4), we conclude that 9,,u. — 95, u when ¢ — 0 in L{, ().

loc

Since u € LUP(Q), we have that all the partial derivatives are in L? (). Thus, we can apply the part of

convergence in this result to obtain 0;,u. — Oy,u when ¢ — 0 in LIIO’ZC)(Q) for all ¢ € {1,...,d}. Hence,
Vu. — Vu when ¢ — 0 in L?(Q;R?). Therefore, u. — u when ¢ — 0 in LP(Q).
|

For completeness, we define the classical Sobolev Space WP (Q).

Definition: WP ()
Let © C R? be an open set and 1 < p < co. We define the Sobolev space W1LP(Q) as follows:

wWhP(Q) = LP ()N LYP(Q)
={u€ L (Q) |u,dueLP(Q) Vie{l,...,d}}

Norms

In W1P(Q), we define the norms:
lully,p.0 = llull, + IVull,

We always endow W'?(Q) with the norm |||, ».q- unless we state otherwise.

Local version

Let Q C R? be an open set.

WoP(Q) = {u € Lio(Q) [ue W'P(@) V@ cca}.

Convergence in W,\"(Q)

Given a sequence {fp},y C WEP(Q) and f € LLP(Q) we say that f, — f in W,SP(Q) if f, — f in
Whr(Q)) for all Q' cC Q.

In the following chapters, that WP (Q) is characterized by the absolute continuity on curves and we use this

result to extend the notion of Sobolev spaces for metric measure spaces.
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Chapter 2

Modulus of a family of curves

The essence of modulus is the size of a family of curves. This concept is motivated by Motivation 2.1.1. The
first appearance of the notion of modulus is as extremal length in [AB50]. The most important result for this
work is Fuglede lemma due to [Fug57], this result is about convergence in LP for curves. In the next chapter,

we will show that Fuglede lemma is fundamental for the theory of upper gradients.

2.1 Modulus of a family of curves

The modulus of a family of curves is defined as the p—energy of certain kind of functions. In the first subsection

we define those functions and later we define the concept of p—modulus.

2.1.1 Admissible densities

Motivation: Admissible density

Let v: I — X be a locally rectifiable curve in a metric measure space. The p—weight on = is pr ds. The
minimal weight is reached with p = 0. However, this does not provide us with more information. Thus,
we need to restrict the functions we are considering. Even if we only ask for positive weights, we have that
fv p ds > 0, but considering the functions ep, we have that the best would be 0 again. One way to avoid this

pathological case is to only consider weights such that
/ pds>xy>0
.

for some x( fixed. We can suppose without loss of generality that x¢ = 1.

The previous example motivates the following:

Definition: Admissible density

Let T be a family of curves in a metric measure space X. A nonnegative Borel function p: X — [0, 00] is an

/pdle
p

for all locally rectifiable v € I'. The set of all admissible densities for I' is denoted by Dr. Sometimes, we

admissible density for I if

will refer an admissible density for a single curve +, this means admissible density for {v}, we will denote
1B = Dy

The following result provide examples of admissible density and shows its compatibility with the derivative.

47
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Theorem 2.1.1: Admissible densities for a curve in R
Let 7: [a,b] C R — R be a rectifiable curve. Let f: [a,b] — R be an absolutely continuous function such
that and f (b) = 0f (a) > 1. Then, |f’| is an admissible density for ~.

Proof: Since f: I — R is absolutely continuous function such that f(0) = 1 and sptf C (0,L). From
Corollary 1.5.23, we have that:

b
[171= [ 1£12150) - @) 21

The above result will be discussed for a larger family of curves in theorem 2.4.5.

We present some basic properties of admissible densities.

Proposition 2.1.2 (Properties of admissible densities): Let I',I';, I'; families of curves in X.
1. Decreasing. If I'y C I'y, then Dr, C Dr,.
2. If v is a constant curve then D, = @.
3. I has a constant curve then Dr = &.

4. Dy is the set of all nonnegative Borel functions.

5. Convex combination of admissible densities is an admissible density.

Proof:

1. Let p € Dr,, then

1< /p ds Vv € Ts. (2.1.3)
2l

Since I'; C I'y, we have that (2.1.3) holds for all 4 € I';. Therefore p € Dr,.

2. Since 7y is constant then f7 f ds = 0 for all Borel function, then there is no admissible densities for ~.
Therefore, D, = @.

3. Let o a constant curve of I'. From Items 1 and 2 follows that Dr C D,, = .
4. Clearly Dy is subset of the set of all nonnegative Borel functions.

5. Let {px},—, C Dr be a family of admissible densities for I and let

p= Z Ak Pk
k=1

be a convex combination of {p;};_,. Let v € T, then

/pdés:/z/\kpkdSZZ)\k/pdeZZ)\k:1
v Y k=1 k=1 v k=1

Therefore, any convex combination of admissible densities is an admissible density

Notice that there is no contradiction between Items 2 and 4 because the conditions Dr = @, ' = & are different.
Now, we will prove more general properties of admissible densities. First notice the upward grown property for

admissible densities:
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Lemma: Admissible densities are increasing

Let T be a family of curves in a metric space X. If p € Dp and 0: X — [0, 00] is Borel such that p < o then
o € Dr.

Proof: Let v € I, then

ods

—

lé/p@S
Y

This result is useful in practice, we use it without further mention.

2.1.2 Modulus of a family of curves

Theorem 2.1.1 suggest that admissible densities can be considered as derivatives. Using this identification, a
natural notion of size is through the p—energy. Notice that the definition of admissible density is defined for
curves, however, we aim to define a concept of measure of a family of curves in the whole space, then, the
p—energy must be considered in the whole space. Then, a natural notion of size for a family of curves is as

follows:

Definition: Modulus of a family of curves

Let I" be a family of curves in a metric measure space X and 1 < p < co. The p—modulus of T is defined

as:

Mod,(T') = inf P,
od,(T) plenDp/Xp

From the definition of admissible density and Mod,, follows immediately the next:

Lemma 2.1.4: Usual considerations for the modulus

Let I' a family of curves in a metric space X. Then we can consider the following conditions for T":

Only consider families of locally rectifiable curves

1. If T is the family of locally rectifiable curves in T'. Then Mod,(T") = Modp(f).

Only consider nonconstant curves

2. If T has a constant curve, then Mod,(I") = oo.

Proof:

1. The definition of admissible density is only considered for locally rectifiable curves, then Dr = Dg. Thus,
Mod,(T") = Mod,,(T").

2. Since I' has a constant curve, from Proposition 2.1.2, it follows that Dr = @. By definition, we have
Mod,,(T') = inf @ and we are considering Mod,(I") € [0, o0]. Therefore, Mod, (") = oo.

We develop the modulus for a family of curves to support the upper gradients theory. Then, it is useful to have
theorems to compute modulus. One of our objectives of this section is proved approximation for p—modulus by
special type of functions. From now, we prove the local behavior of the p—modulus. To do this, we introduce

the following:



50 CHAPTER 2. MODULUS OF A FAMILY OF CURVES

Definition: Refinement Borel no negative functions

Let X be a metric measure space, and let D, Dy be two sets of Borel no negative functions on X. Let
1 < p < o0, we say that D; p—refine Dy, Dy <, D>, if D; C D5 and satisfy for every p € D, there exists

p1 € D; such that
/ Y S/ P
X X

With this notion, we will prove the following;:

Lemma 2.1.5: Reduction of densities

Let I' a family of curves in a metric measure space X. If D is a set of Borel no negative functions on X such
that D <, Dr, then

Mod, (") = piglg a

Proof: We will prove the following inequalities:
(Mod,(T) < infyep [ x pP ) Since D C Dr follows that

(i res}e{fopend

< i P,
Mody(I') < inf) /X p

> Taking infimums is decreasing.

(infpep Jx PP < Modp(I‘)) Let p € Dr, since D <, Dr, then there exists py € D such that

inf p</ </p
peD/Xp < Xﬂ%’_ L’

Since p € Dr is arbitrary, it follows that inf,cp [, p? < Mod,(T).

Lemma 2.1.5 is useful since it provides two useful techniques to compute p—modulus.

Corollary 2.1.6 (Local behavior of the p—module): Let I" a family of curves in a metric space X and
A C X a Borel set such that every curve of I lies in A. Then, the set

D ={pxa|pe€ Dr}

satisfies D <, Dr for all p > 1. Furthermore, the following equality holds:

Mod, (') = piengr A

Proof: Clearly px4 € Dr, then D C Dr. Furthermore, pxa < p. This proves that D <, Dr, from Lemma 2.1.5
follows that

— p
Mod,(I') = plgg/x P > Definition of D.

: p _ [ P
= inf / pp. /)& </)X 4) N ]A v
PEDr J 5

Corollary 2.1.7: Let I' a family of curves in a metric measure space X. If D is a set of Borel no negative
functions on X such that for all p € Dr there exists F,, € D such that F,, < p almost everywhere. Then
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D <, Dr, and in consequence

Mod,(T") = inf /X F?.

Proof: Since F, < p almost everywhere, it follows that

/ng/pp.
X X

Then, D <, Dr and the computation for p—modulus follows immediately from Lemma 2.1.5.
[ ]

Through all this work, we show that Corollary 2.1.7 is an standard technique to compute p—modulus. From
Lemma 2.1.4 and corollary 2.1.6, when we dealing with modulus of a family of curves we can suppose the
following:

Remark: Usual considerations for modulus
1. The family only has nonconstant locally rectifiable curves.
2. We only analyze the behavior in an appropriate set that contains all the curves.

We use both considerations without further mention.

Now, we will prove that modulus is a measure. Now we prove basic properties of the modulus of a family of

curves:

Lemma 2.1.8: Basic properties of p—modulus

Let 'y, 'y families of curves in a metric space X. Then, the following statements holds:

1. Mod,(2) = 0.

2. If 'y C T, then MOdp (Fl) < MOdp (FQ)

Proof:
1. If ' = @, by emptiness, we have that p = 0 is an admissible density.

2. From Proposition 2.1.2, Dr, C Dr,, and since the infimum is decreasing, we conclude Mod, (I';) <
MOdp (FQ)

Remember our objective is to prove that the modulus is a measure, we almost done this only remains to prove

that the modulus is o —subadditive.

Lemma 2.1.9: Mod,, is o—subadditive

Let {T',}

families of curves in a metric measure space X. Then:

Mod,, <U rn> <> Mod, (Tn). (2.1.10)

neN neN

neN

Proof: Without loss of generality we can assume that the right-hand side of the inequality (2.1.10) is finite,
hence all the terms in the sum are finite. Let € > 0 fixed and n € N, by the definition of Mod,(T",,), there is an
admissible density p, € Dr, such that:

I3

/ 2 < Mod,(Ty) + — (2.1.11)
X 2n
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Now, define:

1
p= (Z pﬁ)
neN

Now, we prove that p € Dr. Indeed, clearly p is Borel measurable and nonnegative. Let v € (J,,cy 'n, then

there exists m € N such that v € I',,, since p,, < p, we have
/ p= / pm = 1.
¥ ¥
This proves that p € Dr.

On the other hand, from the definition of p and (2.1.11), we have:

Modp<U Fn> S/prz/xzpn:Z/XpﬁgZModp(FnH—e.

neN neN neN neN

Since the above inequality holds for any € > 0, we conclude that (2.1.10) holds.

We introduce the following:

Notation

Let X a metric space. We denote I' (X)) as the set of all families of curves in X.

From Lemmas 2.1.8 and 2.1.9 Then we have that the modulus defines a measure on the set of all families of

curves in X, for completeness we write the result:

Theorem: p—modulus is a measure |
Let X a metric space and let T'(X) be the set of all families of curves in X and 1 < p < oco. Then
Mod,,: I (X) — [0, o] defines an outer measure on I' (X).

Now that we have already proved that p—modulus is a measure, we will give the usual notions of measure

theory:

Definition: p—exceptional, p—a.e. curve

Let X be a metric space and 1 < p < co. We say that:
1. A family of curves I' is p—exceptional if Mod,(T") = 0.

2. A property holds for p—almost every (p—a.e.) curve if the collection of curves that not satisfy the

property is p—exceptional.

The p—modulus is a measure that have a well behaved characterization of p—exceptionality, which we analyze

in Section 2.2.

2.1.3 Subcurves, majorization and modulus

In this section, we introduce the notion of majorization which is motivated to make compatible the p—modulus
of a family of curves I with the family of all subcurves of I'. We need to introduce the majorization relationship
because p—modulus of a family of curves I' with the family of all subcurves of I' are not immediately compatible.

First, we introduce the following:

Notation: Family of subcurves

Let X be a metric space and ' a family of curves in X. We will denote the family of all nonconstant
subcurves I by Sub (T').
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From the definition of Sub (I'), it follows immediately the next

Proposition 2.1.12:

1. Let X be a metric space, then I" C Sub (T'). So

Mod,, (I') < Mod,, (Sub (T')). (2.1.13)

2. Let X be a metric space, then for all z € |JT', we have that the constant curve ¢, is in Sub (T).

We will use the above facts without further mention. From Proposition 2.1.12, we have the following:

Remark From Item 2, we have that Mod, (Sub (I")) is trivial. However, this is not a problem since
the computations those we will use in this work consider I' (X) \ Sub (I'). See Lemma 3.2.3 for further

clarification.

The estimation (2.1.13) follows from the decreasing property of p—modulus. Alternatively, (2.1.13) can be

obtained as a consequence of the following basic fact:

Proposition 2.1.14: An admissible density for a subcurve of 7 is and admissible density for ~. ]

The above result motivates the following:

Definition: Majorization of families of curves

Majorization of families of curves Let I',T'g two families of curves in X. We say that ' majorizes T,

T > T, if for each curve v € I' there is g subcurve of vy such that vy € ['g.

veTl

Figure 2.1.15: Subcurve

Using this notion, we will generalize the compatibility of admissible densities with subcurves as follows:

Proposition 2.1.16 (Admissible densities preserve majorization): Let I', I’y two families of curves in
X such that I'y <TI'. Then, Dr, C Dr.

Proof: Let p € Dr,. Now, let v € I'. Then, there exist vy € Iy subcurve of v hence

/pds 2/ pds
v o > Since po € Dry.

> 1. /

Therefore, p € Dr. This proves that Dr, C Dr.

Now we will relate the majorization with modulus
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Lemma 2.1.17: Majorization and modulus

Let I', 'y two families of curves in a metric space X such that I'g < I'. Then

Mod,,(T') < Mod,,(T'o).

Proof: From Proposition 2.1.16, we have Dr, C Dr, then

{/XPP‘pEDFO}C{/Xp”

since the infimum is decreasing, from the above inequality, we conclude

Modp(I‘o):inf{/pp pEDpO}>inf{/pp
p's X

PGDF}a

pe Dp} = Mod,, (T).

The most trivial example of majorization is stated in the next:

Proposition 2.1.18 (Properties of SubI'): Let X be a metric space and I' be a family of curves in X.
Then, SubT" < T.

Proposition 2.1.18 provides an alternative proof of (2.1.13). From definition of T' (p), we have immediately the

next:

Lemma 2.1.19
Let X be a measure space and p: X — [0, 00] be a p—integrable nonnegative Borel function. Then

I'(p) =Sub (T (p)). (2.1.20)

The identity (2.1.20) will be used in the properties for p—almost every curve to inherit properties to each

subcurve.

2.1.4 Estimations of Mod, (I') by length

Using the Local behavior of the p—module we can obtain an estimate for the modulus. This is detailed in the

following;:

Lemma 2.1.21: Estimation by minimal length

Let X be a metric measure space. Let I' a family of functions in a Borel set A C X such that each v € T’
satisfies length(y) > L > 0 then

Mod,(T") < u(A)L~P.

Proof: Since A is Borel we have that %XA is a nonnegative Borel function. Now, let v € T" then + is in the

Borel set A hence
1 1
—xa ds= / — ds
/7 L 4L

1
= — length(v)
L D length(y) > L > 0.
>1

)

then L='x4 € Dr. Therefore

Mod,(T") < /X (L7 xa)? = p(A)L™.
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Later, in Theorem 2.4.5, we will prove the relationship of p—modulus with the extremal length. From now, we

prove an immediate consequence of Lemma 2.1.21.

Corollary 2.1.22: Let X be a metric measure space. Let I' a family of nonconstant curves in a null Borel
set A C X. Then Mod,(T') = 0.

Proof: For L > 0, define I';, = {y € T' | length~y > L}, from Lemma 2.1.21, we have

0
Mod,(I'z) < plA) L7

This proves that Mod,(I'y) = 0. Since I' has non constant curves follows that I' = (J; cp+ I'L, moreover,
by Archimedean property we have that I' = (J, .y I'1, using this decomposition and the o—subadditivity of

p—modulus we have that

Mody(T) < 3 Mod, P57

neN
Therefore, Mod,(I') = 0.

Remark The intuitive idea of Corollary 2.1.22 is a family of curves such that does not fill the space is

p—null.

With Corollary 2.1.22 we can made many examples of p—exceptional families of curves considering all the
rectifiable components of a null Borel set.
2.2 p—exceptional families of curves

In this work, we study properties that hold for p—almost every curve. As in classical measure theory, we employ

the following technique to prove properties for p—almost every curve.

Lemma 2.2.1: Technique to prove properties p—almost every curve

Let X be a metric space and 1 < p < oo and let I'1,'s families of curves in X. If p—almost every curve is

in I'; and T’y C T'y, then p—almost every curve is in I's.

Generalization

Let X be a metric space and 1 < p < oo and let {I',,} families of curves in X such that p—almost every

neN
curve is in '), for all n € N. Let I" be a family of curves such that

(TncCT,

neN

then p—almost every curve is in T'.

Proof: By hypothesis, we have X \ I's C X \ I'1, so
Mod,, (X \T'2) C Mod,, (X \T1) =0.

Hence Mod,, (X \ I'2) = 0. Therefore, p—almost every curve is in I's.

The generalization follows from the first part and the fact that p—almost every curve is in (1, .y [
|

Now we give a characterization of p—exceptionality, which provide a canonical criterion for p—exceptionality.
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Lemma 2.2.2: p—exceptionality criterion

Let I' a family of locally rectifiable curves in X. Then, I is p—exceptional if and only if there is a p—integrable
nonnegative Borel function p: X — [0, 0o] such that

/p ds = vy eTl. (2.2.3)
.

Proof:
@ Assume that I' is p—exceptional, that is Mod,(I') = 0. Then, by the definition of the modulus for each
n € N there is an admissible density p,, € Dr such that

/ ph <27, (2.2.4)
X

Now, define p = _ pn- Notice that p satisfies:

(p is p—integrable nonnegative Borel function.)
Notice that p is Borel. From (2.2.4), we have

> pn

neN

< llpall, < 32 <00

neN neN

lell, =

P
Then, p is p—integrable.

(2.2.3) holds.
Since p, € Dr we have fv pn ds > 1 then:

/

Conversely, suppose that there exists p such that (2.2.3) holds. Then for every £ > 0 we have that ep is
an admissible density and therefore Mod,(I") = 0.

ZPndSZZ/PndSZOQ

neN neN?Y

From p—exceptionality criterion and the definition of T' (p) follows immediately the next:

Lemma 2.2.5: p—integrable function is integrable over p—a.e. curve

Let p—integrable nonnegative Borel function p: X — [0, 00]. Then, p is integrable for p—almost every curve.

Proof: Let I' =T (X) \ I" (p). By definition of I" (p), it follows that p is not integrable over any v € I', then

/pds:oo Vye T (X)\T(p).

Since p is p—integrable we can use the p—exceptionality criterion, then it follows that I" is p—exceptional.
|

Lemma 2.2.5 has the following important remarks.

Remark 2.2.6: Lemma 2.2.5 allow us to change p—integrability in the space for 1— on curves

1. One of the consequences of this exchanges is Lemma 2.6.1, which is one of the theorems that

motivates the notion of upper gradients.

2. For the particular case this can be interpreted as the integrability on almost every x and y—sections
of Fubini theorem. This details are discussed in Theorem 2.4.11.

Lemma 2.2.2 also can be interpreted as follows
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Remark 2.2.7: There is a canonical family to prove p—nullity which is T' (X) \ T (p). From
(2.2.3), we have

I cT(X)\T(p) (2.2.8)

and from Lemma 2.2.5, we have I' (X) \ I'(p) is a p—exceptional family of curves. Therefore, I' is

p—exceptional. In practice is more useful to consider the equivalent contention of (2.2.8)
F(p)cT(X)\T (2.2.9)

In the contention (2.1.20) is the key point to inherit properties to all subcurves. We discuss this in
Lemma 2.2.10.

2.2.1 p—exceptionality and subcurves

The family I" (p) has Lemma 2.2.5 .

Lemma 2.2.10: Properties p—almost every curve and subcurves

Let X be a metric measure space. Let P be a property for curves. Let I' be a family of curves in X. If
p—almost every curve of I" satisfies P, then p—almost every curve in I' satisfies P as well on every subcurve
of .

Proof: Let I'; be the family of curves in I' that satisfies P. From the definition I', from p—exceptionality
criterion, it follows that there exists p: X — [0, co] p—integrable such that:

/pds:oo Vy e\ Ty.
¥

Let T'; be the family of curves in T" such that satisfies P as well on every subcurve of 7. Now, notice that if
v €T'(p)NT, we have that

/p ds < oo. (2.2.11)
~

Thus v € T';. Furthermore, every subcurve 5 of « satisfies (2.2.11), so ¥ € I'y, hence 7 satisfies P. Thus, v € T's.
This proves

F(p)ﬁFCF2

Therefore, every subcurve of v belongs I'y. This proves that I'(p) NT' C I'y, that is all the subcurves of T (p)

satisfies P. On the other hand, from Lemma 2.2.5, we have that p—almost every curve is in T (p).
Mod,, (I'\T'2) < Mod,, (T'\ T (p)) = 0.

Thus, we conclude that for p—almost every curve in I" satisfies P as well on every subcurve of ~.

Remark We cannot apply Proposition 2.1.18 in the proof of Lemma 2.2.10 directly. It is true that v does
not satisfy P, however, we cannot assure that vy belong to I'. For this reason we applied p—exceptionality
criterion.

To prove Lemma 2.2.10, we used that I" (p) N T" C I';. However, it is possible that I (p) N T" C T's.
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2.2.2 Application to extensions of admissible densities

Another useful application of the p—exceptionality criterion is the following result that provides a kind of

extension of an admissible densities.

Lemma 2.2.12: Extension of admissible densities

Let X be a metric measure space and let I be a family of curves. Let I'g be a p—null family of curves. For

each p € Dp\r, and for each ¢ > 0 define

Pe =EpPo +p

where pg is the p—integrable function given by the p—exceptionality criterion. Then, p. is an admissible

density for I' such that p. > p and p. — p pointwise.

Proof: The properties p. > p and p. — p pointwise follow immediately from the definition of p.. Then, we only
need to prove that p. is an admissible density. Indeed, since pg is the function given by the p—exceptionality

criterion, we have
/pods:oo Vv €T.
~

Then
/pgdSZOO Vv € Iy.
.

Oun the other hand, if v € T'\ T'g, we have that

/pEdSZ/pdSZL
¥ ¥

This technique will be used in the principal theorem of this thesis(Theorem 3.3.16).

2.3 Curves on a set of measure zero

We introduce the notion of the length of a curve in a certain set.

Definition: Length in a set

Let £ C X be any set in a metric space X and 7 a rectifiable curve in X. We define the length in FE,
denoted by length(y N E), as the number

length(y N E) = my (v, '[E]).

Figure 2.3.1: Length in E.

From the definition of length in a set, it follows the next results:
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Lemma 2.3.2: Length of a curve in a set of measure zero

Let X be a metric measure space. If E is a set of measure zero. Then for p—a.e. curve v in X, the length

of v in F is zero.

Particular case

If E is a set of measure zero, then for p—a.e. curve v in X, we have Hi(yN E) = 0.

Proof: Let I" the family of all locally rectifiable curves such that the length of v in E is positive. Let F7 a Borel
set containing F with zero measure, then p = co - xg, is LP(X). Moreover, p is an admissible density. Indeed,

let v € T', since £ C E; and the definition of p we have:

/pdsZ/oo~XEds
¥ v

= 00 - length(y N E)

Q Since length(y N E) > 0.
=00
>1

therefore p € Dp. By definition of p we have [, p = 0. Therefore, Mod,(I") = 0.

We will use the above result to prove Lemma 2.6.1.

2.4 Fundamental examples

In this section we give theorems to compute the fundamental examples of p—modulus of certain families of

curves. The above theorems focus on the computation itself together with a suitable approximation.

2.4.1 Modulus of a single curve

We start computing the modulus of a family with a single compact rectifiable curve =, since 7y is compact follows
that ~[I] is a Borel set. Now, if 4[I] is null we finished. Then, the important case is when «[I] has positive
measure. Thus, for understand this case we will analyze this case in R.

Theorem 2.4.1: Mod, ({~})

Let [a,b] be an interval in R of finite positive length L, and consider 7 as the curve given by the canonical

injection [a,b] — R. Then

1 L

Mod, (f1}) = 1oy = 7=

Reduction of densities

For each admissible density p € D, such that p is integrable over +, there exists an admissible density
F: R — [0,00] that depends on p, F' = F (p), that satisfies:

1. spt F C [a,b].

2. F(a)=1,F(b) = 0.

3. F is absolutely continuous.

4. |F'| < p |ja,p) almost everywhere in [a, b].

Furthermore, considering D as the set of all the functions previously described, we have the following com-

putation for p—modulus:

b
g /P
Mod, (1)) = jat [ 1F"
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Proof: From Local behavior of the p—module, we can consider that the space is [a,b]. Let p > 1, and, let ¢ > 1

the Holder conjugate of p. From Holder inequality we have:

1 1
q P
/1'Pd5§(/1qu> (/ppds>
! ! ’Y; > Yz has length 1.
1 P
K > Raising to the p—th power.

1< pt / PP ds
v > Definition of line integral.

1 b ~ 48 parametrized by arc length.
<[ pwya
a

p
Clearly this inequality holds for p = 1. Since p € Dr was arbitrary, it follows that % < Mod,(T"), the
converse inequality is by Lemma 2.1.21. Therefore:

1 L
Mody({7}) = 7oy = 7

Given p € D,. Define f: R — [0, 00] as

b
f@) = [ oty dm() v o,

and zero otherwise. By definition, we have that f is absolutely continuous. Moreover, in the points in such that

exists the derivative in [a, b], we have:

f'(z) = —p()
[ (@) = p(z).

> Considering absolute values

By the definition of f and since p is integrable over -, it follows that:

b
0> fla) = [ plt) dmn(t) 2 1

Then {5 < 1. Thus the function F': [a,b] — [0, c0] defined as I = ﬁ is absolutely continuous hence satisfies
the desired properties. Then, F' satisfies the hypothesis of Theorem 2.1.1. Hence F is an admissible density.

Thus, {|F[§| }pEDr satisfies the hypothesis of Corollary 2.1.7. Therefore, the following computation holds:

Mod,(T") = pigjfj XFZ;.

The customary way tho write

1 L
Mod, (17}) = o5 = 75-

will make sense with Theorem 2.4.5 because this will shown the relationship with the extremal length.
Now, we use Theorem 2.4.1 to compute the p—modulus of the family of all the curves such that pass through

a point in R. To prove this result, it is convenient to prove first the following;:

Theorem 2.4.2: Admissible densities of the family of curves that pass through a point in R

Let € R be any point. Let I" be either the family of all the curves that pass through z in R or the family
of all curves such that one of its end points is z. Then, every p: R — [0, co] admissible density for T" is not

integrable.
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Proof: We proceed by contradiction. %Suppose p integrable. For any n € N, define ~,,: [x, x4+ %] — R as the

canonical inclusion, then {7}, C I'. Since p € Dr, we have that

x+%
/ p(t) dt :/ pds>1. (2.4.3)
x v

n

Define p,, = p|[ . Then, {p, }, ¢y is a decreasing sequence of nonnegative functions that converges pointwise

z,er%}

to p(z), and all the functions are in the subspace [x,2 + 1] which have finite measure. Then

lim pn dmy = 0.
n— 00

On the other hand, by (2.4.3) we have that

lim pn dmy >1

n—oo

which is a contradiction. xThis contradiction comes from assume p integrable. Therefore, p is not integrable.
[ |

Theorem 2.4.4: p—modulus of of curves that pass though a point in R

Let T' be the family of all curves in R such that one of the endpoints is any fixed point z € R. Then,
Mod,, (T") = co.

Proof: Let x € R and let T be the family of all the curves that pass through x. Now, we will prove that
Mod,, (') = co. We separate the proof in the next cases:
Let L > 0 arbitrary and let vz be any curve such that pass through x and has longitude L. Then, {y.} C T.
From Theorem 2.4.1, we have
e = Mod, ({72}) < Mod, (T)

This inequality holds for any L > 0. Taking the limit when L — 0 in the above inequality, we obtain Mod,, (I') =
00.
Let p € Dp. From Theorem 2.4.2, we have that [, p dm; = co. Therefore, Mod,, (T') = occ.

|
The modulus of the family of curves such that pass through a point in R infinite but in more dimensions there
are a more suitable characterization given in Theorem 2.5.10.

2.4.2 Curves in a rectangle

The following examples essentially are computations for the p—modulus of a family of curves that join two

closed sets. For accuracy, we introduce the following:

Notation: Curves that join two sets
Let E, F subsets of a topological space X. We denote by I'(E, F, X) the family of curves that connect £
with F. If X is a metric space, we will denote

Mod,,(E, F, X) = Mod,(I'(E, F, X)).

If the space X is clear we only write I'(E, F') and Mod,(E, F).

Sometimes we need to consider the case when one of the sets is a singleton. In this case we simplify
the notation to I'(xz, F, X)) and Mod,(z, F, X), if the space is clear we will simply denote I'(z, F') and
Mody(z, F).
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Some considerations

Due to the approach of this notes, we focus previous notation to study p—modulus. Therefore we consider

the following conditions

1. Usually, we take E, F' be closed, disjoint and nonempty. In general, if either F, F' is empty it
follows that I'(E, F') = @. If X is a metric measure space, we have that Mod,(E, F) =0. f ENF # &
we can consider trivial curves, and, in a metric space we have that Mod,(E, F') = co. To avoid these
trivial cases we require to F, F' to be nonempty and disjoint. To simplify cases we will also require
E. F be closed.

2. The curves in I'(E, F') are compact. We mean that the endpoints lie in each of the sets. Therefore,

we are considering compact curves.

Considering the previous notation we will proceed with the following example.

Theorem 2.4.5: Vertical curves in a rectangle
Let L,l > 0. Consider the rectangle R = [0, L] x [0,]. Define Rg = [0, L] x {0} as the bottom edge of the
rectangle R, and Ry = [0, L] x {I} as the top edge of R. Then

mo(R L
Mod, (Rp, Rr, R) = 211() ) _ —

[0,1]

[0, L]

Figure 2.4.6: Curves that connect both edges of the rectangle.

Reduction of densities

For each admissible density p € Drp(ry r.,r) such that p is integrable over R, there exists an admissible
density F': R — [0, o0] that depends on p, F = F (p), that satisfies:

1. F[Rp]) = {1}, F [Rr] = {0}.
2. F is absolutely continuous on almost every line parallel to the y—axis, that is F' € ACL; (R).
3. |F'| < p almost everywhere in R.

Furthermore, considering D as the set of all the functions previously described, we have the following com-

putation for p—modulus:

b
Mod,(Rp, Rr, R) = inf/ |F'|P
FeD J,

Proof: First, let us define an auxiliary family of curves. For z € [0, L] we define v,: [0,]] — R given by
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T lt) = (,1).

[0,7]

[0, L]
Figure 2.4.7: Vertical lines.

Now, we will calculate the p—modulus of the family T' = {~, | = € [0, L]}. Let p € Dr. Consider p > 1, and, let
q > 1 the Holder conjugate of p, by the Holder inequality we have:

1 1
/1~pds§</ 1qu) </ ppd5>
’ N 7; > Yz has length [.
1-1 P
1<% (/ Vo ds)

& > Raising to the p—th power.
1<t / PP ds
- \ Definition of line integral.
1 l Yo 18 parametrized by arc length.
0

Notice that the above estimation holds for p = 1, as well for each x € [0, L]. Now, integrating in [0, L] and using
Fubini’s theorem we obtain:

L L l
< P
[p—1 —/0 /0 P (x,t) dida Fubini’s theorem.
mwg/ﬂ
r R

Since p € Dr was arbitrary, it follows that mzliﬁ,R) < Mod,(T"). Furthermore, since length~, = [ for every v, € T,

by Lemma 2.1.21 follows that Mod,,(I") < m2(R) Hence, this proves that

I
TTLQ(R)
o

Multiplying and divding by l.

Mod, (T') =

Now we will extend this result for I'(Rp, Ry, R). Since I' C I'(Rp, Rr, R), it follows that (2.4.8) holds, then we
can repeat the procedure to obtain:
ma(R)
[P
The converse inequality follows from this fact about I': The curves of I'(Rp, R, R) with minimal length are

the family of curves I'(this result is proved below). Together with Lemma 2.1.21.

< Mod, (I'(Rg, Rr, R))

By Fubini theorem. We have that p is integrable on ~, for almost every = € [0, L]. Let P the set of points in
[0, L] where p is integrable over 7,. For all x € P, we can repeat the construction of Theorem 2.4.1 to define a

function from the union of all the z—sections, F: |J,p Ry — R such that F € ACL; (U, cp R.)- Furthermore,
since

R\URw: U R,

zeP z€[0,L]\ P
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and the projection of (J,¢(o 1)\ p Bz to 2nd—canonical hyperplane(the z—axis) is [0, L] \ P which have my
measure zero, we can use Item 1 of Theorem 1.6.9. Then, it follows that the suitable extension with the
required properties belongs to ACLg (F).

|

Remark Notice that the application of Item 1 of Theorem 1.6.9 in the proof Theorem 2.4.5. We need to
adapt the theory of this result for measurable sets because Theorem 1.6.9 requires 2 open and F' closed,

and in the last part we do not have this hypothesis. For this reason is necessary Remark 1.6.5.

Notice that to complete the proof of Theorem 2.4.5, we need to prove the fact about the minimality of I". This
is consequence of a more general result proved below. We proceed in this way to generalize Theorem 2.4.5 for

a larger class of spaces. To do this, we introduce the next:

Definition: Generalized cylinder

Let X be a metric measure space and let I C R be a nondegenerate interval with height A~ > 0. The
product X x I metric measure space equipped with the product measure v = p X m; and any distance that
restricts to the distances on the factors is called the generalized cylinder of base X and height h. The
subcylinders of X x [ are defined in the canonical way considering a Borel set and a subinterval. For

generalized cylinders always, we denote dx as the metric of X.

Edges of the cylinder

Let C = X x I be a generalized cylinder with I = [a, b] is a nondegenerate interval. We define Cp = X x {a}
and Cr = X x {b} as the bottom edge and the top edge of the cylinder C respectively.

Remark

1. From our courses of analysis, it follows that all the metric that is compatible with the generalized

cylinder, d, satisfies

dp < d < dg.

2. Since X is a metric measure space, we have that X is o—finite as well I. Hence we can use Fubini

theorem automatically.

We will use these facts without further mention.

Now, we prove the result to complete the proof of Theorem 2.4.5.

Lemma 2.4.9: Curves of minimal length in a generalized cylinder are the vertical curves |

Let X be a metric measure space. Let C = X X [a,b] a generalized cylinder of height A > 0. The curves of

minimal height in T' (Cp, Cr, C) are the vertical curves. Furthermore, the minimal length is h.

Proof: Let v € ' (Cp, Cr, C) with end points (z1,a), (x2,b). Then
length () > d ((x1,a), (x2,b)) > dx (x1,22) + |a — b| > |a — b| = h. (2.4.10)

Therefore, h is a lower bound for the length of the curves of T (Cp, Cr,C). Now, we will prove that the image
minimal curves are contained in a set of the form {z} x [a,b]. Suppose that (z3,c) is a point of the curve such
that x5 # x;. In this case, we have that the inequality (2.4.10) is strict. Hence the image of v is contained in

{z1} x [a,b]. Therefore, the curves of minimal length are the vertical curves.
]
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Then, the proof of Theorem 2.4.5 is finally complete. Furthermore, notice that this result can be generalized as

follows:

Theorem 2.4.11: Modulus of vertical curves in the generalized rectangle

Let X be a metric measure space. Let C' = X X [a,b] a generalized cylinder. Let S = E x J be subcylinder
of C of height h > 0. Then,

u(E
hp—1

~

MOdp(F (SB, ST, S)) e

(2.4.12)

Proof: Notice that the arguments for the proof of Theorem 2.4.5 only depends on the vertical curves and in
Lemma 2.1.21 which holds in general. The conclusion follows from the minimal property of the vertical lines
proved in Lemma 2.4.9.

|

Theorem 2.4.11 has a lot of consequences. First, we can show that the reciprocal of the modulus is consider as

the extremal length.

Remark: Comparison of p—modulus with extremal length [AB50] For a family of curves I' in

the plane and a nonnegative Borel function p: R? — [0, 00]. We define the minimal length as

L(p) = inf /pds
gl

yel’

and the area of p as

A= [ 7
R2
The extremal length is defined as:
L(p)?
A(T) = sup .
(T) » Alp)

considering that inf, sup change each other under decreasing functions, we obtain that

1
AT) = Mod,(T)’

However, to define the minimal length in the above definition, we used the structure of the plane.

Another important result from Theorem 2.4.11 is the relationship of the notion absolute continuity on lines and

the p—modulus of a family of curves. To prove that result, it is convenient notice the following:

Corollary 2.4.13: Let X be a metric measure space. Let C' = X x [a, b] a generalized cylinder. Let S = ExJ
be subcylinder of C' of height A > 0. Then, the following statements hold:

1. T'(SB, ST, 5) is p—exceptional if and only if pu(E) = 0.

2. T'(Sp, St,S) is p—exceptional for all p > 1 if and only if T (Sg, St,S) is po—null for some py > 1.

Proof: Item 1 follows immediately from (2.4.12). To prove Item 2, we only need to prove pg—exceptionality of
I'(Sp, ST, S) implies p—exceptionality of T' (Sg, St,S) for all p > 1. Indeed, if T' (S, ST, S) is pp—exceptional,
from Item 1, we have u(F) = 0. Notice that Item 1 holds for any p > 1. Therefore, T' (S, St,S) is
p—exceptional.

|
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We use the above result to prove the next:

Theorem 2.4.14: Absolutely continuity on lines and p—modulus

Let f: Q ¢ RY — R a function. Then, the following statements are equivalent:
1. f is absolutely continuous on lines.

2. For all 1 < p < co we have that: f is absolutely continuous on p—a.e. line segment parallel to the

coordinated axis contained in €.

3. There is some 1 < p < co we have that: f is absolutely continuous on p—a.e. line segment parallel to

the coordinated axis contained in €.

Proof: The equivalence between absolute continuity and the p—modulus of the family of all vertical lines follows
from the Item 1 of Corollary 2.4.13 while the immateriality of p follows from the Item 2 of Corollary 2.4.13.

Theorem 2.4.14 shows that the notion of almost every curve in the definition of ACL () can be considered in
both senses, considering fibers and considering p—modulus of all vertical lines. Notice that we can consider any

p—modulus in this setting.

2.4.3 Curves in annulus

Now we calculate the modulus in an annulus.

Theorem 2.4.15: Modulus of radial curves
Let 0 < r < R < co. Consider the annulus A = A(z,r, R) in R? with d > 2, and their two connected
components B [z,7],R%\ B (z, R). Then

Mod, (T (B|[z,r], R\ B (z, R),R%)) = —4=1

CT,R
where
_a R\ P71
b=t 5=t ) if p£1,d
T
CrR=9 (I (2))" =,
rl—d if p=1.

Proof: First, let us define an auxiliary family of curves. For w € S?! we define 7, : [r, R] — R? given by
Yo (t) = tw + .
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S(z, R)

Sz, r)

Figure 2.4.16: Radial curves.

We will calculate the p—modulus of the family I' = {7,, |w € S*"'}. Let p € Dp. We will analyze the following
cases:

Let ¢ > 1 be the Holder conjugate of p, by the Holder inequality we have:
p—1°

R d—l R d—l)q % R
/ T pltw + )t dt < / t~ dt / PP (tw 4 2)t? =1 dt B
s T T I
N 11 n /AW pds
(/ 4T dt> </ PP (tw + z)t? 1 dt) / = [ pltw + @) dt.

Raising to the

R, =1 p—th power.
(/ t" 1 dt) / PP (tw + )t dt
T T

Definition of Cr r .

=

1

e

1

1

IN

1

IA

N 7K

1 R
< / PP (tw + x)t? 1 dt.
C’I‘,R r

Since the above inequality holds for every w € S¥~!, we consider the integral over S*~! to obtain

Integration in polar coordinates.

(2.4.17)

Wd—1 " d—1
g/ / PP (tw + )t~ dtdw.
CT’7R Sd=1 Jr >
Wd—1

< [ pr. v
CT,R o /Ap

Since the above inequality holds for any p € Dr, it follows that Mod,(I") > ﬁ Now, we will prove the
converse inequality. To do this, we define py: A — [0, 00] as follow:

- _d-1
po(y) =C, 5 " ly—x| »77.

Then, for each w € S%! we have:

Definition of po.

R
/ po ds = po(tw +z) d >
\

R wey
=C T dt
I

| Definition of Cr r.
~ 1 J
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This proves that po € Dr. Again, from the definition of py we have:

[ o= [y
N 0 R A > Integration in

—_r R _p=n o polar coordinates.
=C, ¢ [tw+x—2z|” P T t7° dwdt
’ r §d—1

__» R p(d—1) L . .
=C }1;*1 / / tw|” 71 41 dwdt t is independient in the
7"7
r Sd—1

surface integral.
Grouping appropriately

2 [ _an
= wd_lCr,IZ; / toret dt the exponents.
r ~ o v
> Definition of Cy gr.

Wd—1
= —. 2.4.18
o ( )
This proves that po achieves the equality in the previous modulus estimation. Therefore Mod, (') = ‘Zf—’};

Using the integration in polar coordinates formula, we have:

R
/ p= / / p(tw + )t~ dtdw r<t<R.
A Sd=1 Jr \>

B Monoticity and linearity
> pd=t / / p(tw + x) dtdw
Sd=1 Jpr

= rdil/ / p dsdw
Sd=1 Joy, > p € Dr.
> 7wy

of the integral.

Since p € Dr was arbitrary, it follows that wy 179" < Mod;(T'). Now, we will prove that the equality is

achieved. Indeed, for j € N large enough, define p;: A — [0,00] as p; = jx 1y. Evidently, (p; C Dr.
J J A(a:,’l‘,T+] ) J

/Pj :/ J
A Az,rr+7)
. d
_ 1
_ e ((”J-) _Td> )

Jj=jo
Moreover,

Measure of an annulus.

j > A pd — it
dx
= wd_lrd_l.

MOdl(F) = wd_l’f'd71 =

Notice that Mod; (T') only depends on the radius of minor sphere.

Now, we will extend the previous computation for I' = T' (Blz,r],R\ B (z,R),R%).
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Figure 2.4.19: Curves that connect both circles of the annulus.

Notice that the estimation (2.4.17) holds for any p € Dy as well for p > 1, so it follows that Modp(f) > ﬁ
Now, we will prove again that the estimation is reached with pg € Dg. Indeed, let v € T, consider ~: [a,b] = X
and (7,w) the polar coordinates around of z of v. We can suppose without loss of generality that y(a) €
Blx,r],v(b) € R4\ B(x, R). Since 7 is locally rectifiable, by (1.5.26) we have:

b
ds = | dt
/7'00 5 /a PO(’Y) |7 | Definition of po-

b N Polar coordinates around of x.
g P N k-] v A . .

> C.p r»1 || dt Change of variables.

)

(b) > The curves are in

1 e ) ]

= Tﬁ” / ?—p—i dr Y T'(S(z,r),S(z, R), A).
7

(a) ~v(a) € S(z,7),v(b) € S(x, R).

> Definition of Cr g.

This proves that py € Dy and by (2.4.18) we have that Mod,(T) = o

|
The idea is to For now, we will compute some limit values of C, g.
Lemma 2.4.20: Limits of C, p
Consider C, r as in Theorem 2.4.15, with d > 2. We have that:
00 if 1<p<d,
limC g = -1 2.4.21
rio ;%)p Rr=4 if p>d. ( )
=il
_p=1\T p—d <
lim C p = ( = ) et itlsp<d, (2.4.22)
R—oo 00 if p > d.
0 fp>1
lim Cy g = sP=s (2.4.23)
R—r RI-m if p=1
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We have that g%cll, Z%; > 0. Then

R—o0 R—o

lim C, r = lim ( tr—1

By the continuity of logarithm and (p — 1)—power, we have that:
p—1
lim <1n <R)) = 00.
rl0 T
p—1
lim <1n <R>) = 0.
R— o0 r

1<p<d.

Notice that %, 2= - (). Hence

bS]
hS]
U

— 0. p>1
—1 p-a|R p-1
lim C, p= lim (p tp1 )
R—o0 R—oco \ p — r —d
_1 = <o.
(p— 1 p=ay \?
“\p—d (‘“”)
p—
p—1 p-a Pl
_ re—1
p—d —2=2 >0
:(_p—1>plrp_d p > 1.
p—d
Since 1 — d < 0, we have:
limCy g = limr' 7 = .
rl0 rl0
lim Cy g = lim r'™¢
Rl—I>noo nR Rl—I>noor
_ -
1
1
_ 11— Fl—d



2.5. FUGLEDE’S LEMMA 71

From all these equalities, we have proved (2.4.21),(2.4.22). To calculate, (2.4.23) we would do the explicit

calculations. However, this is unnecessary. We only need use the definition of C; g

(th‘Ll dt)p_l if p>1

p—1

Crr= " tp=
pl=d ifp=1,

and the Lebesgue’s dominated convergence theorem to conclude.
[ |

The computations of the p—module of the curves is annulus is really fruitful. Considering appropriate approxi-
mations, we can compute the p—modulus of the family of all curves with an endpoint in a fixed point z € R
However, to justify this argument we need to prove the p—subadditivity of p—modulus which is a consequence

of Fuglede lemma.

2.5 Fuglede’s lemma

In this section we discuss Fuglede lemma which is one of the most important theorems on the modulus theory

of curves.

Theorem 2.5.1: Fuglede lemma

Let X be a metric measure space. Let {g,},y be a sequence of Borel functions such that converges in
LP(X). Then, there is a subsequence {gn, },y such that: For every Borel representative g of the LP-limit

of (gn),en, the following limit

lim / |gn, — 9| ds=0 (2.5.2)
gl

k—o0

holds for p—a.e. curve 7 in X.

Improved version

Let X be a metric measure space. Let {g,},cy be a sequence of Borel functions such that converges in
LP(X). Then, there is a subsequence {gn, },y such that: For every Borel representative g of the LP-limit

of (gn),cn the following statements holds for p—a.e. curve v in X:

L limg—ye0 [ |gn, — gl ds =0

2. g is integrable on 7.

Proof: Let j € N. Since {g,},y converges in LP(X), it follows that there exists a subsequence {gn, },.cy Of
{9n}nen that converges in LP(X) and such that

1
/X gn. — gIF dp < eSS (2.5.3)

Note that, the subsequence is independent of the representative (This is because the limits almost everywhere).
To improve the readability of the proof, for all k € N, let us define pr, = |gn, — g]-
A continuation, we will define some families of curves. Let I" be the family of locally rectifiable curves v in X

for which the statement

lim /p;€ ds =10
k—o0 5

fails to hold. Considering the characterization of limit of sequences that converges to 0 by superior limit, gives

a natural decomposition of I'. To do this, for all m € N define I',,, be the family of all locally rectifiable curves
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~ in X for which

k—oc0

1
limsup/pk ds > —.
~ m

Thus:

F:DFm

m=1

Now, we will provide an appropriate decomposition of I',,. For | > m, let us define I';,; as the family of

rectifiable curves such that:
1
’ka ds > ok (2.5.4)

Since | > m, it follows that - > . Thus:
Iy C U Ty VM >m
=M

From the inequality (2.5.4), it follows that 2!p; is an admissible density for I,,, ;. Estimating Mod,, (I',,, ;) within
this admissible density, and from (2.5.3):

1
Mod, (Toni) <27 [ lgu, = gl? d < 55
X

Considering the sum of the previous terms for [ > M > m, we obtain:

0o el 1
Z MOdp (Fm,l) < Z ? \ ,
=M =M \/\ ]‘771 C U;: M I‘/z/./
1 I
Mod, (L) < 537

This inequality holds for every M > m. Thus, Mod,(I';,) = 0; and since I' = |J°_, I';,, we conclude that
Mod,,(T') = 0. Therefore, the limit (2.5.2) holds for p—a.e. curve v in X.
The improved version follows from the main part and lemma 2.2.5

Remark: Useful form of Fuglede lemma In practice, we will use the improved version of Fuglede
lemma directly. However, it is important remark that in the improved version of Fuglede lemma, the

representative is important.

Fuglede lemma has a lot of important applications in the theory of Sobolev Spaces in the metric measure space
setting, we discuss one of this application in section 2.6. First of all is to prove a continuity from below of Mod,

using Fuglede lemma.

Theorem 2.5.5: Continuity from below of p—modulus

Let p > 1 and {I',},y an increasing sequence of families of curves

lim Mod, (I's) = Mod, <U Fn> :

neN

Proof: Define I' = | J,, .y ['n. We will prove the following inequalities:

(limy, 00 Mod,, (T'n) < Mod,, (T)) )

By definition, I',, C T', then Mod,,(T',,) < Mod,(T'). Taking the limit when n — oo we obtain lim,,_,, Mod,, (I';,) <
Mod,, (T').
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(Mod,, (T') <1lim,,_,0c Mod,, (T')) )
For this inequality we can suppose without loss of generality that L := lim,,_,., Mod,, (T';,) < co. For each n € N

there exists an admissible density p,, for '), such that
1
pbdpy < L+ —
b'e n

Then, the sequence {p, },y is bounded in LP(X) and

lim [|p, |} = L (2.5.6)

n— oo

Since p > 1, we have that LP(X) is reflexive. Since {p,}, oy is bounded in L”(X), then there exists a subsequence
{Prm Ymen Of {Pn}nen converges weakly to some p in LP(X). By the properties of the weak convergence and
(2.5.6), we have

. p .
ol < (mint on,.1,)" = lim ol =L (25.7
p m— 00 n—oo

By Mazur lemma, there exists a sequence of convex combinations {A,},,cy of the functions {p,,, },,cy such
that \,,, — pin LP(X). Since {I', },y is increasing, and by the Properties of admissible densities, the sequence
{Am}men can be chosen in such a way that A, is admissible for T, for each m € N, then [|A,[[? > Mod,, (I'ys).
By this inequality and (2.5.7), we have
1 : p_
L = lim Mod, (T',) < n}gnoo [Amlly = llelly < L. (2.5.8)

n—oo

Since the measure is Borel regular measures, we know that we can modify p if necessary to make p Borel, and
considering Fuglede lemma (the improved version with the integrability of the limit), we may assume that p is
a Borel function and for p—almost every curve in I', we have the following:
/pds=lim Amy ds >1
¥

k—o0 P

for a some subsequence of {\p.},, cn-
admissible density for I' \ T'g. Then

Then, there exist 'y C I' a p—null family of curves such that p is an

Mod,, (T'\Ty) < / PP ds,
X

From the above inequality, the subadditivity of the modulus and by the identity (2.5.8), it follows that

0
Mod, (T) < Mod,(I'\ To) + ModtF5T'= | o7 du =L
X

This proves that lim,,_, ., Mod, (T';,) = Mod,, (T').

The proof of the continuity from below of Mod,, is needed because Mod,, is an outer measure.

Counterexample 2.5.9: p > 1 is necessary for Theorem 2.5.5

Let d > 2, z € R? and r > 0. For n € N, define I',, as the family of all curves in R¢ with one end point in
the closed ball B [z,r], and the other in R? \ (B (z,7+ 1)). So {T',},,cy is an increasing sequence. From
Theorem 2.4.15, we have

Mod, (I'y,) = wgqri1
for every n. Then

lim Mod; (T,) = wq_17¢7 L
n— o0
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Considering the generalization of the argument of Theorem 2.4.2 to radial lines, it follows that a polar
coordinate integration shows that there are no admissible 1-integrable densities for the family I' = U2, T,
thus, Mod; (I') = co. Therefore

li_}In Mod; (T';,) # Mod; (T)

Now that we have proved the continuity from below of p—modulus, we can give a complete proof for the

computation p—modulus of the family of curves with an endpoint in a fixed point in the Euclidean space.

2.5.1 p—modulus of the family of curves with a fixed endpoint in R?

The p—modulus of the family of curves through a point in R? was computed for the unidimensional case in
Theorem 2.4.4, and it is trivial. Now we use the computations of the annulus and the continuity from below of

pmodulus to compute the p—modulus of the family of curves with an end point.

Theorem 2.5.10: Modulus of curves through a point |

Let d > 2. Then, the family of curves such that pass through a point x € is p—null if 1 < p < d and it is

infinite otherwise.

Proof: The computations for the 1-modulus was done. Now, we analyze the other cases. We consider
0 < r < R < oo and consider the annulus A(z,r, R). First, we fix R > 0 and consider the approximation
Mod,, (F (B [m, %] ,R4\ B (z,R) ,Rd)). From the computations of Lemma 2.4.20 and Theorem 2.4.15, it follows
that this families are p—null therefore Mod, (I ({z},R?\ B (z, R) ,R?)) = 0. Considering this computation

when R — 0 together with monoticity of p—modulus, we conclude.

Figure 2.5.11: Curves through a point

2.6 The Sobolev space W7 (Q) and the class ACL? (Q)

Now, we will prove that W1P(Q) is characterized by functions that are absolutely continuous on lines.

Lemma 2.6.1: Characterization of the Dirichlet space L'?(Q)

Let Q Cc R? an open subset and 1 < p < oo. Then:
ACLP(Q) = LY?P(Q).

Thus, we can choose a representative u € L1?(Q) such that u has classical derivatives almost everywhere.

Generalization to any curve

Let © C R? an open subset. Then u € L'?(Q) if and only if u there is a Lebesgue representative of u that

is absolutely continuous on p-a.e. compact curve in {2 and the partial derivatives of u belong to LP ().
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l Thus, we can choose a representative u € L'?(Q) such that u has classical derivatives almost everywhere.

Proof: We will prove the following contentions holds:
(Ll’p(ﬂ) C ACL”(Q)) Let u € LY?(£2). The family of all compact line segments in € can be expressed as a
countable union of families of line segments, each contained in a relatively compact subdomain of 2. Therefore,

it is sufficient to consider segments that lie in a fixed relatively compact subdomain Q' of Q.

Let i € {1,...,d}. First, we will define appropriate families of curves to prove the contention L?(Q) C
ACLP(Q). We will define T';(€') as the family of all compact line segments in €’ parallel to the i-th coordinate
axis. Since u € LY?(Q), we have that Vu € LP(Q,R?). From Theorem 1.8.3, it follows that the mollifications
u have the property that 0;u. = (9;u). and converges to d;u in LP(Q').

To prove the result, we need to consider certain subsequence of {u.} ., an special representative of u. We will
detail this construction as follows:

(First reﬁnement.)

Fixing an appropriate representative of the weak derivative 0;u, from Fuglede lemma,it follows that there is a

subsequence {9;uc, },cy such that: For p—almost every curve v in ', the following conditions holds:
lim / |Ostte,, — Oju| ds =0 (2.6.2)
k— o0 v
/|81u| ds < o0 (2.6.3)
.

Thus in particular for p—a.e. v of I'; (') satisfies the previous conditions. Considering this conditions; let us
define T'; as the family of curves that satisfies (2.6.2) and (2.6.3). Thus, from the definition of I'y, it follows
that for p—a.e. curve in Q' belongs to Iy. Furthermore, let us define I'y as the family of curves that satisfies
(2.6.2) and (2.6.3) as well for every subcurve. From the definition of I'; and Lemma 2.2.10, it follows that for
p—a.e. curve in )’ belongs to I'y.

(Second reﬁnement.)

loc

Since u € Li (), it follows that ue — u in L'(€’). Thus, there exists {u%} & subsequence of {ue, };cn
je

such that u., converges almost everywhere in €' to u. From now on, we will work with the sequence u; = ue, .
J J

We redefine u in such a way that u(z) = lim;_,o u;j(z) whenever this limit exists.

By Fubini theorem, for almost every line segment  in Q' that is parallel to the i—th axis, we have u; — u
pointwise outside a set of H;-measure zero along . Let us define I'y as the family of curves ¥ in T'; (') such
that u; — u pointwise outside a set of H;-measure zero along y

Now, let us define A; as the family of all compact line segments in ' parallel to the i-th coordinate axis, a, such
that (2.6.2) and (2.6.3) holds as well for every compact subsegment v of «, and u; — u H;-almost everywhere

on «. Clearly,
A, =T1NTy

and by definition of I'; with j = 1,2, we have that p—a.e. curve lies in I';. Thus p—a.e. curve lies in A;.

Now, within this family of curves, we will prove the contention L'?(Q) ¢ ACL”(2). From now on, we consider
a € A;, we assume that o as a curve is parametrized by its arc length. Let s,r € [0,length(a)] with r < s.
Recall, u; — u pointwise outside a set of H;-measure zero along . Hence, we will analyze the case in that
a(r) satisfies this condition. Thus, u;(a(r)) = u(a(r)). Now, we will prove that s also satisfies this condition.
Indeed, since u; is a mollification, it is a smooth function. Thus, we can apply the Fundamental theorem of

calculus:
/ ‘ Oiu; ds = u;(a(s)) — uj(a(r)) (2.6.4)
¥r,s)

Recall, we redefine v in such way that u = lim;_, . u;; and we take o € A;, then « satisfies (2.6.2) and (2.6.3).

Considering these two conditions and taking the limit when j — oo in (2.6.4), we conclude that s satisfies
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uj(a(s)) = u(a(s)). Within an analogous argument we prove that we have the same result for all 0 < r <'s.

Particularly, the limit holds at the endpoints of . This proves that:
uj(a(r)) = u(a(r)) Vr € [0, length(a)].

From this convergence, and applying the Fundamental theorem of calculus to the mollifications u;, it follows
that:

j—00 3= J o |rs] u; — u pointwise.

lim |uj(a(r)) —u;(a(s))] < lim |0;u;| ds >

From (2.6.2).
v

lu(a(r)) — ulals))] g/ sl ds. (2.6.5)

allr,s]
Since a € A;, we have that fa |O;u] ds < oo. Thus, by the absolutely continuity of the integral and the
estimation (2.6.5), we conclude that wu is absolutely continuous in «, which is an arbitrary curve of the family
A;. Then u € ACLP(Q). This proves that L?(Q) C ACLP(Q).
(ACLP(Q) C LLP(Q)) Follows immediately from the definition of ACL” the integration by parts formula for

absolutely continuous functions.

Therefore, L1'?(Q) = ACL?(£2). The observation follows immediately from Lemma 1.6.4.

Generalization to any curve.

Let u € L'P(§). We follow the line of argument of the first part. Instead of line segments, we consider
general rectifiable curves and replace Juy, with Vuyg. Since we are considering rectifiable curves, it is sufficient to
consider rectifiable compact curves that lie in a fixed relatively compact subdomain Q' of Q. Since u € LYP(£2),
we have that Vu € LP(Q, R%). From Theorem 1.8.3, it follows that the mollifications u. have the property that
Vu, = (Vu), and converge to Vu in LP(€),R%).

To prove the result, we need to consider the certain subsequence of {u.}_., an special representative a of u.
We will detail this construction as follows:
(First reﬁnement.)

Fixing an appropriate representative of the weak gradient Vu, from Fuglede lemma,it follows that there is a

subsequence {Vu,, }, .y such that: For p—almost every curve v in ©', the following conditions holds:

k—o0

lim / [Vue, —Vu| ds=0 (2.6.6)
gl

/|Vu| ds < o0 (2.6.7)
~

Considering this conditions; let us define I'; as the family of curves that satisfies (2.6.2) and (2.6.3). Thus,
from the definition of fl, it follows that for p—a.e. curve in ' belongs to I. Furthermore, let us define I'; as
the family of curves that satisfies (2.6.2) and (2.6.3) as well for every subcurve. From the definition of I'y and
Lemma 2.2.10, it follows that for p—a.e. curve in Q' belongs to I';.

(Second reﬁnement.)

Since u € L] (), it follows that u. — w in L'(Q'). Therefore, there exists {uekj} , a subsequence of
i) jen

{te, }pen, such that U, converges almost everywhere in € to u. We work with the sequence u; = U, - We

redefine u such that u(z) = lim;_,o u;(z) whenever this limit exists.

Since the pointwise convergence u; — u holds almost every where, there exists N C € a null set such that

contains all the points were u; 4 u. Thus, u; — u pointwise in '\ N. Let us define

Iy ={yeT(X)|Hi(yNN)=0}.



2.6. THE SOBOLEV SPACE W7 (Q) AND THE CLASS ACL? (Q) 7

That is the curves that the set of points where the convergence can fail has H; measure no null. From
Lemma 2.3.2, it follows that for p-a.e. curve is in I's. From the definition of I'y, we have Hi-almost everywhere
convergence along the curve in question.

Now, define A as the family of all compact curves on €', a, such that every compact subcurve « of « is in T';
and a € I'y. Thus, for every o € A we have that: (2.6.6) and (2.6.7) hold for every compact subsegment ~ of
a, and u; — u Hi-almost everywhere on «. Clearly,

A; =T1NTy

and by definition of I'; with j = 1,2, we have that p—a.e. curve lies in I';. Thus p—a.e. curve lies in A;.

Now, we prove L''P(Q) C ACLP(Q2). For a € A, we parametrize « by its arc length. Let s,7 € [0, length(c)]
with » < s. Recall, uy — u pointwise outside a set of H;j-measure zero along «. Hence, analyzing the case in
which «(r) satisfies this condition, we have ug(a(r)) — u(a(r)).

Next, we prove that s also satisfies this condition. Since w; is a mollification, it is smooth. Applying the
Fundamental theorem of calculus with the fact that « is absolutely continuous to obtain:

/ ‘ Vu; ds = uj(a(s)) — uj(a(r)) (2.6.8)

[r,s]

Recall, we redefine u such that v = lim;_,o u;; and we take o € A, then « satisfies (2.6.6) and (2.6.7). Taking
the limit as j — oo in (2.6.8), we conclude that s satisfies u;(a(s)) — u(a(s)). Applying a similar argument for
all 0 < r < s, the limit holds at the endpoints of a. This proves:

uj(a(r)) = u(a(r)) Vr € [0,length(a)].

From this convergence, and applying the Fundamental theorem of calculus to u;, it follows that:

lim Ju;(a(r) — u;(a()| < lim [ |Vuy| ds
J—0 J—o0 al[r,s] \ ) e o
u; — u pointwise, from (2.6.6).
lu(a(r)) —u(a(s))] < / |Vu| ds. / (2.6.9)
allr,s]

Since o € A, fa |Vu| ds < co. By the absolute continuity of the integral and the estimate (2.6.9), u is absolutely
continuous in «. This arbitrary curve of the family A, implies that v € ACL?(Q).

Therefore, L''?(Q) ¢ ACL?(Q).

@ Follows immediately from the first part.

Obviously, the observation about derivatives still holds in the previous construction.

Remark: Key points of Lemma 2.6.1

Generalization to metric measure spaces

The generalization of Lemma 2.6.1 only needs the idea of absolutely continuity on curves which is a
notion for general metric spaces. When we consider functions that absolutely continuous on curves we

have automatically more regularity for our function. This is discussed below.

Special representative

Lemma 2.6.1 told us that we can choose an appropriate representative of u € LY (). Furthermore, by
Lemma 1.6.4, this representative we have the classical notions of differentiation.

The suitable representative of Sobolev function most important difference between the classical theory for
Sobolev spaces and the approach with upper gradients because in the classical theory there is no difference
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considering changes almost everywhere. However, we shown in Remark 1.6.11 that this changes are not
admissible with the absolute continuity on lines.

From Lemma 2.6.1, it follows this generalization of Lemma 1.6.4.

Lemma 2.6.10: ACLP(Q2) and classical partial derivates

Let © C R? an open subset and 1 < p < oo. If u € ACLP(f), then u has classical directional derivative

mg—a.e. on ). Furthermore, u is differentiable in all directions almost everywhere in €.

Proof: Let w € S4! arbitrary, {w,}, oy C S*~! a dense set in S~; thus, there exists {wp,, },,cy Subsequence
of {wn},cy such that wy,,, — w. Since we are considering rectifiable curves, it is sufficient to consider segments
that lie in a fixed relatively compact subdomain € of 2. Let us restate the construction of the sequence u; and
the families of curves I';,I's in the generalization of Lemma 2.6.1 for any curve.

Let us define T'; as the family of curves that satisfies (2.6.6) and (2.6.7). Thus, from the definition of I'y, it
follows that for p—a.e. curve in Q' belongs to I. Furthermore, let us define I'; as the family of curves that
satisfies (2.6.6) and (2.6.7) as well for every subcurve. From the definition of I'; and Lemma 2.2.10, it follows
that for p—a.e. curve in Q' belongs to I';. On the other hand, from the pointwise convergence u; — u holds
almost every where, there exists N C £’ a null set such that contains all the points were u; /4 u. Thus, u; — u

pointwise in '\ N. Let us define
Iy ={yeIl(X)|Hi(yNN)=0}.

Now, define A, as the family of all compact segments on ', a, such that (2.6.6) and (2.6.7) hold for every
compact subsegment v of «, and u; — u Hi-almost everywhere on a. Defining Q,_, as the family of all line

segments in . Clearly,

Aw — m (led71 ﬁF])

Jj=1

and by definition of I'; with j = 1,2, it follows that every line segment in €, , lies in A,.

Now, let us define

A=()A.,.

neN

For a € A, we parametrize « by its arc length, let us say, « is defined as:
[0,1] >t — o + twp.

Let s,r € [0,length(a)] with » < s. As in the generalization of Lemma 2.6.1 for any curve, we prove that:

/ Vu; ds = uj(a(s)) —uj(a(r)) (2.6.11)

|[7‘,s]

and similarly as in the generalization of Lemma 2.6.1 for any curve we prove the absolutely continuity as well.
The identity (2.6.11) holds particularly for the curves:

[0,1] 3t — o + twh,
it follows that:

/ Vuj (2o + twy) dt = uj(xo + swn) — uj(To + rwy)
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This identity holds in particular for wy,,, and since u; is smooth, because this function is a mollification, it
follows that:

/ Vuj (2o + tw) dt = uj(zo + sw) — uj(zo + rw)

s Taking the limit when j — co.

/ Vu; ds = uj(a(s)) — uj(a(r)) >
(2.6.12)

/ Vu ds = u(a(s)) — u(a(r)).

lir,s1

Similarly as in the generalization of Lemma 2.6.1 for any curve we prove the absolutely continuity as well. Using
this fact together with (2.6.12). We conclude the proof.
|

Disclaimer We need consider the class ACL? (2) not only ACL (£2) because we need to change the

direction from e; to a direction w € S*~! in Lemma 2.6.1.

From the previous result, it follows immediately the next:

Lemma 2.6.13: Wl’p(Q) =LP(Q)N LLP(Q)
Let © Cc R? an open subset and 1 < p < co. Then

WLP(Q) = LP(Q) N L1P(Q) = LP(Q) N ACLP(Q). (2.6.14)

Notice that the right-hand side of (2.6.14) are notions that can be defined in the metric measure spaces, and
the proof of both was done by curves. In the general metric measure setting the control on the right-hand side

is done by upper gradients and they prove generalization of the Sobolev Spaces on metric measure spaces.
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Chapter 3

Upper gradients and potentials

We defined the weak derivative which is a generalized notion of derivative. We discussed in Remark 1.8.2 that
the properties of weak derivative came from the structure of vectorial space of RY. However, general metric
measure spaces there are no structure of vectorial space, there are only notions provided by the metric and

measure, so, we focus on the size of the derivative which is the essence of upper gradient.

3.1 Upper gradients

First, recall some results that give a notion of derivative in a metric measure space.

Motivation: Upper gradients
Corollary 1.5.23 and the line integral inequality for conservative fields states that the following inequalities
holds:

b
d(v(a)m(b))é/ |y (t)| dt.
(1) — f(v(a))] < / V1| ds.

Y

These inequalities suggests that the definition should be:

Definition 3.1.1: Upper gradient

Let be u : X — Z a map between metric measure spaces and p : X — [0, 0] a Borel function. We say that
p is an upper gradient of u if for every rectifiable curve v : [a,b] — X satisfies:
dz(u(r(@). utyO) < [ pds. (312)
Y
This inequality is called the upper gradient inequality for the pair (u,p) in «. Also this pair is called
a function-upper gradient pair.
It is possible that u is only defined in a subset A of the space X we define the same concepts considering A

as a subspace of X.

Weak upper gradients

For 1 < p < oo, we say that p is a p—weak upper gradient of w, if the upper gradient inequality for the
pair (u, p), (3.1.2), holds for p—a.e. curve.

As always to encode the information of both concepts we can use a pair (u,p) to make the notation as
simple as possible if p is an upper gradient or a p—weak upper gradient for u then we say that (u,p) is a
function-upper gradient pair, of curse if the context is clear; the point of this notation is avoid p if it is

clear.

It is possible that u is only defined in a subset A of the space X we define the same concepts considering A

81
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as a subspace of X.

Notice that upper gradients are good enough to extend the notion of derivative because in the definition only
appears metric notions. The essence of the left-hand side of the upper gradient inequality is the dependence
only of the endpoints in X. This property give us a criterion to discard trivial upper gradient inequalities.

Those facts are detailed in the following:

Remark: Properties of the upper gradient inequality

The left-hand side of the upper gradient inequality only depends of the value of u at the
endpoints of v

If : [¢,d] — X is a curve with the same endpoints as v, it follows that

dz(u(y(a)), u(y(b)) = dz(u(n(c)), u(n(d))), (3.1.3)

That is, the value of (3.1.3) does not depend on the chosen curve, it only depends on the endpoints in

X. Moreover, from the Identity of indiscernibles, follows immediately that:

dz(u(v(a)), u(v(b))) =0, (3.1.4)

if and only if u(y(a)) = u(y(b)). This means that (3.1.4) is equivalent to the endpoints of v lying
in the same fiber of u. When it occurs the upper gradient inequality holds automatically for any
nonnegative Borel function p, then, we only need verify the upper gradient inequality for curves
that connect different fibers of u. For this reason, we discard the constant curves since these
satisfies (3.1.4). Therefore, when dealing with upper gradients, we consider only nonconstant rectifiable

curves. This consideration does not depend on the function p.

Nontrivial upper gradient inequalities

Another trivial case for the upper gradient inequality (u,p) in v occurs when the right-hand side is
infinite, i.e., when the curve 7 is p—heavy. In this case, u does not affect on the upper gradient
inequality.

In summary, given a nonnegative Borel function p, to prove p is an upper gradient, we only need verify
the upper gradient inequality for non-p—heavy curves that connect two different fibers of u. We

use this fact without further mention.

Later, in Counterexample 3.1.7, we discuss about the reason to include the notion p—almost every curve in the

definition of upper gradient.

3.1.1 Non-compatibility between upper gradients and limits

We start with the characterization of p = 0 being an upper gradient.

Lemma 3.1.5: p = 0 upper gradient characterization

Let v : X — Z. Then, the function p = 0 is an upper gradient for w if and only if u is constant of all

rectifiable components.

Proof:

@ Assume that p = 0 is an upper gradient for u. Let 7: [a,b] — X a rectifiable curve in X. From the
upper gradient inequality for (u,0) in « follows that dz(u(y(a)),u(v(b))) = 0, then u(y(a)) = u(y(b)); therefore
u is constant at the endpoints of 7. Since 7 is an arbitrary rectifiable curve, follows that u is constant on any
rectifiable component.

@ Conversely, assume that u is constant of all rectifiable components.
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Then, every rectifiable curve 7 are in the same fiber of u. Therefore the upper gradient inequality (u,0) holds

for . This proves that p = 0 is an upper gradient.
|

From Lemma 3.1.5 follows immediately the next:

Corollary 3.1.6: Let u : X — Z. If there are curves that connect different fibers of v then p = 0 is not an

upper gradient for u.

Remark: The interesting cases do not have p = 0 as an upper gradient As we stated in
Remark 3.1, we only need to verify the upper gradient inequality for curves that connect different fibers
of u. If these curves does not exists, then we are working on the particular case of Lemma 3.1.5, for
which we already have a characterization. Therefore, we may implicitly assume that p = 0 is not an

upper gradient.

Now, we broke the necessary condition on u of Lemma 3.1.5. This is detailed in the next:

Counterexample 3.1.7: Upper gradients are not compatible limit

Consider the space X = R?, with d > 2, which has only one rectifiable component. Now, let u the Dirac
delta. Since u is not constant in R, it follows form Lemma 3.1.5 that p = 0 is not an upper gradient for w.
Next, we will define another upper gradient, pg, for v that will shown the non-compatibility with the limit.
To show the existence of such pg, and to fix this issue in the upper gradient definition we will use the notion
of p—modulus of a family of curves.

Notice that by the definition of u, it has only two nonempty fibers, which are:

RPN R ()" if ¢ =1,
B [{c}]_{Rd\{O} if ¢ = 0.

Define T" as the family of all the locally rectifiable curves that connect two different fibers of uw. Clearly, T’
is the family of all locally rectifiable curves in R? with an endpoint at the origin. From theorem 2.5.10, we
have that I' is p—null for all 1 < p < d. Then, from p—exceptionality criterion, we have that there exist a

p—integrable nonnegative Borel function py: X — [0, 00| such that
/po ds = o0 Vv eT. (3.1.8)
.

The above identity proves the nontrivial upper gradient inequalities, then, pg is an upper gradient for u.
Furthermore, notice that for each ¢ > 0, epg also satisfies (3.1.8). Thus, epy satisfies the nontrivial upper
gradient inequalities. Therefore, epg is an upper gradient for u. Nevertheless, the limit of €pg is the function
0, which we have already mentioned is not an upper gradient for u. Therefore, upper gradients are not
compatible with limit.

We do not have this issue if we discard the family I', we can do it without loss of information from the measure
theoretical point of view because I' is p—null. Then, the we can generalize upper gradients by p—modulus of

a family of curves. Later, we will prove that the generalization by the p—modulus is compatible with limits.

The following result give us several trivial examples of upper gradients functions.

Proposition: Let u: X — Z an arbitrary mapping between metric measure spaces then:

1. If X has no nonconstant rectifiable curves then any nonnegative Borel function p is an upper gradient

of u.

2. If w is constant then any nonnegative Borel function p is an upper gradient for w.
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Proof:

1. Since X has no nonconstant rectifiable curves we have that the only rectifiable curves are constant therefore

both terms of the upper gradient inequality for (u, p) over a rectifiable curve ~ is zero.

2. Since u is constant the left-hand side of the upper gradient inequality is zero then does not matter whose

is p.

3.1.2 Basic properties

We must be careful with the concept of upper gradient since by generalizing the notion of derivative we lose
several of his properties, including the uniqueness, this is because upper gradients are increasing. This can be

seen in the next:

Lemma 3.1.9
If p is an upper gradient of u : X — Z and o is an nonnegative Borel function such that ¢ > p then ¢ is an

upper gradient for u.

Proof: First, note that it makes sense for o to be an upper gradient, because o > p > 0. Now, let v: [a,b] = X

a rectifiable curve since p is an upper gradient we have

d7(u(1()), u(+(b)) < / p ds

Y

S/ods,
¥

then the upper gradient inequality holds for every v: [a,b] — X an arbitrary rectifiable curve we conclude that

Since o > p.

p is an upper gradient.
[ ]

From Lemma 3.1.9 follows immediately the following:

Corollary 3.1.10: If p is an upper gradient of v : X — Z and o is an nonnegative Borel function then

p+ o,max{p,c} are upper gradients for u.

Remark

1. No uniqueness. Lemma 3.1.9 shows that there are many upper gradients and suggest that for
the uniqueness we must consider the "minimal" upper gradient nevertheless Counterexample 3.1.7
shows that the minimal of a strictly upper gradient might not be an upper gradient again. In

Section 3.2.2 we ask for condition to consider minimal upper gradients.

2. The natural lattice structure for the family of upper gradients. As we mentioned we are
looking for taking minimal upper gradients and Corollary 3.1.10 also shows upper gradients are

closed to taking maximums therefore the upper gradients will have a lattice structure.

Now we continue proving results that give us examples of upper gradients:

Proposition 3.1.11: If u : X — Z is L—Lipschitz then p = L is an upper gradient for u.
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Proof: Let «v: [a,b] — X a rectifiable curve. Since u is L—Lipschitz we have:

dz(u((a)),u(v(b)) < Ldx (v(a),
< Llength~y

> Since p = L.
= /p ds.
5

since v: [a,b] — X an arbitrary rectifiable curve we conclude that p is an upper gradient.

b
(b)) Q By the definition of length(v).

We can extend Proposition 3.1.11 with the composition and obtain a kind of chain rule for upper gradients:

Proposition 3.1.12: If p is an upper gradient for v : X — Z and f : Z — W is L—Lipschitz then Lp is an
upper gradient fou: X — W.

Proof: Let 7y: [a,b] — X a rectifiable curve. Since f is L—Lipschitz we have:
dw ((f ou)(v(a)), (f o u)(’y(b))) < LdZ(u(’Y(a))vU(’y(b))) Becasue p is an upper

grac 1en /()/ u ana
v

then the upper gradient inequality holds for every v: [a,b] — X an arbitrary rectifiable curve we conclude that
Lp is an upper gradient for f o u.
|

From Proposition 3.1.12 follows immediately the next:

Corollary 3.1.13: If p is an upper gradient for v : X — Z and zy € Z then p is an upper gradient for
d(u, 2p).

Proof: We know that d(-, zo) is 1—Lipschitz and by hypothesis p is a upper gradient for u, by Proposition 3.1.12
we have that p = 1p is an upper gradient for d(u, z9) = d(-, 20) © u.
|

Another elementary but important fact is the compatibility of upper gradients with restrictions:

Lemma 3.1.14: Compatibility with restrictions |

If p is an upper gradient for u: X — Z and A C X then p |4 is an upper gradient for u | 4. ’

Now we are looking for extend the properties of usual derivative to upper gradient, in the next result we prove

a weaker property than linearity:

Lemma 3.1.15: The family of upper gradients is a convex set |

If p1, po are upper gradients for u : X — Z then for every A € [0, 1] we have that Ap; + (1 — X)p2 is an upper

gradient.

Remark 3.1.16

1. Lemma 3.1.15 cannot be extend to any linear combination of p;, p2 This is because an
upper gradient must be nonnegative nevertheless any linear combination of p;, po might not satisfy

be nonnegative.

2. Even Lemma 3.1.15 cannot be extended for positive linear combinations This is because
the left-hand side of the upper gradient inequality is a specific nonnegative value. This value is not

preserved for general positive linear combinations.
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Then we must be careful when we consider linear combinations of upper gradient. Now with the necessary

precautions, we will extend Lemma 3.1.15.

Lemma 3.1.17: (Weak) linearity for upper gradients |

Let (Z,]|]) is a normed space and for ¢ = 1,2 we have that p; is an upper gradient for u; : X — Z. If
A1, A2 € R then |A1|p1 + |A2] p2 is an upper gradient for Auj + us.

Proof: Let 7: [a,b] — X a rectifiable curve. By the triangle inequality and the homogeneity of the norm we

have:

[(Arur + Aouz)(y(a)) — (Aur + Aguz) ((b))| < [Ar] [ur(v(a)) — ua(v(b))]
+ A2l [uz(v(a)) — uz(~(0))| \ Since p; is an upper gradient for u;.
< / |/\1| o1+ I/\2| P ds. Z Linearity of the integral.
¥

then the upper gradient inequality holds for every ~: [a,b] — X an arbitrary rectifiable curve we conclude that
[A1] p1 + |A2] p2 is an upper gradient.
|

Remark: The absolute value is necessary That is because an upper gradient must be nonnegative
as we mentioned in Remark 3.1.16. To made the terminology friendly as possible we say that the property

of Lemma 3.1.17 is the linearity for upper gradients.

Now, we summarize all these basic results in the next:

Theorem: Basic properties of (weak) upper gradients

1. . If p is an upper gradient of u : X — Z and o is an nonnegative Borel function such that o > p then
o is an upper gradient for u. Moreover if p is an upper gradient of u : X — Z and o is an nonnegative

Borel function then p + o, max {p,c} are upper gradients for w.

2. Upper gradient for Lipschitz functions. If v : X — Z is L—Lipschitz then p = L is an upper

gradient for wu.

3. Chain rule. If p is an upper gradient for v : X — Z and f : Z — W is L—Lipschitz then Lp is an
upper gradient fowu: X — W. Particularly we have if p is an upper gradient for v : X — Z and zg € Z

then p is an upper gradient for d(u, zo).

4. Compatibility with restrictions. If p is an upper gradient for v : X — Z and A C X then p |4 is

an upper gradient for u | 4.

5. The family of upper gradients is a convex set. If p;, ps are upper gradients for u : X — Z then
for every A € [0,1] we have that Ap; + (1 — A)p2 is an upper gradient.

6. (Weak) linearity for upper gradients. Let (Z, |-|) is a normed space and for ¢ = 1,2 we have that

pi is an upper gradient for u; : X — Z. If A € R then |\1| p1 + |A2| p2 is an upper gradient for Auj + us.

Now that we have summarized all the results, we take this opportunity to mention that all these results apply

to weak upper gradients.

3.2 Weak upper gradients

In this section we prove some properties p—weak upper gradients.
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3.2.1 Absolute continuity on curves

We star defining the notion of a function absolutely continuous on a curve.

Definition: Absolute continuity on curves

Let v be a rectifiable curve on a metric space X. A map u : X — Z is said to be absolutely continuous

on a curve v if uo~,: [0,length(y)] — Z is absolutely continuous.

Now we find sufficient conditions to have absolute continuity on curves.

Lemma 3.2.1: Absolute continuity on curves and upper gradient inequality

Let w: X — Z a map and ~ a rectifiable compact curve. If p: X — [0, 00| is a Borel function integrable

over ~ such upper gradient inequality (u, p) holds as well as on each every compact subcurve of . Then u

is absolutely continuous on .

Proof: Since p is integrable on ~, it follows that:

length(vy)
/p ds = / p(7s(t)) dt < oo. (3.2.2)
o 0

From the absolutely continuity of the integral, it follows that for ever € > 0 there exists § > 0 such that: For
all E C [0,length(~)] satisfies the following implication:

mi(E) <46 = /Ep('ys) dt <e

Now, consider { [ai,bi]}le a family of nonoverlapping subintervals of [0,length(y)] with Zle |b; —a;] < 0.
Then:

k k
mi <U [a“bl]> :Z|bi—&i‘ < 4.
i=1 i=1

Thus, from (3.2.2), it follows that

/ p(vs) dt <e
Ur_; [ai,b4]

k

> / p(vs) dt =
[ai,bs]

i=1

k )
{lai, bi]};_, are nonoverlapping.

The upper gradient inequality (u, p) holds

N 7N ~

k
Zdz (U, (’Ys(bi)) y U (’Ys(ai))) <

This proves that u o 4 is absolutely continuous. Therefore, u is absolutely continuous on ~.

Remark: In Lemma 3.2.1 it is not required that p be an upper gradient of u This is because
we only require that the upper gradient inequality holds in v as well in all subcurve. Thus, the upper
gradient inequality could be not fulfilled in all the other curves. Of course if p is an upper gradient the

conclusions of Lemma 3.2.1 holds.

3.2.2 Maps with p—integrable upper gradients

Now, we will prove that when we have an p—integrable p—weak upper gradient, we have automatically absolute

continuity properties.
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Lemma 3.2.3: p—integrable p—weak upper gradients and absolutely continuity

Let p : X — [0,00] a p—integrable p—weak upper gradient of u : X — Z. Then p—almost every compact
rectifiable curve v in X have the following property: p is integrable in « and the upper gradient inequality

for (u,~y) holds as well as on each every compact subcurve of ~.

Special case

Every map u : X — Z with a a p—integrable p—weak upper gradient is absolutely continuous on p—a.e.

compact curve in X.

Proof: First, define T'; as the family of the compact curves that (u, p) does not hold in 4. Since p is a p-weak
upper gradient of u, it follows that I'; is p-exceptional. Since p is p-integrable, from Lemma 2.2.5, we have
T'(X)\T (p) is p-exceptional. Therefore, I'y, I' (X) \ T' (p) are p-exceptional. Thus, T'y :=T7 U (I'(X) \ T (p))
is p-exceptional. Finally, defining I" as the family of all compact curves that have a subcurve in T'y, then by
definition I'g < T, hence T is p-exceptional.

Obviously, the curves such that does not hold the desired property is contained in I'. Therefore, the desired

property holds p—almost every compact rectifiable curve v in X.

From the first part, we have Lemma 3.2.1 hypothesis for p—almost every compact rectifiable curve in X. Then,
u is absolutely continuous on p—a.e. compact curve in X.
|

The useful version of the above theorems is as follows:

Lemma 3.2.4: Absolute continuity and upper gradient inequality

1. Let u: X — Z a map and v : [0,length(y)] — X a rectifiable curve parametrized by its arc length. If
p: X — [0,00] is Borel function such that is integrable on v and the upper gradient inequality holds
for the pair (u, p) on 7 as well as on each compact subcurve of v. Then w is absolutely continuous on

~ and the inequality

[(wo) ()] < (por) () (3.2.5)
holds for m; —almost every ¢ € [0, length(v)].

2. If p: X — [0,00] is a p—integrable p—weak upper gradient of u : X — Z then the inequality (3.2.5)
holds p—almost every rectifiable curve v : [0, length()] — X parametrized by its arc length.

3. If u has a p—integrable p—weak upper gradient and if p is a nonnegative p—integrable Borel measurable

function such that the inequality (3.2.5) holds for p—a.e. absolutely continuous rectifiable curve. Then

p is a p—weak upper gradient.

Proof:

1. The absolute continuity is inherited by the absolutely continuity of the integral. Then, we can invoke the

classical comparison with the metric derivative, considering ¢ € [0, length(y)) and h € (0, length(y) — ?)

u o u o t+h
e e i e as -
dz((uov) (t), (woy) (t+h)) 1 [t+h > Taking limit.

h

< lim — (pony)(s) ds. (3.2.6)

lim
~Rrloh J,

hl0
From Theorem 1.3.13 and the Lebesgue’s differentiation theorem, it follows that for mj;—almost every
t € [0,length(y)], applying these theorems in the inequality (3.2.6) we conclude that (3.2.5) holds for
my—almost every ¢ € [0, length(y)].
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2. Notice that we have the hypothesis of Lemma 3.2.3 then for p—almost every rectifiable curve v: [0, length(y)] —
X parametrized by its arc length have the hypothesis of Item 1 therefore this result holds.

3. Notice that we have the conditions of Item 1, then we can use the fact: the inequality

b
d(y(a), (b)) < / W ()] dt.

holds for p—a.e. curve conclude that the upper gradient inequality holds; this proves that p is p—weak
upper gradient.

In summary, above results shows that p—integrable p—weak upper gradient have automatically the properties
of absolute continuity on curves. This is the principal difference between the classical theory of Sobolev spaces
as we have discussed in Remark 2.6 and remark 1.6.11. In the next section we will all this properties to prove
that a special ty of functions are in W17 ().

3.3 Potentials

We will start by giving the general definition of potential.

Definition: Potential
Let X be a topological space and E, F C X be (closed and nonempty) subsets of X. A potential (E, F)
is a function f: X — R such that f is 1 in precisely one of the sets and 0 in the other set.

Now, we starting to defining the bases of potential theory. We will start by defining a notion related with
p—weight:

Definition: Best density from a set to a point

Let X be a metric space. For a nonnegative Borel function p: X — [0,00] and E C X. We define p—pseudo-

potential of x with respect E as:

pe(z) = inof /pds (3.3.1)

V€L (z,E)

and, we define the p—pseudo-potential function with respect to E, pg: X — [0,00] as function
defined pointwise by (3.3.1).

E

Figure 3.3.2: T' (z, E).

Some considerations

The value of pg(z) depends on the curves of I'(z, E') and p. Therefore, in general the function pr depends

on p and on the curves I' (£, F'). We will omit this fact in the notation for simplicity. However, you should

keep this dependence in mind.
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In the following result is clear the reason why this the function pg is called pseudo-potential.

Proposition 3.3.3: Let X be a metric space p: X — [0,00] be a nonnegative Borel function. Then, the

pseudo-potential with respect to a closed nonempty subset F' C X, pp, satisfies pp = 0 over F.

Furthermore, if E C X is a closed nonempty subset such that is disjoint with F', and we consider p € D(E, F).
Then, pr > 1 over E.

Proof: Let x € E. Since x € E, the constant curve ¢, satisfies ¢, € I'(z, E), and for this curve, we have
J. pds = 0. Therefore, pr(z) = 0.

Now, we will study what happens in the special case. Let x € E. Then I'(z, ) C I'(E, F), since p € Dr(g, ),

we have:
1§/pds. ve(x, F)
y
Therefore:

= inf ds > 1.
prie)= /f =

Of course, the pseudo-potential pr(z) can be infinite, even in the special case of Proposition 3.3.3. For example
if p = oo, then, pg is not necessarily a potential. However, if we bound pg taking a minimum with the constant
1, this could fix the issue. Considering this, we will prove in Proposition 3.3.6 that this fixes the problem. This

motivates the following:

Definition: Potential between sets

Let X be a metric space and E, F' C X be (closed) disjoint subsets. For any admissible density p € Dp g, p).
We define p—potential of x with respect E as:

froe(@) = min {pr (o), 1) =min{_jot [ pas1}, (3.4

veTl'(z,F)

and, we define the p—potential function of F with respect to E, fg r: X — [0,00] as function
defined pointwise by (3.3.4).

E F

Figure 3.3.5: Elements of fg p.
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Proposition 3.3.6 (fg r is well defined): Let X a metric space and E, F C X disjoint sets. If p €
Dr(g,r), then fg r is well defined. That is:

fE,F =0 on F,
fE,FZl on E.

Proof: Let x € E. Then I'(z, E) C T'(E, F'), since p € Dr(g, ), we have:

1§/pds. veT(x, F)
8!

From this inequality and the definition of fg r we have fg p(x) = 1. The equality fg r = 0 on F is due to
Proposition 3.3.3.
|

Now, we will relate the pseudo-potential fr with concatenation. Recall this definition is:

Definition: Concatenation

Let X be a metric space. For ¢ = 1,2 we consider 7;: [0,a;] — X compact curves in X such that v;(a;) =

72(0). The concatenation is the function 1 * v2: [0, a; + as] — X given by

~1(t) if t € [0,a4],

71 % 72(t) = _
Yot —ay) if t € [a1,a1 + ag].

Clearly, we have the following results:

Proposition: If v is a curve from y to x in a topological space X, then:
v+ T'(z, E) C T'(y, E). (3.3.7)

Furthermore, this contention holds considering special conditions on the curves and space. For example, this

contention holds considering rectifiable curves.

E

Figure 3.3.8: Concatenation and the family of curves I'(z, F)

In general the contention (3.3.7) is strict. As we argument in the following:

Counterexample: The contention (3.3.7) is strict

From the definition of concatenation, all the curves of v*T'(y, F') pass through z. However, not all the curves

in I'(y, F') pass through x. Therefore the contention in general is strict.
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Proposition 3.3.9: Let f: X — [—00, 00| a measurable function in a metric measure space X. Then

/ fds= fds+ fds
Y1*Y2 71 Y2

With these previous results we will prove an useful potential identity:

Lemma 3.3.10: Estimates of the pseudo-potential in point

Let X be a metric space and p: X — [0, 00] be a nonnegative Borel function. Consider vz locally rectifiable

curve from y to z. Then

pe(Y) S/ p ds + pp(x) (3.3.11)
i

Proof: Let v € I'(z, F) arbitrary. From Proposition 3.3.9, we have

/

pds:/ pds+/pds
ey R K > Taking infimums.
inf / pds= inf (/ pder/pds)
el (z,F el (z,FE
Ve E) Vb TEr@E) Vo v > inf(z + A) = x + inf A.
inf ds = / ds+ inf / ds. 3.3.12
€l (z,E) /;/Ln*,Y P R P vyel(z,E) v p ( )
Recall (3.3.7), we have that 55z, *[(y, F') C T'(x, F); then, {fv-z pds |y eT(x, E)} C {f7 pds|vyeT(z, F)}
Therefore, inf, cp(,,r) f,y pds <infcpe m) fy1 p ds From this inequality and (3.3.12) follows:
Exy
inf /pdsg/ pds+ inf /pds
vel(z,F) J, Yo V€l (z.E) J, > fp definition.
pe@) < [ pdspeo)
T
|

As we have already noted, the pseudo-potential can be infinite. Thus, we must be careful when extending

(3.3.11) to fg,r. The extension to this function is proven in the following:

Lemma 3.3.13: Estimates of the pseudo-potential in point

Let X be a metric space and E, F' C X closed disjoint sets. Let p € D(E, F) an admissible density. Consider

Yz locally rectifiable curve from y to . Then

fer(y) < / pds+ fe r(v) (3.3.14)
Vi

Proof: From (3.3.11), it follows that
fer) < [ pds+pe(a).
ez

.
If prp(z) < 1, the previous inequality proves (3.3.14). Now, lets suppose that pg(x) > 1, then fg p(x) = 1.

Therefore:
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From Lemma 3.3.13 follows immediately the next:

Corollary 3.3.15 (p is an upper gradient of fr p): Let X be a metric space and E,F C X closed
disjoint sets. Let p € D(E, F') an admissible density. Then p is an upper gradient of fg r.

Proof: Consider v: [a,b] — X any rectifiable curve, define z = v(a),y = ~v(b). Applying Lemma 3.3.10 to
the curves v;; = 7 and taking the canonical v, we obtain two versions of (3.3.11); using both of them, and

Yz
f%ﬁ pds = fwﬁ p ds, we obtain:

fer(@) = For(y)| < / p ds
Vg > Definition of x,y and yg.

|fe.r(v(a)) = fer(v(D))] < /p ds.

This proves that (fg, r, p) satisfies the upper gradient inequality on any locally rectifiable curve v in X.

3.3.1 Relationship between modulus and potential

Considering the requirements and the previous definitions, we have the following:

Theorem 3.3.16: fp r is weakly differentiable

Let E, F' C R™ be closed nonempty disjoint sets. Let p € Dp(g,r) an admissible density. If p € LP(€2). Then,
the following statements holds:

1. fg.p € LYP(R™) for all 1 < p < co. Therefore, fg r is weakly differentiable.

2. p is a p—integrable p—weak upper gradient for fg p. Furthermore, the inequality |V fg r| < p holds

almost everywhere in . Thus, V fg r is p—integrable.
3. |Vfe,r|is an admissible density for I'(E, F') \ T'g, where I'y is a p—null family of curves.

4. Considering that fp r depends on p € Drg ry, fe,r = fe,r(p), we have that Mod,(I'(E, F)) is
computed only by the p—energy of the gradient of the potential associated with the admissible density.
That is

Mod,(I(E, F)) = _ inf /|VfE,F<p>|p
PEDT(E.F) J X

Proof:

1. First notice that fg p is bounded by 1, thus fpr € L{ (2). From Corollary 3.3.15, we have that p
is a p—integrable upper gradient for fg p. Particularly, p is a p—integrable p—weak upper gradient.
Thus, from Lemma 3.2.3, it follows that fg r is absolutely continuous on p—almost every compact curve
contained in €, particularly it is absolutely continuous the parallel curves to the axis. Therefore, fg r is

ACLP on lines, from Lemma 2.6.1, we conclude that fg r is weakly differentiable.
2. Recall from Corollary 3.3.15, we have that p is p—integrable upper gradient of fg r. Therefore, p is a
p—integrable p—weak upper gradient of fg p.

Let us define the curve w(z,t): [0,t] — Q as the line segment from z to x + tw parametrized canonically,
define T" as the family of all of those curves. From Item 2 of Lemma 3.2.4, it follows that for p—a.e. curve
in T

|(fe.pow(z,5)) ()] < (pow(z,s)) (t) (3.3.17)
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holds for m;—almost every ¢ € [0,%o]. From Lemma 2.6.10, we can consider that we are in the set where all
the partial directional derivatives exists. Therefore, |V f(z)| exists, thus we can consider the computation,

if Vf(xz) = 0 the inequality holds, then, suppose that |V f(x)| # 0. Then, we can evaluate (3.3.17) in

— Vi(xo)
0~ Vil
classical results of calculus for the directional derivative, then evaluating (3.3.17) in the correspondent ¢

w where x¢ is any point of € for which wy exists. From the definition of zo we can use the

for which w(z,tg) = xo, we obtain:

IV fz.r?
At L .
|V fEFl Y nr] S p (o)

Therefore, the inequality |V fg r| < p holds almost everywhere in (2.

. Since p is a p—integrable p—weak upper gradient for fg r, it follows that there exists I'y a p—null family

of curves such that every v € T'(X) \ T'y satisfies:

(a) The upper gradient inequality holds 7 as well on every subcurve.

(b) The derivative of fg p exists almost everywhere on .

Then, we can use Corollary 1.5.23 and since fg r is a potential we have
[ 19fe.rl 2 e (6 ) =~ frr (@) = 1
y

this proves that |V fg r| is an admissible density for I'(E, F') \ T'y.

. Let us define M as follows:

M=t [ V).

PEDr(E,F)

Now, we will prove that:

(Mod,(T(E,F) < M)

Since T'g is p—null, from p—exceptionality criterion, there exists pg: X — [0,00] a Borel nonnegative
p—integrable function that satisfies

/pods:oo Vy e Ty.
~

For any € > 0 consider the function

pe =epo+|Viprl,
from Lemma 2.2.12, we have that p. are admissible densities for ' (E, F'), then

Mod, (N(E,F) < [ ot
b's
Taking the limit ¢ — 0 and by Lemma 2.2.12, we have p. — |V fg r| pointwise as ¢ — 0.
Mod, (N(E,F)) < [ [Vierl
b's

since fg, p is arbitrary, we conclude

Mod,,(I'(E, F) < M.

(M < Mod,(T'(E, F))
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From the definition of M and Item 2, we have:

MS/ |VfE,F|p§/ pr.
X X

Since p € Dp(g, ) is arbitrary, we obtain M < Mod,(I'(E, F).

This proves that the modulus Mod, (I'(E, F') only considering the norm of the gradient ot the potentials.

The conclusion is that the potentials associated to admissible densities provide a better family
of functions to compute Mod, I'(E, F) in an Euclidean space.
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Index

Absolute
continuity
of curves, 30
on curves, 32, 87
on lines, 35
Admissible
density, 47
Arc length

parametrization, 29

Ball
closed, 1, 2
open, 1, 2
Borel

measure, 9

Component
rectifiable, 26
Concatenation
curves, 25, 91
rectifiability, 25
Continuous
absolutely
curves, 30
Cover
d—cover, 14
Curve, 23
closed, 23
compact, 23
constant, 23
endpoints, 23
half-open, 23
heavy, 33
length, 24
nonrectifiable, 24
open, 23
rectifiable, 24
locally, 24
subcurve, 23

Curves

concatenation, 25, 91

rectifiability, 25

Cylinder
edges, 64
generalized, 64
subcylinder, 64

d—cover, 14
Decomposition
parallel
hyperplane, 34
lines, 34
Density, 33
admissible, 47
refined set, 50
Derivative
Dini, 22
measures, 19
Dini
derivative, 22
Dirichlet
space, 44
local, 44
Distance
set, 4
Doubling
measure, 19

metric space, 19

Energy

p—energy, 44
entry, 16
Extension

measure, 7

F,, 2
Fys, 2
Family
curves
majorizes, 53
p—exceptional, 52
Fuglede
lemma, 71
Function
Lipschitz, 4
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measurable, 6
upper gradient pair, 81
weakly differentiable, 43
Gs, 2
G607 2
Generalized

cylinder, 64

Gluing lemma, 6

Hausdorff
measure, 15
Heavy

curve, 33

Inequality

triangle, 1

upper gradient, 81
Integral

line

metric measure space, 32

Interval

paerameter, 23

Lemma
Fuglede, 71
gluing, 6

Length, 27
in a set, 58

Lipschitz
constant, 4
function, 4

p—measurable set, 7
Measurable
set, b
Measure, 6
Borel, 9
Borel regular, 10
derivative, 19
doubling, 19
extension, 7
Hausdorff, 15
outer, 7
Radon, 13
Regular, 10
Borel, 10
regular, 9
outter, 9
restriction, 8

space, 9, 6

Metric, 1
discrete, 1

Modulus
curves, 49

Mollification, 40
Mollifier, 38
standard, 39

p—a.e. curve, 52
p—almost eevery curve, 52
p—energy, 44
p—exceptional

family of curves, 52
Parameter

interval, 23
Potential, 89

p—heavy, 33
Radon

measure, 13
Rectifiable

component, 26
Regular

measure, 10
Regularization, 40
Restriction

measure, 8

o—algebra, 5
Section
set, 34
Set
desnsities
refined, 50
measurable, 5
totally
bounded, 3
Space
Dirichlet, 44
local, 44
discrete, 1
measurable, 5
measure, 6
Metric, 1
metric, 1
doubling, 19
metric measure, 16
Sphere, 2

Totally

INDEX
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bounded, 3

Upper gradient, 81
weak, 81

Variation, 20

Weak
derivate, 43
gradient, 43
upper gradient, 81
Weakly
differentiable, 43
Weight
p—weight, 33
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