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Resumen

En este trabajo desarrollamos teoria de dispersion directa para operadores de Schrodinger
unidimensionales, discretos y con valores matriciales. Estos operadores, entendidos como
operadores de Jacobi con valores matriciales, son analogos discretos de los operadores de
Sturm-Liouville y describen interacciones entre vecinos mas cercanos en una linea discreta. Al
permitir que los coeficientes sean matrices autoadjuntas, generalizan los operadores de Jacobi
escalares clasicos y capturan dindmicas mas complejas relevantes para sistemas cudnticos
multicomponentes.

Un objetivo central de nuestro trabajo es el analisis detallado de la matriz de dispersion aso-
ciada a tales operadores, con especial énfasis en sus propiedades analiticas y sus implicaciones
espectrales. Para lograr esto, utilizamos el enfoque estacionario de la teoria de dispersion, en
el cual la matriz de dispersién se construye mediante los valores a la frontera de los operadores
resolventes correspondientes al operador perturbado y al no perturbado. Este enfoque nos
proporciona una representacion explicita y analitica de la matriz de dispersién en términos
de funciones propias generalizadas.

La construccién comienza con una expansién completa en funciones propias del operador libre
H,, basadas en funciones propias generalizadas acotadas.

Luego, las funciones de onda para el operador perturbado pueden obtenerse a través de
una ecuacién de Lippmann—Schwinger que involucra los valores limite del resolvente. Bajo
supuestos adecuados de decaimiento del potencial, la ecuacion de Lippmann—Schwinger se
reduce a una ecuacion integral de tipo Volterra, que puede resolverse mediante aproximaciones
sucesivas. Las soluciones resultantes se conocen como soluciones de Jost.

Estas soluciones de Jost constituyen el nicleo de nuestro andlisis. Nos permiten definir y
estudiar la matriz de dispersién en energias dentro del espectro absolutamente continuo del
Hamiltoniano completo. Ademas, las propiedades analiticas de su continuacién analitica en
el parametro espectral complejo nos proporcionan informacién sobre los estados acotados y
los estados semi-acotados del Hamiltoniano completo.

También presentamos una representacion alternativa de las soluciones de Jost como una ex-
pansién en una serie que involucra las soluciones de Jost libres. Esta formulaciéon se conoce
como operador de transformacion y desempena un papel clave en el analisis de problemas
inversos de dispersion. En nuestro caso, utilizamos esta expresion para derivar estimaciones
asintdticas de las soluciones de Jost en el limite de alta energia. Estas estimaciones asintoticas,
junto con las propiedades analiticas de la matriz de dispersion, concluyen en la formulacion
y demostracién de una version discreta y matricial del teorema de Levinson, que relaciona el
cambio de fase total de la matriz de dispersién con el nimero de estados acotados y semi-
acotados.

Finalmente, establecemos rigurosamente la equivalencia entre las formulaciones estacionaria
y dependiente del tiempo de la teoria de dispersién en este entorno discreto con valores
matriciales.



En el Capitulo 4 se presentan resultados que no estan incluidos en ningin articulo de investi-
gacion y que son producto de mi colaboracion con Volker Bach, Miguel Ballesteros, Jonathan
Giovanni Gil, Ivan Naumkin y Diego Terrazas. En particular, el capitulo incluye contribu-
ciones de Jonathan Giovanni Gil Juarez y Diego Martin Terrazas Hernandez.

Este capitulo se incluye en la presente tesis porque constituye un trabajo en coautoria conmigo,
tomando en cuenta las precisiones senaladas en este parrafo. Cabe aclarar que no representa la
parte principal de mi tesis doctoral: mi contribucién mas importante se presenta en los demas
capitulos, cuyos resultados fueron publicados en tres articulos de investigacién [8, 9, 10], en
coautoria con Miguel Ballesteros, [van Naumkin y Hermann Schulz-Baldes.

Los Capitulos 4.1.1 y 4.2 contienen el estudio del operador resolvente y el principio del limite
de absorcién, que seran incluidos en los articulos y tesis referidos anteriormente. Asimismo,
las Secciones 4.4 y 4.3 formaran parte de articulos posteriores. En estas tltimas se construyen
los operadores de Fourier generalizados y la fibracién del operador de dispersion.



Zusammenfassung

Wir entwickeln eine direkte Streutheorie fiir eindimensionale, diskrete, matrixwertige Schro-
dinger-Operatoren. Diese Operatoren, dargestellt als matrixwertige Jacobi-Operatoren, sind
diskrete Analoga zu Sturm-Liouville-Operatoren und beschreiben Wechselwirkungen zwischen
nachsten Nachbarn auf einer diskreten Linie. Durch das Erlauben matixwertiger, selbstad-
jungierter Koeffizienten verallgemeinern sie klassische skalare Jacobi-Operatoren und beschrei-
ben komplexere Dynamiken, wie sie in Mehrkomponenten-Quantensystemen auftreten.

Ein Hauptziel dieser Arbeit ist das detaillierte Studium der Streumatrix solcher Operatoren,
insbesondere im Hinblick auf ihre analytischen Eigenschaften und Konsequenzen fiir das Spek-
trum des Hamiltonoperators. Zu diesem Zweck verwenden wir den stationaren Zugang zur
Streutheorie, bei dem die Streumatrix iiber die Randwerte der Resolventen der gestorten und
ungestorten Operatoren konstruiert wird. Dieser Zugang ermoglicht eine explizite analytische
Darstellung der Streumatrix in Form verallgemeinerter Eigenfunktionen.

Ausgangspunkt der Konstruktion ist eine vollstandigen Eigenfunktionsentwicklung des freien
Operators Hy, basierend auf beschréankten verallgemeinerten Eigenfunktionen.

Die Wellenfunktionen des gestorten Operators erhélt man durch eine Lippmann—Schwinger
Gleichung, die die Randwerte der Resolvente beinhaltet. Unter geeigneten Abfallbedingungen
an das Potential vereinfacht sich diese Gleichung zu einer Volterra-Typ-Integralgleichung, die
durch sukzessive Approximationen gelost werden kann. Die entstehenden Losungen sind als
Jost-Losungen bekannt.

Diese Jost-Losungen bilden den Kern unserer Analyse. Sie ermoglichen die Definition und
das Studium der Streumatrix fiir Energien im absolutstetigen Spektrum des vollstandigen
Hamiltonoperators. Dariiber hinaus liefert die analytische Fortsetzung der Streumatrix im
komplexen Spektralparameter Informationen iiber gebundene und halbgebundene Zustande
des Hamiltonoperators.

Wir betachten zudem eine alternative Darstellung der Jost-Losungen als Reihenentwicklung,
die auf den freien Jost-Losungen basiert. Diese Darstellung ist als Transformationsopera-
tor bekannt und spielt eine zentrale Rolle in der inverse Streutheorie. Wir verwenden sie,
um asymptotische Abschatzungen fiir die Jost-Losungen im Hochenergiegrenzfall abzuleiten.
Diese Abschatzungen, kombiniert mit den analytischen Eigenschaften der Streumatrix, fithren
zur Formulierung und zum Beweis einer diskreten matrixwertigen Version des Levinson-
Theorems, welches die Phasenverschiebung der Streumatrix mit der Anzahl der gebundenen
und halbgebundenen Zustiande verkniipft.

AbschlieBend zeigen wir die Aquivalenz des stationdren und des zeitabhingigen Zugangs zur
Streutheorie im betachteten diskreten matrixwertigen Kontext.
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Im Kapitel 4 werden Ergebnisse prasentiert, die in keinem Forschungsartikel enthalten sind
und die aus meiner Zusammenarbeit mit Volker Bach, Miguel Ballesteros, Jonathan Giovanni
Gil, Ivan Naumkin und Diego Terrazas hervorgegangen sind. Insbesondere enthalt dieses
Kapitel Beitrage von Jonathan Giovanni Gil Juarez und Diego Martin Terrazas Hernédndez,
die Teil ihrer jeweiligen Dissertationen sind.

Dieses Kapitel wird in die vorliegende Dissertation aufgenommen, da es eine gemeinsame Ar-
beit mit mir darstellt, unter Berticksichtigung der in diesem Absatz genannten Préazisierungen.
Es ist jedoch hervorzuheben, dass es nicht den Hauptteil meiner Doktorarbeit darstellt; mein
bedeutendster Beitrag wird in den tbrigen Kapiteln entwickelt, deren Ergebnisse in drei
Forschungsartikeln [8, 9, 10] verdffentlicht wurden, in Zusammenarbeit mit Miguel Balles-
teros, Ivan Naumkin und Hermann Schulz-Baldes.

Die Kapitel 4.1.1 und 4.2 enthalten die Untersuchung des Resolventenoperators und des
Prinzips des Absorptionslimits, die in den zuvor erwahnten Artikeln und Dissertationen en-
thalten sein werden. Ebenso werden die Abschnitte 4.4 und 4.3 Teil zukiinftiger Artikel und
Dissertationen sein, in denen die verallgemeinerten Fourier-Operatoren konstruiert und die
Faserung des Streuoperators analysiert wird.



Abstract

We develop direct scattering theory for one dimensional discrete matrix-valued Schrédinger
operators. These operators, realized as matrix-valued Jacobi operators, are discrete analogues
of Sturm-Liouville operators and describe nearest-neighbor interactions on a discrete line.
By allowing the coefficients to be self-adjoint matrices, they generalize classical scalar Jacobi
operators and capture more complex dynamics relevant to multi-component quantum systems.
A central goal of our work is the detailed analysis of the scattering matrix associated with
such operators, with particular focus on its analytic properties and spectral implications. To
achieve this, we use the stationary approach to scattering theory, in which the scattering
matrix is constructed via the boundary values of resolvent operators corresponding to the
perturbed and unperturbed operator. This approach gives us an explicit and analytically
representation of the scattering matrix in terms of generalized eigenfunctions.

The construction begins with a complete eigenfunction expansion of the free operator H
based on bounded generalized eigenfunctions.

Then wave functions for the pertubated operator can be obtain through a Lippmann-Schwinger
equation that involves the resolvent’s boundary values. Under suitable decay assumptions on
the potential, the Lippmann—Schwinger equation reduces to a Volterra-type integral equation,
that can be solved via successive approximations. The resulting solutions are known as Jost
solutions.

These Jost solutions form the core of our analysis. They allow us to define and study the scat-
tering matrix at energies inside the absolutely continuous spectrum of the full Hamiltonian.
Moreover, the analytic properties of its analytic continuation in the complex spectral parame-
ter gives us information about the bound state and half-bound states of the full Hamiltonian.
We also present an alternative representation of the Jost solutions as a series expansion
involving the free Jost solutions. This formulation is known as Transformation operator and
plays a key role in the analysis of inverse scattering problems, and we employ it to derive
asymptotic estimates for the Jost solutions in the high-energy limit. These asymptotics,
together with the analytic properties of the scattering matrix, conclude in the formulation
and proof of a discrete matrix-valued version of Levinson’s theorem, which relates the total
phase shift of the scattering matrix to the number of bound and half-bound states.

Finally, we rigorously establish the equivalence between the stationary and time-dependent
formulations of scattering theory in this discrete matrix-valued setting.
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Chapter 4 presents results that are not included in any research article and arise from my
collaboration with Volker Bach, Miguel Ballesteros, Jonathan Giovanni Gil, Ivan Naumkin,
and Diego Terrazas. In particular, this chapter includes contributions from Jonathan Giovanni
Gil Juarez and Diego Martin Terrazas Hernéandez.

This chapter is included in the present dissertation because it constitutes joint work with
me, taking into account the clarifications mentioned in this paragraph. It should be noted,
however, that it does not represent the main part of my doctoral thesis; my most signifi-
cant contributions are presented in the other chapters, whose results were published in three
research articles [8, 9, 10], in collaboration with Miguel Ballesteros, Ivan Naumkin, and Her-
mann Schulz-Baldes.

Chapters 4.1.1 and 4.2 contain the study of the resolvent operator and the limiting absorption
principle, which will be included in the previously mentioned articles and thesis. Likewise,
Sections 4.4 and 4.3 will be part of future articles, where the generalized Fourier operators
are constructed and the fiber decomposition of the scattering operator is analyzed.
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1 Introduction

The aim of this work is to present a study of the direct scattering problem for discrete
matrix-valued Schrodinger operators. These operators are discrete analogues of classical
Sturm-Liouville operators, generalized to act on sequences of vector-valued or matrix-valued
functions. Specifically, we consider operators of the form

(Hp)(n) = (W +1)p(n+1) + (Woy + 1)0(n — 1) + Vatb(n),

where 1(n) € CF, and W,,V, € CE*F is a selfadjoint matrix-valued potential that decays
suitably as |n| — oco.

The spectral and scattering theory of such operators plays a crucial role in understanding
discrete quantum systems with internal degrees of freedom, such as multi-component lattice
models. Moreover, discrete Schrodinger operators are intimately related to orthogonal matrix
polynomials, which satisfy three-term recurrence relations.

Via the spectral theorem, such operators correspond to matrix-valued measures on the real
line. The direct scattering problem involves determining the scattering data, such as the
reflection and transmission coefficients, as well as the discrete spectrum, from a given potential
W, V,. This data forms the foundation for the inverse scattering problem, that conserns in
reconstructing the potential and solving certain classes of nonlinear integrable equations.
The central objects in this theory are the Jost solutions, which are solutions of the generalized
eigenvalue equation asociated to H constructed to have prescribed asymptotic behavior at
infinity. These solutions encode the interaction between the potential and the free evolution
and are used to define the scattering matrix, whose analytic and asymptotic properties are
the main focus of our analysis.

Finally, we bring together the analysis of the scattering matrix in the formulation and proof
of Levinson’s theorem (see Theorem below). This fundamental result relates the total
phase shift of the scattering matrix on the absolutely continuous spectrum to the number
of bound states and half-bound states of the operator H. Levinson’s theorem relates the
analytic properties of the scattering matrix and the spectral content of the operator.

In the final chapter, we study the equivalence between two formulations of the scattering
matrix: the stationary approach developed in the main part of this work, and the more gen-
eral time-dependent scattering theory. While this connection is well known in the context of
one-dimensional scalar Schrodinger operators (see [28], Chapters 4 and 5), we include it here
in the discrete matrix-valued setting for the sake of clarity and completeness.

Let us give a brief description of related works on scattering for one-dimensional discrete
Schrodinger operators. Foundations and inverse scattering theory for the scalar case are laid
out in [12] 16}, 17, I8, 5, 27]. Levinson’s theorem for one-dimensional discrete operators in
the scalar case is proved in [19] and more recently in [I3] 20} 23]. Scattering in a periodic
background is treated in [I5]. Works on the scattering theory for the matrix-valued case
are scarce [20] [0, [7], but the latter two also construct Jost solutions and a scattering matrix
under a moment condition similar as is done below. What is missing in [7], however, is the
fine analysis of the analytic behavior of the Jost solutions and the scattering matrix at the
band edges so that the authors could not conclude that there is a finite number of bound



states nor analyze half-bound states nor prove a Levinson theorem. For scattering theory
for continuous one-dimensional Schrodinger operators with a matrix-valued potential, there
is also abundant literature, most of which is cited in the recent monograph by Aktosun and
Weder [4]. A Levinson theorem in that framework is proved in [3, 2], and an index-theoretic
perspective is given in [21] (in the scalar case, but this readily transposes to the matrix-valued
case, e.g. [11l 20]). Complementary references for scattering theory on matrix Schrodinger
operators and inverse scattering can be found in [22] 4].

The content of this work is structured as follows. We begin with an introduction where
we briefly describe the main objects of study and summarize the key results obtained. In
Section [1.2] we provide a brief introduction to matrix-valued Schrodinger operators, along
with the definition and properties of the transfer matrix, which plays an important role in
technical computations throughout the work. Then, in Section [2, we present some basic
properties of the free Hamiltonian (Discrete Laplacian). Although elementary, these results
are included to fix notation and to highlight several important facts relevant to the study of
discrete Schrodinger operators.

In Section 3] we present a detailed analysis of the direct scattering problem. In particular, we
construct the Jost solutions (see Section , and then study the properties of the scattering
matrix (see Section[3.2). In Section [3.4] we establish a relation between the eigenvalues of the
Hamiltonian and the zeros of the scattering matrix.

Section [3.6]is devoted to the analysis of the scattering matrix at the spectral band edges. We
show how the behavior of the scattering matrix at the band edges is related to the existence
of bounded solutions (half-bound states) of the generalized eigenvalue equation.

In Section we construct the transformation operator, which plays a crucial role in the
study of the inverse scattering problem. This construction is then used in Section to
analyze the high-energy asymptotics of the scattering matrix.

Section [3.10] is dedicated to the proof of Levinson’s theorem, which relates the number of
bound and half-bound states of the operator to the phase shift of the scattering matrix.

In Section [, we study the equivalence between the stationary and time-dependent formula-
tions of scattering theory. We begin by analyzing the resolvent operator and its boundary
behavior, the so called limiting absorption principle (Section . We then construct a uni-
tary diagonalization of the Hamiltonian, known as the generalized Fourier transform, which
provides the key connection between the Jost solutions and the wave operators (Section [4.2)).
In Section [4.3] we prove the existence and completeness of the wave operators and derive their
explicit relationship with the generalized Fourier transform. Finally, we show the equivalence
between the scattering matrix defined in the stationary framework (in terms of Jost solutions)
and the one obtained from the general time-dependent framework via wave operators.

To provide the reader with a general context regarding the content of this work, we begin
with a brief description of the general framework of scattering theory.



1.1 Wave operators and scattering operator

Mathematical scattering theory is accurately described by some authors (e.g., [28]) as a branch
of perturbation theory. Namely, one starts with a “simple” self-adjoint operator Hy, which
is usually referred to as the free operator, and for which one has knowledge of the spectral
properties that pertain to it. That is, one knows for example, its spectrum, absolutely contin-
uous spectrum, essential spectrum, resolvent operators and their boundary values, etc. Then,
after a suitable (in some sense “small”) self-adjoint perturbation V', commonly referred to
as the potential, one obtains an operator H := Hy + V, for which the aim is to study how
the spectral properties are altered. In particular, scattering theory is mainly concerned with
changes in the absolutely continuous part of the spectrum.

Let us illustrate the problem of scattering theory with one of its classical results:

Theorem (Kato-Rosenblum). If H and A are self-adjoint operators, and A is a trace class
operator, then the absolutely continuous parts of H + A and H are unitarily equivalent.

In particular, this theorem implies that
Oac(H) = 0ac(H + A).

One can observe an analogy between this result and Weyl’s theorem concerning the essential
spectrum.

Although, stated in this form it does not explicitly reference scattering theoretic objects, the
Kato—Rosenblum theorem is in fact deeply connected to scattering theory. The proof of the
theorem involves the construction of a unitary operator W between the absolutely continuous
subspaces of the two self-adjoint operators H and H + A, satisfying the intertwining relation

WH = (H+ A)W.

This unitary operator W is known as the wave operator, which is a central object in scattering
theory.

Let us clarify the above. For the sake of simplicity, let us assume that H and H, are defined
on the same Hilbert space H. The unitary equivalence between the absolutely continuous
parts of H and H is closely related to the large-time asymptotic behavior of the solutions to
the associated Schrodinger equations.

More specifically, consider the Schrodinger equation associated with the free operator:

d

ZaU()(t) = HoUo(t), UO(O) = ho S H, ’LL[)(t) = €7itHOh0. (11)
and the Schrodinger equation associated with the perturbed operator:
d —itH
zau(t) = Hu(t), u(0)=heH, u(t)=e""h. (1.2)

If for every hy € HY., the absolutely continuous subspace of Hy, there exist vectors hy € Hae,

the absolutely continuous subspace of H, such that

lim |Ju(t) —u(t)| = lim |e ™ hy — e ™ oho|| = lim [|he — e Hong|| =0, (1.3)
t—+oo t—+oo t—+oo

3



then one can define the following operators, known as the wave operators (or Moller operators,
first introduced by Christian Moller): Wy (H, Hy) : H — H,

Wi(H, Hy)hg := lim e e~"Hop0 p (1.4)
t—do0
where P, denotes the projection onto the absolutely continuous subspace of Hy. It turns
out that W, is a partial isometry with initial space HZ. and final space H,. and satisfies the
following relation, known as ’Intertwinting property’

WyHy = HW,. (1.5)

Therefore, if the range of the wave operators W. = W, (H, Hy) equals the absolutely contin-
uous subspace H,., that is,
Ran(W.) = Hae,

a property known as completeness, then the wave operators implement a unitary equivalence
between the absolutely continuous parts of H and H,.

The main objective of general mathematical scattering theory is to determine conditions on
the perturbation H — H, that ensure the existence and completeness of the wave operators
W.(H, Hp). In this context, one can reinterpret the Kato—Rosenblum theorem as a funda-
mental result in scattering theory.

Theorem (Kato-Rosenblum). Let H and Hy be self-adjoint operators such that H — Hy is
trace class. Then the wave operators Wi (H, Hy) exist and are complete.

When the wave operators exist and are complete, one defines the scattering operator by
S(H,Hy) = W, (H,Hy)"W_(H, Hy). (1.6)

For each h € H,., let u be the solution to the Schrodinger equation with initial condition
h. The scattering operator relates the initial condition hy € H2, of the solution v, to the
free Schrodinger equation which behaves asymptotically as ¢ — —oo like u, to the initial
condition hf € HY, of the solution ug to that behaves asymptotically as ¢ — +o0 like
u. The scattering operator is unitary and commutes with the free Hamiltonian,

HoS(H, Ho) = S(H, Hy)H,.

The central object of interest in our analysis is the scattering matrix. This arises when one
considers a spectral representation (or diagonalization) of the absolutely continuous part of
the free Hamiltonian.

By the spectral theorem, there exists a measurable family of Hilbert spaces H(F), defined for
almost every E € 0,.(Hy), and a unitary operator

@
0 HY. %/ H(E)dE

such that
(PoHh)(F) = E(Poh)(E), forae. E € o. (1.7)

4



Since the scattering operator S(H, Hy) commutes with Hy, it follows that S(H, Hy) is diag-
onalized by ®q. That is, for almost every E € o, there exists a unitary operator S(F) €
B(H(E)) such that

(uS(H, Hy)h)(E) = S(E)(@oh)(E). (18)

The family {S(E)}ge, is known as the scattering matrix. It is important to note that the
scattering matrix depends on the particular choice of the diagonalization (®, ff H(E)dE),
but it is unique up to unitary equivalence of the fibers H(E) for almost every E € 0..(Hp).

In the context of one-dimensional Schrédinger operators, it is possible to give an explicit
construction of the unitary map ®, and of the direct integral space f;B H(E)dE. Moreover,

this can be done in such a way that H(E) = H for almost every E € 0ac(Hp), where His a
fixed finite-dimensional Hilbert space. In particular, we can take H = CE for some L € N.
Therefore, in this representation, the scattering matrix becomes an operator-valued (actually
matrix-valued) function

S : 0ae(Hy) — B(H) = CH*L.

In this work, we are interested in studying the analytic properties of this matrix-valued func-
tion. In particular, we aim to relate these analytic properties to the spectral characteristics
of the Hamiltonian H.

1.2 Matrix valued discrete Schrodinger operators

Now, we present the framework in which we study direct scattering theory, specifically, the
case of matrix-valued Jacobi operators. We denote by L?(Z, CF) the space of square summable
sequence, namely u : Z — C* such that

el := 3 lu(m) [ < oo,

nez
Endowed with the usual norm || - || 2.

Definition 1.1. We consider matriz-valued Jacobi operators
H: L*(Z,C*) — L*(z,CY),

defined by
(Hu)(n) = Ayu(n — 1) + Byu(n) + Appu(n + 1), (1.9)

where A, B : Z. — C¥*L are sequences of self-adjoint matrices:

A=A, B, =D0B,,

and each A,, is invertible.

Definition 1.2. A particular case of the Jacobi operator arises when A, = I« and B, = 0.
This yields the discrete Laplacian operator, denoted by Hy:

Hy : L*(Z,C*) — L*(Z,CY), (Hou)(n) = u(n + 1) +u(n — 1).

5



Definition 1.3. Given a Jacobi operator H, we define its potential by
V =H — H,.
In particular, the potential V' is the operator given by
(Vu)(n) = (A, — Du(n — 1) + Byu(n) + (Apyr — Hu(n + 1).

We denote
W, =A4,—-1, V,:=8,,

so that the potential operator can be written as
(rvu)(n) = Whu(n — 1) + Vau(n) + Whpu(n + 1). (1.10)

The goal of this work is to study scattering theory for the pair (H, Hy). To this end, we
impose a decay condition on the potential V= H — H,. The assumptions we consider are as
follows:

Definition 1.4. We say that the Jacobi operator V, as defined in Definition [I.1], has finite
p-moment if

Sl (IWall + [Val) < oo.

neL

To study direct scattering theory, namely, the existence and completeness of the wave op-
erators and the scattering matrix, it suffices to assume finite zero moment (p = 0) for the
potential coefficients. However, for analyzing the analytic properties of the scattering matrix,
particularly near the edges of the continuous spectrum, a first moment condition (p = 1)
is required. Throughout the text, we explicitly indicate which hypothesis is needed in each
context.

In some parts of the text, we interpret the right-hand side of Equation more generally,
applying it to arbitrary vector-valued sequences u € (CF)Z, or even matrix-valued sequences
u € (CE*E)Z not just those that are square-summable. To avoid ambiguity, we introduce the
following notation:

Definition 1.5. Let u be a vector-valued (resp. matriz-valued) sequence. We define the
sequence Tgu by

(tgu)(n) := Ayu(n — 1) + Buyu(n) + Apu(n + 1). (1.11)

Remark 1.6. Throughout the text, we use the subscript o to denote quantities associated with
the free operator Hy. In particular, we write Th, = 79, where

(tou)(n) = u(n — 1) + u(n +1). (1.12)



1.3 Stationary aproach and Jost solutions

As we mention in Section [I.1], our main aim in this text is to study the analytic properties of
the scattering matrix. To this end, we seek more explicit formulas for the scattering matrix.
This can be achieved through the stationary approach to scattering theory.

The stationary approach to scattering theory consists of representing the wave operators (as
well as the scattering operator and scattering matrix) in terms of boundary values of the
resolvent operators associated with H and Hy (see, e.g., [29], Chapter 5, for a more general
treatment of this approach). Thus, the description of the wave operators is reduced to the
study of the boundary values of the resolvents. For Schrodinger operators, the stationary
approach is closely related to the eigenfunction expansion, which we use to obtain a represen-
tation of the scattering matrix in terms of solutions to the generalized eigenvalue equation.
Next, we explain this relation.

In Section we see that for almost every E € 0,.(Hy), there exist solutions to the gener-
alized eigenvalue problem

080, .0) = E¥0.0 (1.13)
with 9 ; ) € L2(Z,C"), where j € {1,..., L} and a € {1, —1}, such that the set {¢/g (ja) (1) :
je{l,...,L},a € {1,—1},n € Z} is complete.

By “complete,” we mean that there exists a unitary operator
®o : L*(Z,C),. — L*(0uc(Ho), L*({(j,a)}, C)) (1.14)
such that for every u € L'(Z,Cl) C L*(Z,CF), we have
(q)ou)(E>((.]7 \/—Z 77D0 ,(4, a) )>(CL = <u71/]0E7(j,a)>‘ (115)
nez

This is called an eigenfunction expansion of the operator H{¢; see Section for details on
the construction of ®.
Formally, we could define the wave functions as,

VY Gy = W (H, Ho)o gy, ¥E ) = Wo(H, Ho)g ), (1.16)

in Section see Def. we give the precise definition of the wave function. Then,
Eq. (1.13) together with the intertwining property (Eq. (1.5])) implies that ¥ (j.a) @r€ solutions
to the generalized eigenvalue problem:

TH@/)E,(]',@) = E@Df,(j,a)

Moreover, Eq. (1.15]) implies that ®oW7 provides an eigenfunction expansion of the absolutely
continuous part of the operator H, denoted by H?°.
Define now the operator

S(E): L*({(j,0)},C) = L*({(5,0)}, C),

such that
(ei, T (n))cr — (e, ¥ (n))cr. (1.17)
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Then, using Eq. (L15), we obtain
S(E)(@oW_(H, Ho)"u)(E) = (RoW,.(H, Ho)"u)(E),
or equivalently,
S(E)(®ou)(E) = (®oW. (H, Ho)"W_(H, Ho)u)(E) = (9oS(H, Ho)u)(E). (1.18)

Comparing Eq. with Eq. (L.8), we conclude that S(E) is the scattering matrix.

In Section [ we formalize the above ideas by constructing an eigenfunction expansion of
H? (see Section and proving its relation with the wave operators (see Proposition .
From this point, we adopt the representation of the scattering matrix given by Eq. . To
proceed, we must find the wave functions given formally by Eq. , which are solutions to
the Lippmann-Schwinger equation:

¢£,(j,a) =0 (ja) + R(E £10) Vwi(j,a)’ (1.19)

where R(E +i0) denotes the boundary values of the resolvent.

Since we can express the boundary values of the resolvent as an integral operator, Eq. ,
after appropriate normalization to ensure that the solution behaves like the free solution at
+00, leads to an integral equation of Volterra type. Such equations can be solved by successive
approximations, the resulting solutions are known as Jost solutions. Based on Eq. , we
define the scattering matrix in terms of the Jost solutions and analyze its properties using
the integral equation.

To make the above more concrete, in Section 2] we see that the discrete Laplacian Hy is abso-
lutely continuous and that its absolutely continuous spectrum is o,.(Hy) = [—2, 2]. Moreover,
if the free wave functions 1 ;) are normalized to equal one at n = 0, they are called Jost
free solutions, and take the form

ug(jja)(n)zA(E)“'"ej, ac{l,—1}, je{l,...,L}, (1.20)

where A(E) € C\ {0} solves the equation M\(E) + A(E)~! = E (sce Definition [2.4).
For notational convenience, we group the solutions ug (1) (n) as columns of the matrix-valued
solutions:

ug(n) = ANE)"1, uy_(n) = A(E)™"1, (1.21)

where 1 € CY*L denotes the identity matrix. In Section , we show that the boundary
values of the resolvent are given by

Ro(E £i0) : LNZ) — L™(7),

(Ro(E £i0)u)(n) = > G¢*(n, m)u(m), (1.22)
where )
GEXEO(n, m) = vEN(E)EIn—m, v = NE) = NE)T (1.23)



Using this, the Lippmann-Schwinger equation becomes

uf,up(n) = u—i— 0( )N + (R0<E + ZO>VU+ up)(n)

= ME)"N + * Z AE)" ™ (Vu? ) (m Z BVl ) (m),
m=n+1 m=—o0
(1.24)
where N € CF*L is chosen so that
nl_l)I}rloo AME)™ (uf ,(n) — u¥ 4(n)) = 0. (1.25)

Assume V : L>(Z) — L'(Z). Multiplying Eq. (1.24) by A\(F)™" and taking the limit as
n — +o0, we obtain (using Eq. (1.25))

1= B NE) (0] = N+ S AE) Vi ),
MEZ

Solving for N and substituting into Eq. ([{1.24]), we obtain a Volterra-type integral equation:

o0

uff L) =MNE)"+ > vF(ME)™T = ANE)™T) (Vad,,) (m). (1.26)

m=n+1

This equation can be extended analytically for z € C, providing solutions with the asymptotic
behavior described in Eq. . These are the Jost solutions, we introduce them below. Their
existence is established in Section [3.1] and they serve as the fundamental tool in our analysis
of the scattering matrix.

Definition 1.7 (Jost Solutions). For every z € C, let vz and u* denote the C**L-valued
solutions to the generalized eigenvalue problem:

THUS = 2u, Tau® = zu®, (1.27)
satisfying the asymptotics
u?i(n) = A2)"(14+0(1)) asn — +oo, u’(n) =Az)""(1+0(1)) asn— —oco. (1.28)
For z =2, we denote by vy the solutions of
THUx = 204,
with asymptotic behavior
ve(n) =n(l+o(1)) asn — Foo. (1.29)
Definition 1.8. For z € C\ [-2,2], let wi and w? be the solutions of
THW, = 2w, THW? = zw?,
satisfying

wi(n) =Az)"(1+0(1)) asn — +oo, w?(n) = A(2)"(1+0(1)) asn — —oo. (1.30)



Remark 1.9. For z € C\ [-2,2], the asymptotic behaviors in Eqs. (1.28) and (1.30) imply
that the columns of (u3 |w?) are linearly independent and span the solution space. That is,
any solution u of Tgu = zu can be written as

u=uio+wlp,
for some a, 8 € CLXL. A similar statement holds for (u* |w?).

Definition 1.10. For E € [—2,2], we define

FE oz
ui,out T ui}Z:E'

Moreover, the following limit exists:

uf () = Ty ui(n)
I(2)<0

These satisfy the asymptotic behaviors:

u¥ g (n) = ME)* (14 0(1)) asn — +oo, (1.31)
u? j(n) = AE) (1 +0(1)) asn — —o0, (1.32)
uf m(n) = AE) (1 40(1)) asn— +oo, (1.33)
u? (n) = ME)"(1+0(1)) asn— —oo. (1.34)

Remark 1.11. For E € [-2,2], the asymptotic behavior implies that the columns of the
matrix (uf}out ufin) are linearly independent and form a basis of the solution space. Thus,
any solution u of Tgu = Eu can be written as

_ F E
U = u—i—,outa + u—l—,inﬁ?

for some o, f € C**V. A similar statement holds for (u” | u” ;).

1.4 Scattering matrix

Due to the asymptotic behavior of the Jost solutions (see Equation ([1.28])), the columns of
the matrices (uf . uf ;) and (uZ,,, u” ) are linearly independent for E € (—2,2) and,
therefore, they form a basis of solutions. The same holds true for (u%,vy). This implies that
there are matrices M NP € CE*L such that

uf,out - ué,me + U’lj,outha ué,out - uf,outN€ + uf,anf} (135)
Moreover, it will be proved that the matrices M¥ have a meromorphic continuation to C '\
[—2,2] (see Equation (3.54)). Assuming that MF¥ are invertible, we can rewrite these equations
as

E E _ F E E E E _ FE E E
qu,outTJr - uf,in + u*,outRJr? uf,outTf - qu,in + qu,outRf? (136)
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where
TY = (M), RY = NE(ML)™, (1.37)

are the transmission and reflection coefficients, respectively. The interpretation of in
the case that A(E) € S'\ {—1, 1}, corresponding a wave traveling to the right, is the following
(we only describe the first equation in (1.36))): the incoming wave u in Produces the outgoing
wave uy ,,, T traveling to the right (i.e., a transmitted wave) and the outgoing wave u” , , R¥
traveling to the left (i.e., a reflected wave). The relation between transmitted and reflected

waves is described by the scattering matrix.

Definition 1.12. For any E € (—2,2), the scattering matriz S¥ € Mypyor, is defined by

& = (5 1) = (i )

Notice that matrices M¥ are indeed invertible, see Proposition In the case that
AE) € S'\ {—1,1} represents a wave traveling to the right, then uf ,;, are incoming and
uiout are outgoing. In this case, the scattering matrix expresses the incoming Jost solutions
ulf ;, in terms of the outgoing ones u¥ ,,, :

(v, —uf,) = (uf . —uf,,)S". (1.38)

—,in —,out

1.5 Results

We now briefly present the main results established in this work. As a preliminary observation,
we note that the map F +— MZF can be analytically extended to a function z — M7 defined
on C\ [~2,2], which is continuous up to the boundary C+, see Section (3.2, In Section
we analyze the zeros of this extension and relate them to the eigenvalues of the Hamiltonian
H. The main result of that section is the following:

Proposition 1.13. The set of eigenvalues of H is a finite subset of (—oo, —2) U (2,00).
Moreover, suppose that E € R\ [—2,2] is an eigenvalue of H. Define np = dlm(Ker(ME)) =
dim(Ker(H — E)). Then there exists a nonzero complex constant cg € C\ {0} such that

det(M?) = (2 — E)"? (cp + O(|z — E)), z— E.

In Section we study the limit of S¥ as £ — [—2,2]. The main result of this section
is the following, see Theorem |3.51

Theorem 1.14. The limits

z2—2

exist, where the limits are taken in the complex z € C, and they admit explicit expressions
(see Equation (3.155))). The kernels and images of T2 can be computed explicitly (see Equa-
tion (3.156) ), and are closely related to the half-bound states.
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Similarly, the limits

R = lim RE (1.40)
Eec(-2,2)

of the reflection coefficients exist, and also have explicit expressions (see Equation (3.158))).
The kernels and images of 1 — RL can be explicitly determined (see Equation (3.159) ).

Section [3.10]is dedicated to the proof of the Levinson Theorem, which we state as follows:

Theorem 1.15 (Levinson Theorem). Let H be a Jacobi operator as defined in Definition|[1.1]
Assume that H — Hy has finite first moment. Then the Hamiltonian H admits only a finite
number Jy, of eigenvalues Er, ..., E; € R (counted with multiplicity), all lying outside the
interval [—2,2]. Additionally, at the thresholds E = +2, there exist J,jf < L linearly indepen-
dent bounded solutions of Hu = £2u, referred to as half-bound states. Setting Jy, = J, + J;",
the following identity holds:

1 2e d 1
— 1 T Eyx —_SE) dE =1 — —Jn .
2mi 210 | 5. r((s Vi ) d <J”+ 2‘]")
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2 Basic spectral properties of the free Hamiltonian

Just as the Laplacian operator defined in R, a standard method for studying the discrete
Laplacian Hj is to express it as a multiplication operator via a unitary transform. As in the
continuous case, this can be achieved using the Fourier transform. However, an important
distinction between the continuous and discrete Laplacians lies in the structure of the mo-
mentum space. In the continouos case the momentum space corresponds to the real numbers
R, while in the discrete case, the momentum space corresponds to the one-dimensional torus
T!.

There are several equivalent ways to represent the one-dimensional torus. The standard
representation is

T' := R/27Z,
which is equivalent to the unit circle in the complex plane,
Sti={weC:|w =1}
An explicit diffeomorphism between these two descriptions is given by
¢:R/21Z — S, (k) = e,

where we write k = [k] € R/27Z.

In studying the analytic properties of the scattering matrix, it becomes important to extend
certain formulas from the real line to the complex plane in order to use not only the differential
structure but the complex one. For this reason, it is helpful to view the torus as a real-analytic
manifold embedded in a complex-analytic one. To that end, we also consider

C/277Z = T' + iR,

which can be visualized as a cylinder containing T' as its “central slice.” The diffeomorphism
¢ extends naturally to an isomorphism between complex-analytic manifolds:

¢:C/21nZ — C\ {0}.

In this extended setting, the unit circle S' € C\ {0} corresponds to the real torus, while the
interior of the circle (i.e., 0 < |z| < 1) is mapped to the upper part of the cylinder, and the
exterior (i.e., |z| > 1) to the lower part.

For practical purposes in this work, we adopt the representation T! = S* € C\ {0} = T! xiR.
Note that S! carries a natural measure p, which is the pushforward of the Lebesgue measure
on R under the composition ¢ o ¢, where

q:[0,27] —» R/27Z, q(k)=[k].

We denote by F : L?(Z,CF) — L2(S',Cl) the Fourier transform, which is the operator
defined on sequence with finite support by the formula

(Fu)w) = —— 3 w'u(n), (2.1)



and then extended it by unitarity. It inverse F~! is given by

F)m) = <= [ w7 w) dpt) 22

A direct computation shows that if u € (CF)Z has finite support then
(FHou)(w) = (w + 1/w)(Fu)(w), w € S*. (2.3)

Then, the Fourier transform allows us to write the discrete Laplacian as a multiplicacion
operator by the function
S'swe w1 w.

This function can be naturally extend it to the whole plane C\ {0}. We adopt the following
notation,

Notation 2.1. We denote by J : C\ {0} — C, the function given by
J(w) =w+ 1/w.

With this notation, Eq. (2.3]) together with the fact that finite support sequence are dense
in L? give us

FHyF*=J,
here J denotes the multiplication operator by the function 7. As the Fourier transform is
unitary, then the spectrum of Hy is 0(Hy) = [—2,2] and it is purely absolutely continuous.

The essential spectrum of H is thus [—2,2] (see Section XIII.4 in [24]).

Proposition 2.2. Spectrum of Hy is essential and absolutely continuous is given by [—2,2].

2.1 Boundary values of free resolvent

For the subsequent analysis of the operator H and H,, it is important to study the level sets
of the function J | <1, instead we study the level sets of the extensions J. For z € C\ {2, -2}
the equation J(w) = z has two different solutions. If w is a solution, the other one is 1/w.
Consider,

wi(z) = %(zi\/z—Q\/z+2), (2.4)

here we are taking the branch of the square root /z = /|z]e"?/?, —m < 0 = arg(z) < 7.
One can verify that wy(z)w_(z) =1, and wi(z) + w_(z) = z, then wy(z) are the solutions
of J(w) = z. By deﬁnition wx is analytic on C\ (—o0,2]. However, if one takes the branch
of square root sqr(z) = /|z[e?/?, 0 < @ = arg(z) < 27, one can verify that for z € C with
R(z) < -2,

1

5(2 + sqr(z — 2)sqr(z + 2)),

which proves that wy has analytic extension on C\ [—2,2]. If wy(z) is unitary, then w,(z )
wy (2)7' = w_(z) which using Eq. (2.4) implies that z € R, and together with |w,(z)| =

we(z) =
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implies z € [—2,2]. Coversely, if z € [—2,2] then |wi(z)] = 1. Then wy(z) is unitary if and
only if z € [—2,2]. Moreover, for z = 2, wy(2) =1 and for z = =2, w(—2) = —1. It follows
then that for z € C\ [—2, 2] one of the solutions has modulus strictly bigger than one and the
other one strictly less than one. For real z ¢ [—2,2] it is straightforward that |w_(z)| < 1 and
|wi(z)| > 1. Since both w; and w_ are analytic in C \ [—2,2]. Then a connexity argument
implies that |w_(2)| < 1 for every z € C\[—-2,2]. It follows that J|p\ (0} : D\ {0} — C\[-2,2],
is a bijection. We denote its inverse, by A: C\ [-2,2] — D\ {0}

Az) =w_(2). (2.5)

Remark 2.3. By definition (see Not. and Eq. (2.5)), the function A : C\ [-2,2] —
D\ {0} is analytic. Moreover, if we take the branch of the square root given by sqr(z) :=

|2]€/2, 0 < 0 = arg(z) < 27. Then, Eqs. (2.5) and [2.4) imply that
1
Az) = 5(2 —sqri(z —2)Vz+2), I(z) > 0. (2.6)

Since the R.H.S. of Eq. (2.6) is analytic on C\ (—oo, —2] U [2,00], this proves that for
E € (—2,2) the following limit exists

1
AE +1i0) := lim \(z) = §(E —iv4 — E?). (2.7)
z—E
S(z)>0
In the same manner, taking now sqr_(z) = \/|z|e?/?, —2m < 6 = arg(z) < 0, we obtain that
1
AME —i0) := lim A(z) = §(E +iv4 — E?). (2.8)
z—E
I(z)<0

Moreover, using the general fact lim,_,o+/z = 0, we obtain

lim A(z) = £1. (2.9)

Let z € C\ [-2,2]. By defintion we obtain
2N 4 —.
A(2)
In particular {\(z),1/X(2)} are the solution of J(w) =Z. Since |A(2)| = |A(2)| < 1 then by
definition we obtain

AZ) = Mz), z€C\ [-2,2]. (2.10)

Definition 2.4. From now on, we extend the function \ to [—2,2] by the upper limit, see
Rem. and Eq. [2.7). Then, A : C — D\ {0} US! is analytic on C\ [—2,2], with analytic
extension around E € (—2,2), and satisfies Eq. (2.9) and

lim A(z) = A(E)™% (2.11)
3()<0
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Taking derivative in the equation A\(z)+\(2)™' = 2, we obtain that \'(z) satisfies the following
equation

A(z2)?

"(2) = —— . 2.12
V() = 37 € C (212)
Through the text we use the following notation,
/
1
B ) N ) 2 eC\{-22}. (2.13)

M2 AM2)?2—1 0 Az) = Az)Y

Now we can obtain an explicit form of the Green function in terms of the function \. We have
the following lemma that relates the integration with respect the measure p and the complex
integration.

Proposition 2.5. Let f : U C C = C* be a continuous function, with U an open set such
that St C U. Consider f|:S* — CF the restriction of f to S then

/f]duzl, Mdz
st v Js1 2

Proof. Let us denote by [ : [0,27] — St () = €. By definition and change of measure we
have

_ 2w o fl 2 . o107 x:l M ;
/Slf|du—/0 (f] l)(H)de_Z,/o (fl o 1)(8)e 1 (0) da = - s

1 Jst Z
[
Definition 2.6. For z ¢ [—2,2|, we denote by Ry(z) the resolvent operator of Hy, namely
Ro(2) == (Hy — 2)".

Definition 2.7. For z ¢ [—2,2] and n,m € Z we define the Green function, Gi(n,m) € Ct*L
as
Gg(n, TTL)Z'J‘ = <R0(E)(5m6j, 5n€1>

Where 6, : Z. — CF*L denotes the Knronecker’s delta and {e;} the standar basis of C*.

Lemma 2.8. Let z ¢ [—2,2], the Green function G(n, m) has the following explicit form
GZ(n,m) = v*\(z)l"™I1.
Proof. Using unitarity of F we obtain,

GS(TL,TTL)Z'J' = <R0(Z)6mej75nei>L2 = <fR0<Z)F_1,F6m6j,F5n€i>L2 = <Mgf6m6j,F6n€i>L2.

Where (M, f)(w) = mf(w), and (Fope;)(w) = #w”ei. Then we have,
S 1 5 1
G§ =52 | —————w" " du(z) = = / ——— """ dw.  (2.14
o m)ig 21 o w+1/w—zw iz 2mi 51w+1/w—zw w. (214)
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Suppose n > m + 1. Note that the R.H.S. is the residue of a meromorphic function with pole

at A(z) € D. If we write z = A\(z) + ﬁ we can compute the residue and obtain,

Gi(n,m);; = 0; ;v°\(z)" "L
If n = m, then it also has a residue at w = 0, computing this residue explicitly we obtain
Go(n,m);; = 0, jv°.
If m > n, we use the previous computation and that G§(n,m) = G§(m,n)*. O

From the above Lemma it is clear that the Green function has limit up to the boundary.
Namely, for all £ € (—2,2) we have
GEEO(n,m) .= lim Gi(n,m) = rP\(E)*—m (2.15)

z—F
+3(2)>0

Definition 2.9. For E € (—2,2), we define the integral operators

Ro(E +i0) : L'(Z) — L™(Z), (Ro(E £i0)u)(n) := Y  G§*°(n, m)u(m).

ne”Z

Proposition 2.10. The operator valued function Ry : C\ [—2,2] — B(LY(Z), L>(Z)), has
limit up to the boundary from above and below in the weak operator topology. Moreover, its
limit is given by Ro(E =4 10), respectively. Namely, for all uw € L' and for all p € (L>)* one
has

lim p(Ro(z)u — R(E £10)u) — 0. (2.16)

z2—0

+3(2)>0

Proof. We make the proof for the sign '+’; the sign -’ is analogues. Taking the representation
of Ry(z) and R(E +i0) as integral operators we obtain

(Ro(2) — R(E +i0)u)(n) = Y (" A(z)" ™ — vPA(E)" ™ u(n). (2.17)

meZ

Equation above together with the fact that |A\(z)| < 1 and Lebesgue convergence Theorem
implies that 0, j(Ro(2)u — R(E £ i0)u) — 0, where 0, j(u) = (u(n), e;)ce. Also note that for
a compact neighborhood of £, K C C\ {2, -2} one has

I(Ro(2) = R(E +10))ul| e < Clluf[1.

Using this above and the fact that 0, ; is dense in (L*>°)* we conclude the proof. O
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2.2 Eigenfunction expansion

In this section we contruct the unitary operator ®, describe it in Section , see Eqs. (|1.14))
and . This operator is really important because it gives the conection beetwen the Jost
solutions and the wave operators, we roughly explain this connection in Section and we
treat we all the details in Section [4 Note that the function A : (—2,2) — S, (see Def.
allows us to obtain a parametrization of the level sets of J. We consider the function
0:(-2,2) x {-1,1} —» S,

0(E,j) = \NE), je{-1,1} (2.18)
Note that in particular 0(F, j) € J1(E).

Definition 2.11. Let f € C(S',C*) continuous function. We define Tof : (—2,2) —
L*({—1,1},CL), the following function
(o) (E)(G) = FO(E, 7)) = FINEY), j € {-11}.

Note that (Tof)(E) is in some sense the restriction of the function f to the level set J(E).
For the sake of notation it is more convinient to think the space L*({—1,1}, Cl) as C*.

Remark 2.12. The space L*({—1,1},CF) can be naturally identified wiht C*~. One just need
to consider the isomorphism L*({—1,1},C) 3 f — (f(=1), f(1)) € C**. From now on, we
identify L*({—1,1},CE) = C*. In this way, Tof € C* is given by,

e = (TNG))- 2.19)

The aim now is to extend Tof, to all f € L?*(S!,C%). For this, one should consider a
normalization. Let f € Cy(S*\ {1, —1},CL) be a continuous function with compact support,
let us say supp(f) C A([—t,t]) U X7Y([—t,t]), for some t € (0,2). Then, X\ : (—t,t) —
A[=t,t]) € S'NC~ and A7 : (=t,t) — S! N CT are parametrization of the correspondent
arcs, and notice that A™! change the orientation. Taking this above in account, together with
Prop. we compute

/“f 2 dpu(k) = Hf(z)H2 /S Hf(Z)H2 Ll / HJ”(Z)H2

2 . AE)
/Hf sty + 1 [ B s

-2 / VN0 (B) 2as B

(2.20)
Moreover, Eq. (2.7) imply that for ¢ € (0,2)

t t
1
E dE:/ — dE <
/_t'”' Vi s

Then the function v¥ € L'([—2,2]) and then Eq. (2.20]) can be extended for all f € C(S!, CF)
this leds us the following definition.
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Definition 2.13. For all f € C(S!,CL) continuous function. We define Fof : (—2,2) — C?L,
as the following function

(Fo/NE) = vV —ivE (Lo f)(E). (2.21)
Def. and Eq. ([2.20) imply that for f € C(S!,C¥) continuous function one has,
| Fofllz2(=2.2),c26) = | fllL2(st,c1y- (2.22)

Therefore, the linear function Fy : C'(S',CF) C L3(S*) — L?((—2,2)) can be extended to a
unitary operator
Fo: LA(S',CF) — L*((—2,2),C*).

Definition 2.14. We denote by ®y : L*(Z,CF) — L2*((—2,2),C?%), the unitary operator
giwen by the composition

Explicitly, ®q is given for u € LY(Z,CF) by the following formula, (see [.1), (2.21) and

&19)
(Pou)(E) = 4/ %VTE ; (A;@VT;“(%)) : (2.24)

By definition, @ is a unitary operator, and satisfies
OyHyPy = Mp, (2.25)

where My : L*((—2,2),C*) — L?((—2,2),C?") denotes the multiplication operator, namely
(Mpf)(E) = Ef(E).

Definition 2.15 (Free wave functions). For all E € (—2,2) we denote by 1§, € (C***) the
free wave functions as

Uy (n) = V—ivEA(E)". (2.26)

Note that the columns of the matrix %Ei constitutes an eigenfunction expantion for the
operator Hy. Solutions ¢, normalized to be 1 at n = 0 are called Jost free solutions.
Moreover, this solutions admits an extension to z € C.

Definition 2.16 (Free Jost solutions). For all z € C, Free Jost solutions are given by

uio(n) = A=),
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2.3 Transfer matrix

The difference expression (|1.11)) has associated a difference equation, the so called generalized
eigenvalue equation,
Ty = zu, z € C. (2.27)

Note that Eq. (2.27) allows solutions u € (C*)% and not only square summable ones. Gener-
alized eigenvalue equation implies a second order difference equation given by

Ayu(n —1) + Byu(n) + Appu(n + 1) = zu(n), (2.28)
and due to the invertibility of A,,, Eq. allow us to obtain a recurrence relation, namely
u(n+1) = (A1) (2 = By)u(n) — Ayu(n — 1)), n € Z. (2.29)
u(n —1) = (A,) 7 ((z — Bou(n) — A, u(n + 1)), n € Z. (2.30)
The best way to use the recurrence equation is by using the transfer matrix.

Definition 2.17. For n € Z and z € C, we denote by T*(n) € Mapxar(C) the transfer

matrix, as the block matriz
3 2 —B,) (A, —A,

Here 0 € My (C) denotes the matriz with all entries 0.
Definition and Eq. (2.29) imply that if u € (C)% or u € Mp«1(C)% and u satisfies Eq.
E27) then
. Au(n)\  [(Apsiu(n+1)
T*(n) <u(n - 1)) = < u(n) . (2.32)

Proposition 2.18. Given two vectors (or matrices) ag,by and n € Z, there exists an unique
solution of the equation (2.27), such that uw(n) = ag, u(n+1) = by. In particular, the vectorial
subspace of (CE)Z which consints in solutions of Eq. (2.27) has dimension 2L.

Remark 2.19. Therefore, by definition for n,m € Z,

, Apu(m)\ [ Apu(n)
T*(n,m) (u(m N 1)) = (u(n — ) (2.33)
previous equations show, that any solution of Eq. (2.27)) is determinated by two consecu-
tive values.

Now we describe some properties satisfied by the transfer matrix. That are usefull for us
later in the study of the operator.

Definition 2.20. We denote by J € Mapxar(C) the unitary matrix

7= (? _O[> Jl=g = (_OI é) (2:34)

Here 1,0 denotes the identity and zero matrices respectively.

20



Remark 2.21. [f
A B
w=(c 1)
conjugation with J follows the next rule
. (D =C

IMT _(—B A)’ (2.35)
One important propriety satisfied by the Transfer matrix is the following
Proposition 2.22. For all z € C and n € Z, transfer matriz T?(n) is invertible. Moreover,

T (n) ' =TT (n)*J* (2.36)
Proof. One can easily see from Def. that (recall that A, and B, are self-adjoint matrices)

Py = (71 A

Therefore, using conjugation rule [2.35]

TTn)" g = <_ A Ao Bn))

Using eq. above and Eq. (2.31)) one verifies that 7*(n)(JT*(n)*J ') = 1. O
Proposition 2.23. For alln € Z and z € C, det(T*(n)) = 1.
Proof. Note that

(" ) (o 2)

Using Schur complement formula for determinant we obtain

Al 0 B o .
o ((Z = Ba)(An) ™! —An) = det(=A,) det(4,") = (=1) (2.37)
Using that
0 I\ I
det (I O) =(-1)
we obtain the result. -

Definition 2.24. For n > m € Z we define,
T*(n,m)=T*(n—1)...T*(m).

And
T*(n,n) =1

T*(m,n) =T*(n,m)"".
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Remark 2.25. Note that Eq. is also valid for T#(n,m), because
TIT?(n,m)*T* =TT (m)*TT*T*(m—-1)*T ... T T*(n—1)*TJ*
=T*m) ... T*(n—1)"'=T*(n,m)"".
Definition 2.26. Let u,v € (CE*L)% | the wronskian W(u,v) : Z — CL*L s defined as
W(u,v)(n) =u(n+ 1)"A,v(n) —u(n) Aypqv(n + 1).

Remark 2.27. One can see from definition that the wronskian satisfies the following for
u,v,w € (CE*EYZ gnd M € CE*L we have

W((u+ w)M,v) = M*(W(u,v) + W(w,v)),
W(u, (v +w)M) = W(u,v) + W(u,w))M.
W(u,v) = =W(v,u)".
Definition 2.28. Let u,v € CI*L we denote by ®(u,v) : Z — C?*E*2L the sequence given by

B (u, v)(n) = (Anu(n) Anv(n))

u(n—1) v(n—1)

Remark 2.29. Note that if u,v € Mpx(C) are solutions of equation (??), Rem.
implies that

(2.38)

T*(n,m)®(u,v)(m) = ®(u,v)(n). (2.39)
Proposition 2.30. Let u,v solutions of Fq. , and @, v solution of 7(Z). Then, we have
that
JO(a,0)(n) " T*®(u,v)(n) = TP(a,0)(m)" T P(u,v)(m), foraln,m € Z.
Proof.

J®(i, 0)(n)" T @(u,v)(n) = J (T (n,m)® ( 0)(m))* T ®(u, v)(n)
= J®(,0)(m)"T"(n,m)" T ®(u,v)(n) = (ﬂ 0)(m)* T T T (n,m)" T ®(u,v)(n) (2.40)
= J (@, 0)(m)" T T*(n,m) " ®(u,v)(n) = TL(a, ) (m)"T*®(u, v)(m).

O

Now we use the explict form of ® (@, 0) (see Def. [2.28)) and conjugation rule (2.35]) to compute
explicitly J®(u,v)(n + 1)*T*®(u,v)(n + 1) to obtain (see Def. [2.26)).

T, 8)(n+ 1)* T B(u, v)(n + 1) = (‘V’\j‘gffu 1;)(7({)‘) _VC‘ES’U 1)’)(7(;;)) (2.41)

In particular, using Eq. (2.41)) and Prop. we obtain the next proposition.

Proposition 2.31. Let u,v € Mp,r(C)% such that u is solution of 7(z) and v solution of
7(Z) then
W(v,u)(n) = W(v,u)(m), n,m € Z. (2.42)

From now on, if u, v satisfies hypothesis of Prop. we denote
W(v,u) = W(v,u)(n).
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3 Direct scattering theory

In the one-dimensional case, the scattering matrix can be constructed directly. This con-
struction relies on the fact that we can obtain solutions to the eigenvalue equation asociated
with the perturbated Hamiltonian that behave like plane waves at infinity, these are known
as Jost solutions. This solutions are obtained by solving a Volterra tyoe equation. Further-
more, we can analyze the analytic properties of these solutions and consequently transfer
these properties to the scattering matrix. The expression of the scattering matrix in terms of
the Jost solutions allows us to connect its analytic properties with the spectral properties of
the perturbated Hamiltonian.

There are numerous results concerning the direct approach to scattering theory in the one-
dimensional continuous setting. For instance, Chapters 5 and 6 of [2§] provide a comprehen-
sive exposition of the scalar case for the continuous Laplacian. Similarly, [4] offers a detailed
treatment of the matrix-valued continuous case. In the discrete case, there are many results
as well. For example, Chapter 10 of [27] offers a overview for Scattering theory on scalar
valued Jacobi operators, in [I5] construction of scattering matrix for scalar valued Jacobi
operators with periodic coefficients and some analytic properties are proved, as well some
inverse scattering theory. The results presented are based on the work did it by the author
of this text and its collaborators, that can be found in [8 @, [10].

In this section, we present the direct approach to scattering theory for the pair (Hy, H) where
Hy is the discrete Laplacian, and H is a matrix-valued Jacobi operator given by Eq. and
satisfying first moment condition, see Eq.. We begin by constructing the Jost solutions
in Section [3.1.1] and analyzing some of their key properties. In Section [3.2] we define and
study the scattering matrix.

Sections [3.4] and explore how certain analytic properties of the scattering matrix corre-
spond to spectral properties of the Hamiltonian. In Section |3.7, we derive expressions for
the Jost solutions that allow us to study their asymptotic behavior, which is further detailed
in Section [3.§ Finally, in Section [3.10], we bring together all these results in a formula that
relates the analytic properties of the scattering matrix to the spectral characteristics of the
perturbated Hamiltonian, this is known as Levinson’s Theorem.

3.1 Solutions

In this section we study solutions of the generalized eigenvalue equation asociated with H
and Hy. Namely, we describe some solution of the equation (see Eq. ((1.11))

Thu = zu, z € C. (3.1)
and (see Eq. (1.12))
Tou = zu, z € C. (3.2)

Here we are considering matrix valued or vector valued sequence u. More relevant are the
Jost solutions for the construction of the scattering matrix and solutions given in Lemma 3.4
that help us to analyze the asympthotic behavior of the scattering matrix at the thresholds.
We start introducing the following solutions that are very relevant in many computations.
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Definition 3.1. For every z € C and n € Z, we denote by s, and c the solutions s;,c; €

(CEXI)Z of the eigenvalue Eq. (3.2)) with the initial conditions s?(n) =0, s?(n+ 1) = 1 and

cZ(n)=1=ci(n+1). In the special case when n = 0 we omit the subscript s* = s§, ¢* = .

Remark 3.2. Since, sZ ¢ are solutions to Eq. (3.2)), they satisfy a recurence equation.

Then, one can see inductively that the maps C 5 z +— s*(n), c¢*(n) are analytic, for alln € Z.

Moreover, explicitly one can verify that (see Def. )

; VAT = A2 22 £ 4
su(m) = { ()™ (m—n)1, 2= +2 (3:3)

and (for z # —2)
/\(z)mfn + )\(Z>n7m+1
Az)+1

Indeed, R.H.S. of Eqs. (3.3) and (3.4) are solutions of Eq. (3.2)) (recall A\(z) + A(2)™! = 2)

and have the same initial conditions that sZ and c; respectively.

Eq. (3.3) and the fact that |[A(z)| < 1 gives us directly that
s, (m)]| < C*A(2)| ™", 2 € C\ {~2,2}. (3.5)

c(m) =

1. (3.4)

Where C* does not depend on n,m and is uniformly on compact sets z € C\ {—2,2}.
Proposition 3.3. We have the following estimates on s;, and cZ
|52 (m)|| < A=) ™|n—m|, n,mez, zeC. (3.6)
12 (m)| < CIAZ)|""™™ n,m € Z, z € D(2;1/2). (3.7)

Where we denote
D(2;1/2) :={z€C:|z—2| <1/2},
and C'is a constant that does not depend on n,m € Z and z € D(2;1/2). Also we have,

d
d

—Zsi(m)

’ < C* N 2)| "™ m —n|, 2z € C\ {-2,2}, (3.8)

where C? does not depend on n,m € 7Z and is uniformly bounded on compact sets K C
C\ {-2,2}.
Proof. Using Eq. (3.3]) we can write sZ(m) as

[m—n|—1

2 (m) = sgn(m — n)\(z)"I=mi+! Z A(2)¥1. (3.9)

Then, we obtain (recall |\(2)| < 1) Eq. (3.6). Eqgs. (3.7) follows directly from Eq. (3.4).
Using Eq. (3.3]) one can obtain (see Eq. (|2.12 ) that for z € C\ {—2,2},

isz(m) _
dz " dz

Eq. (3.10) implies Eq. (3.8) O
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3.1.1 Jost solutions

Lemma 3.4 (Jost solutions). Suppose that the potencial V' has finite zero moment (see Def.
. Then, for all z € C\ {—2,2} the jost solutions u’, u® as defined in Definition

exist. Moreover, for every n, the functions u’(n),u”(n) are holomorphic on C\ [=2,2] and

continuous on C+\ {—2,2}. The following Volterra equations are satisfied:

o0

Ap (n) = i g(n) + Y (vsi(n)) ()i (i),  neZ, (3.11)

j=n+1

n—1

ApuZ (n) = w2 5(n) = Y (vs"())G) W2 (),  neL, (3.12)

j=—00
Here, we are using s*(n) to denote the sequence m > sZ,(n). Then, (recall that A; and B;
are self-adjoint)
(rvs™(n)")(7)" = 851 ()W + s5(n)V; + 854, (n) Wi (3.13)

Further if V' has finite first moment, the jost solutions ui2 u*? exist. They satisfies Eq.

B-11) and (B12), and for alln € Z
lim uZ(n) =ur*(n), o € {}. (3.14)

z—12 g
Proof. We use Theorem Suppose that H — Hy has finite O-moment. For z ¢ {—2,2}, we
take g(n) = A7L,, K*(n,J) = AL A=) (rys2(n) ) ()", and (sce Bq. (E13))
M (5) = 2[A) " WA A LA — U+ IBS1+ (1A = 1)
Note that Eq. (3.3) imply that for j >n >0
[ (n, )| < MZ(5),

and cero moment assumption implies that for compact sets K C C\{—2,2}, {sup,cx M*(j)} €
L'(N) . Using Theorem [5.1] we obtain a solution @3 € {**(N,C*%) to the equation

Ap@(n) =1+ Z 87 (n)*) () N(2) @ (5), n > 0. (3.15)

We define u7 (n) := A(2)"@%(n), n > 0, and we define recursively,
u?(n—1):= A ((z — By)u:(n) — Apu’(n+1)), n <0. (3.16)

n

By construction, u* is analytic on C\ [—2,2], continuous on C*\ {2, 2}, satisfies Eq. (3.11)
(for n > 0) and Eq. [1.28 It just remain to see that it is a solution of the eigenvalue equation.
Proposition implies that for kK >n >0

k

Y (s () ) (Gui() = Y sim)(rvad)(f) + W(s?(n)*, ul) (k) — W (s7(n)", u ) (n).

j=n+1

(3.17)

25



Defintion of v and Eq. (3.6 imply that Wy (s?(n)*, u
tation using Def. shows that Wy (s7(n)*, u? )(n)

taking limit in Eq. (3.17) and substituting in Eq. (3.11)
following equation (which is equivalent to (3.11])),

+
~—
~—~

k) — 0,k — 4o00. Direct compu-
— Apy1)uZ(n). Using this above,
we obtain that u3 satisfies the

) I
—~
—

o0

Wi (n) = ws o)+ 3 sm)(rvud)(), n > 0. (3.18)

j=n+1

For all n € Z, let us denote the second summand in the R.H.S. of Eq. by S(n).
An explicit computation, using that s? is solution of Eq. and that sZ_,(n) = —1, shows
that

(o — 2)9)(n) = —(1vui)(n), n € Z. (3.19)
Using Egs. and (recall Ty = 79 + 7v), we obtain that u7 satisfies Eq.
for n > 1, for n < 0 it satisfies Eq. by definition. Finally, let us see that u? satisfies

Eq. for n < 0. Note that ui — S is a solution of . Indeed, Eq. implies
(1o — 2)(u — S) = (1 — 2)u? = 0. For n > 1, we already know that (u7 — S)(n) = u7 (n),
since both are solutions of , then they are equal.

If one assumes that H has finite first moment, then the proof is similar, in this case we

take g(n) = A, L, K*(n,§) = A, A=)~ (rys7(n)*)(j)", and (see Eq. (B:13))
ME(Gi) = ) IAZ A = 1+ 1Byl + 1Az — 1),

Using Eq. (3.6 one obtains that || K*(n,j)|| < M?*(j), and by the finite first moment assump-
tion {sup,cc M*(j)} € L. The solution u” ; is obtained in a similar manner. O

Remark 3.5. In the special case, when E € [—2,2] we denote
U g = u¥. (3.20)

Proposition 3.6. Suppose that V' has finite zero momment. Then, for all E € (—2,2), the
following limits exist
uf . (n) = lim uZi(n).
’ z—F

I(z)<0

They have the following asympthotics
uf () = ME) (1 +0(1), n — +oc.

3.21
u? o (n) = AE)™(1 +o(1)), n — —oc. (3.21)
They satisfies Eq. (3.1]). The following Volterra equation is satisfied,
An+1uf,m(”) = Ugo(n) + Z (TVSE(n)*)(j)*ufm(]) (3.22)
j=n+1

n—1
A (n) = uf o (n) = Y (rvsB(n)) (), () (3.23)

j=—00



Proof. We proceed in the same manner as in Lemma we take the same g, M~* and
K* z ¢ [-2,2], and for E € (=2,2) we change K”(n, m) AL AE) I (1 sP(n)*) (5) .
Note that know, K* is continuous on C~ (see Eq. - We obtain, using Theorem
, a solution ¥% (which by unicity coincides with the one obtained in Lemma a7, for
z ¢ [~2,2]) and such that is continuous on C~. The same in the proof of Lemma remains
true, with exception that we define for E € (=2,2), u¥ ;,(n) = AM(E)™"0{(n), n > 0. Then
ui(n) = Mz)"i5 (n) = M2)"07(n) = u¥,;,(n), 2 = E, (2) < 0. The rest is analogues to
the proof of Lemma 3.4 O

Remark 3.7. Prop. proves that the function C~ 2 z — u%i has continuous extension to
C-. Namely, uf"(n) =uf,,(n).

Lemma 3.8. Suppose that V' has finite first moment. Then, the solutions vy introduced in
Definition [1.7 exist.

Proof. We give the construction of v,. The assumption of finite first moment (see Def.
implies that there is N € N, enough large such that

S© LA~ 3+ B+ A - 1)) < 1/2. (3.24)

j=N+1

Consider the Volterra-type equation (where we have the convention Z;V: N1 @ =0.)

=nl+ Z (vX)(j)+n Y (vX)(j), n>N. (3.25)
j=N-+1 j=n+1

We proceed to find a solution of Eq. m Consider the following vectorial space,
L7H([N, 00), CPF) i= {u € (CH)N s {n~tu(n)} € L¥([N, 00),CH*F)},
endowed with the norm

ulloc,—1 = [{n ™ u(n) }Hloo = sup [[n " u(n)]],

n>N
which is a Banach space. Let us define the operator T : L°>~! — Lo~ by
(Tu)(n) = Z Jj(rvu)(j) +n Z Ty u)( (3.26)
j=N+1 Jj=n+1
Note that for w € L°~!, one has for j > N + 1 that
[rva) (I < 15+ 1A1A; = 1+ 1B5 )+ [ Ass1 = LD oo,
this together with Eq. (3.24]) implies that the R.H.S. of Eq. (3.52) is indeed a convergent

series, besides

I (Tu) ()l < lulloe—1 Y 17+ 1A = 2+ 1Bl + 1 4j01 = 1) < 1/201ufloo,1,

j=N+1
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having thus that T is well defined. Moreover, T is bounded and ||T|| < 1/2, which implies
that I —T is invertible. Let X = (I —T)"'g, where g(n) = n. By definition, X is a solution of
Eq. (3.25) such that {n~'X(n)} is bounded in [N, 00). Let us define v, (n) = X(n), n > N,

and recursively we define for n < N
vp(n—1) = 472 = Bu)uy () — Aniyvy (0 + 1)),
An explicit computation using (3.52)), shows that for u € L>~! one has

o0

(Tu)(n+1) = (Tu)(n) = Y (rvu)(j), n = N. (3.27)

j=n+1

Using Eq. and the finite first moment assumption one obtains that (T'u)(n + 1) —
(Tu)(n) — 0,n — oo, or equivalently (taking the mean sequence) n=(Tw)(n) — 0, n — oo.
This above, together with the fact that v, satisfies Eq. imply that v, satisfies Eq.
(L-29). It remains to prove that v, is a solution of Eq. (3.1). Since vy (n) = n+(Tv4)(n), n >
N and using Eq. we obtain

(7o = 2)0)(n) = (Tv,)(n + 1) + (To)(n — 1) — 2(Tv. ) (n)
— (Tv})(n+1) = (Tv)(n) + (Tv,)(n — 1) = (Tv,)(n)
= —(rvvy)(n), n> N +1,
which together with the fact that 7p + 7, = 75 imply that v, is a solution of Eq. (3.1) for

n > N + 1. The fact that vy is solution of Eq. (3.1)) for n < N is given by definition. The
construction of v_ is equivalent. ]

Lemma 3.9. Suppose that H has finite zero moment. Then, for every z € C\ [—2,2], there
exist solutions wi € (CL*)2 to Eq. (3.1)), that satisfy the following asympthotic behavior

wi(n) =Az)""(1+o0(1)),n = 400, w:(n)=A(2)"(1+o0(1)),n— —o0. (3.28)

Proof. We fix z € C\ [-2,2]. In particular, note that A(2)? # 1. To symplify the notation let
us denote 6(z) = A(z)™! — A\(z), which is a constant that depends on z. Take N € N enough
large such that

> 1
Z [A; = 1| + | Bs]] + | 4541 — 1] < 3 0(2)A(2)] - (3.29)

j=N+1

Consider the Volterra-type equation (recall the convention Zjvz N1 @5 = 0),

X(n) :)\(z)_”l%—ﬁ > AT (X)) +
Jj=n+1

1

5 2 M X)G), nz N (330)

j=N+1
We proceed to find a solution X to Eq. (3.30]). Consider the following vectorial space,
B = {u € (CPH)N): {A(2)"u(n)} € L([N, 00),CH*F)},
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endowed with the norm
[ulls = [{A(2)"u(n) oo = sup [A(2)" u(n)]],

which is a Banach space. Next consider the operator T': B — B, defined by

(Tu)(n Z Az (rvu) () +0(2) 70 ) M) (rvu) (). (3.31)

j=n+1 j=N+1

For u € B, one has for j > N + 1
IAG) () (DI < Nlellsl M) (JA; = L+ 1Byl + 1Ay = 1) (3.32)

Eq. (3.32)) together with zero moment assumption imply that the sum in R.H.S. of Eq. (3.31])
is convergent. Moreover, Eq. (3.32)) and Eq. (3.29) imply that

o0

A" (Tu) )| < 10T D (14 = 2+ 1Bl + 1A+ = 1D lulls < %IIUII&

i=N+1

Previous equation shows that 7" is well defined. Moreover, T' is bounded and ||T| < 3. Eq.
takes the form of X (n) = A(2)™"1+(TX)(n). Therefore, its solution is X = (I —T)~!
where g(n) = A(z)™"1 € B, which exists because ||T|| < 3. Now, we define for n > N,
w? (n) := X (n), and recursively for n < N,

wi(n—1) = A" ((z — By)w’(n) — Apy1w?(n+1))

Therefore, from its definition w7 satisfies A(2)"w?.(n) = O(1), n — oo, also it satisfies ([3.30)),
then its easy to see that it satisfies (3.28)). It remains to see that w? satisfies (3.1) for

n > N + 1. An explicit computation using Eq. (3.31)) shows that for u € B one has
(Tu)(n+ 1)+ (Tu)(n — 1) = 2(Tu)(n) — (tyu)(n), n > N + 1. (3.33)

(r
Since w?(n) = g(n) + (Twi)(n), n > N, one obtains using Eq. (3.33)) that for n > N +1
(note that g satisfies (19 — z)g = 0)

(70— =) (n) = (Tw?)(n + 1) + (Twi)(n — 1) = 2(Tws)(n — 1) = —(ryw’ ) (n).

Which together with the fact that 7y 4+ 7 = 77 complete the proof. O

3.1.2 Solutions with prescribed data on 0 and 1

One of the key point of this text is the study of the wronskian of Jost solutions when the
spectral parameter z tends to 2. It turns out to be more accessible to control the behavior
of solutions with prescribed data on 0 and 1 as z — 2 in a detailed manner. Via Wronskian
identities this ultimately allows to deal with Jost solutions and the behavior of the scattering

matrix as 2 — 2.
We recall the solutions s7, cZ to Eq. ( given in Def. |3.1] -
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Lemma 3.10. Let a, b € C*E. For every z € C, the solution of the eigenvalue problem
(13.1), ¥* with initial conditions V*(0) = a, V*(1) = b satisfies the following equations: for
everyn € 2",

U?(n) = s*(n)(b—a) + *(n)a — Z sj(n)(TV\Ifz)(j), (3.34)
and for everyn € Z~- U {0}
U*(n) = s*(n)(b—a) + c*(n)a + Z s5(n) (v ¥)(j). (3.35)
Jj=n+1

Moreover, for every fixzed n, W*(n) is holomorphic on C.

Proof. The result follows from Lemma [5.2] taking A = 1, B(n) = —z1 and F = —7. Note
that sZ, = s, and U = s*(n)(b — a) + ¢*(n)a. The analyticity follows from the analyticity of
s3(n) and c3(n) (see Rem. . O

Remark 3.11. For some computations, we need to write Eqs. (3.34), and (3.35|) as recurrence
equations where the linear map Ty is applied to s3 instead of W*. Using Prop. we obtain

—_
—_

n— n—

s;(n) (v ) () = Y _(rvsi(n)")(5) W7 () + Wy (s7(n)*, U%)(0) — Wy (s7(n)", U7)(n — 1).

1 1

<.
Il

J

By definition (see Def. we obtain
Wy (s7(n)", ¥%)(0) = s7(n)W19%(0) — s5(n) W1 W= (1),

(3.36)

Wy (s?(n)*, U*)(n—1) = —s;_1(n)W,¥*(n) = (1 — A,)¥*(n).
Combining this with Eq. (3.36)) we obtain

._ 55 (n) (v W) (j) = z_:ws%(n)*)(j)*wj) + (A, — 1) (n). (3.37)
where
(tvu)(n), n > 2
(rvu)(n) = § Viu(l) + Wau(2), n = 1 (3.38)
Wiu(l), n =0

In the same manner we obtain,

0

Yo s = Y (7psT(n)) ()W) + (1 = A WF(n), (3.39)
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where
(rvu)(n), n < —1

(rvu)(n) = ¢ Wou(—1) + Vou(0), n =0 (3.40)
W1U<0), n=1.

Using Eqs. (3.34) and (3.35) together with Eqs. (3.37) and (3.39)), we obtain that V* satisfies
the following equations: for everyn € Z+

AW (n) = s*(n)(b—a) + c*(n)a — ‘_ (73757 (n)") (7)W= (), (3.41)
and for everyn € Z~ U {0}
A1 U%(n) = s*(n)(b — a) + ¢*(n)a + 'Z (5% (n)") () T (5). (3.42)

Lemma 3.12. Let ¥* be as in Lemma [3.10. Suppose that the potencial V' has finite first
moment (see Def. [1.5). Then, for all z € D(2;1/2), the following estimate holds

1% ()| <ClnllA(z)| ", n e Z. (3.43)

where C depends on a and b, but not on z and n.

Proof. Let n € Z*, it follows from Egs. (3.41)), (3.6) and (3.7]) that

[ () A (3.4
= ARG [ o~ a) + Fma = (s G| @)
< C(1+ W+ IV + W5 DTG A

and, therefore, Gronwall’s Lemma (see Lemma [5.4) combined with finite first moment as-

sumption yields (3.43)). For negative n, the argument is similar, using ((3.42)). O]

3.2 Scattering matrix

For z € C\ [—2,2], the Wronskians of the Jost solutions (see Def. and Lemma can
be evaluated using that they are independent of n, Eq. (1.28) and Eq. (2.10) : taking the
limits, either n — +o00 or n — —o0,

W(uZ,ui) =0=W(u,u?). (3.46)
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In the same manner, using Eq. (3.28) one obtains
Wz, w?) = —v*, Wi, wl)=v" z€C\[-22]. (3.47)

Moreover, taking limit 2 — E, J(2) > 0, in Eq. (3.46) one obtains (recall u% is continuous
on C* and see Prop. |3.6))

Wl it ) =0 =W(E, u” ). (3.48)

If, additionally, £ € (—2,2) one obtains (see Rem. and Prop. and recall |\(E)| = 1)
W(UE gt U5 o) = FF) 7L WL 4, uf ;) = £(05) 7' (3.49)
where

E 1
vt o= NE) = MBS (3.50)

Definition 3.13. For z € C\ [-2,2] we denote by M7, N7 € CL*L the coefficients such that
(see Rem. |1.9
wi =u N7 +w?M7, u? =ulNZ+wiM?:. (3.51)

We recall that in the case E € (—2,2), it is possible to decompose the states ufmt and uzout
E

on the basis (u u? ;) and (uf ;. ,u ), respectively, and that the matrices M{ and NY

—,out?) '—in

are defined by

E _ E E  E E E _ E E,  E E
u—l—,out - u—,inM—f— + u—,outN+’ U—,out - u—i—,outN— + u+,inM— . (352)
In the same manner, one can decompose the states u®’ uf . on the basis (uf _,,, u¥,)
) P +,out’ “'—,out —,out’) “'—n
and (uf ,,,u¥ ), respectively,
E __ E [E_ E E E _  E E, E TE
U’Jr,in - uf,inLJr + uf,outPJr? uf,in - U’Jr,outPf + u+,inL7' (353)

We can express this coefficients in terms of the wronsian of the jost solutions.

Proposition 3.14. Coefficients defined in Eqs. (3.52), (3.53]) hold the following relations.

(P—E)* = Mf = _VE W(uﬁ,irw uf,out) ) M—E = (Pf)* = VE W(uf,iru ug,out)’
Nf = v W(ug,oub uf,out) ) Lf = - W(ul—c,inv uf,zn) (354)
Nf = _VE W(uf,ouh uﬁ,out)? ’ L€ = yE W(“E,in’ ug,zn)

Proof. We prove one of the identities, the others can be prove in the same manner. Using

Eq. (3.52), linearity of wronskian (see Rem. [2.27)) and Eqs. (3.4g]), (3.49)) we obtain
WE  uf ) = WE ) ME = —vPME. (3.55)

—,in) Y—in

We recall that v” # 0 for E ¢ {—2,2} and satisfies vZ = —1/F. O
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In the case z € C\ [—2,2] one can use Eq. (3.47)) and Eq. (3.46) to see that
M; = "W, i), M2 :=v"Wi,u’), z€C\[-2,2]. (3.56)

In particular, note that the map z + M3 is analytic on C\ [~2,2] and continuous on C*. It
satisfies,

lim M =M, lim M;= PE. (3.57)
3(2)>0 3(:)<0
Equations (3.54]) and (3.56) imply that
(Nf>* = _ij ) E e (_272)7 (Mj-)* - ME, KA C\ [_272] ) (358)
Lemma 3.15. For every E € (—2,2), the following identities hold true:
(MEY*ME =1 + (NB)*NE | (3.59)
MENE = —LPMP (3.60)
(M) MZ =1+ (NY)"NZ, (3.61)
MENE = —LEME. (3.62)
Proof. First we prove (3.61)). It follows from Equations (3.49), (3.53), (3.52) that
_(VE)_l]' = W(uf,ouﬁufput) = W( ME + uZ outNE E ME + uZ outNE) (363)

Expanding the right hand side of (see Rem. and using Equations ([3.46 , (3.49)

we get
_(VE)—ll — _( E)—I(ME)*ME ( E)—l(NE)*NE

This implies (3.61). Equation (3.59) is obtained in similar manner by expanding W(u” ,,, u” ;).
Now let us prove (3.62)). It follows from Equations (3.48)), (3.53) and (3.52)) that

0 =Wl - v} ) = WE , M7 + P N u LY + o, PP). (3.64)
Expanding the right hand side of and using Equatlons (3.48]), (3.49) and (3.54)), we get
0= —(VE)_I(ME)*LE + (W) TN PY = (V)T M) (LE) + (vF) T V) (ME)
Equation (3 is obtained in similar manner expanding W (u® , ,u® ). O]

—in) Y—out

—,out

Proposition 3.16. For E € (—2,2), M¥ is invertible and S¥ is unitary.

Proof. The invertibility of MF follows from Equations (3.59) and (3.61]). Now we prove the
unitarity. The off diagonal terms of (S¥)* S* are (see Definition [1.12)

(ME)H) NEME)™ - (ME)™H) (N (ME)~, (3.65)
(ME)T) (NE)y (M) + (ME)H) NE (M) (3.66)
and they vanish by (3.58)). The diagonal terms are
(M) (X + (NE) N (M), (3.67)
(ME)=H*(1 + (NE)*NE)(ME)~
and they are both equal to 1, see (3.61)) and ([3.59)). This proves the unitary of S¥. ]
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3.3 Boundary limits of derivatives of Jost solutions

The previous section constructs the solutions u% and demonstrates their analyticity on C\
[—2,2] as well as their continuity on CE. In this section, it is proved that the functions
C > z + uZ (n) are continuously differentiable from above on CT\ {—2,2} in the sense of Def.
The proof is inspired by the continuous case that is presented in Deift and Trubowitz
[14].

Definition 3.17. Let U be an open set of C, with U NR # 0. Consider g : U — C, such
that g is analytic on U NCt. We say that g is differentiable from above at E € U N R with
differential (or derivative) Z=g(E) or g(E) if

L [9(E+2) — g(B)

z—0 A
J(2)>0

—§(B)| =0.

Then g is said to be differentiable from above on U if it is differentiable at every point of
UNR, and continuously differentiable from above on U if its derivative is a continuous (from
above) function on U N C*. Likewise, these concepts are defined for vector or matriz values
functions.

For the proof of the differentiability from above of u7, we will consider the sequence @7 (n) =

A(z)"u7(n). Due to (3.11)), it satisfies

A (n) =14+ Y0 MG (sl (0))(G) (), = €D.

Hence let us set, for z € C+\ {—2,2} and j > n € N,
H(z,n,j) = Mz)'""(rvs(n)") ()",

so that .
Appr@i(n) =1+ ) H(zn, )i (7). (3.68)
j=n+1
From the definition and Eq. (3.6) (also see Eq.(3.13))) one readily checks that
1 (z,m, )| < (G = m) AN UWSIE+ IV + TWalD).- (3.69)

Note that H(z,n, j) is contiuous differentiable from above and using Eqgs. (3.8)) and (3.5]) one
obtains that

)| < CG = U+ IV + 1], (3.70)

where C* does not depend on n, m and is uniformly bounded on compact sets K C C\{—2,2}.
Now formally deriving (3.68) w.r.t. z one obtains the equation

d . — N & d o,
An—l—lauur(n) - Z H(Z7n7.]>u+<j) + Z H(Z7n7j)au+(j>7 (371)
j=n+1 Jj=n+1

for n € N. This gives us a Volterra type equation. Let us first verify that this equation has a
bounded solution.
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Lemma 3.18. Assume that V has finite first moment (see Def. [1.4). For z € C\ {-2,2},
there exists a solution h* € (>(N, C'*L) of the integral equation

A (n ZHznj Z (z,m,5)h*(j), n>0.
Jj=n+1 j=n+1
which is analytic on C\ [—2,2] and continuous on C+ \ {—2,2}.

Proof. By Lemma a? € (*(N,C**F) with ||a% || uniformly bounded on K, for every
compact set K C C. For n € N, (3.70) implies that

S NHGE TG <D GV I+ Wil + 1Wal),
j=n+1 j=n+1

where C* is uniformly bounded on compact sets K C C\ {—2,2}. This above together with
the finite first moment assumption imply that the function

o0

g(n) =Y H(znj)i () (3.72)

j=n+1

belongs to (*(N,Cl*L)  is analytic in z € C\ [~2,2], continuous in z € C+ \ {2,2} and
uniformly bounded on compact sets K C C\ {—2,2}.

Then, the result follows from the Theorem [5.1] with ¢* defined as above and K*(n,j) =
H(z,n,5), M*(5) = GGV + Vil + [1W51)- =

Proposition 3.19. Assume that V' has finite first moment (see Def. . For each n € N,
the function z |—> ft+(n) is continuously diﬁerentz’able from above on C\ {—2,2}. Moreover,

the deriwvative - € (°(N, CE*F) and it satisfies (3.71).

Proof. For z € C\ {—2,2}, let h* the function defined in Lemma [3.18} Lemma implies
that z +— h*(n) is continuous on C+ \ {2, —2} and satisfies the following equation

Apiah®(n) = Y H(zn, )@ () + Y H(znj)*(j), neN (3.73)
j=n+1 j=n+1

Take n € N. Since the map C\[-2,2] 32z~ ﬁi(n) is analytic and [A(2)| < 1, ¢ [—2, 2] then
the complex derivative d—u u* (n) satisfies Eq. , and uniqueness implies d%vli =h(z), 2 ¢
[—2,2]. Then, it is enough to prove that for £ € (=2,2), “£a¥(n) = h¥(n), then the result
follows from the continuity of h*. Take z € CT, using (3.68) and (3.73) one has that

A (afwn)—af(n) ) hE(m) 6+ S HE ) (uf%)—uf( D e ))

z
Jj=n+1

(3.74)
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where

o)=Y (H(E“’”’j> —HE M) e —H(E,n,mf(j)).

j=n+1 <
Eq. (3.70) implies that
IH(E, n, ()] < CiVill + W1+ Vi),

where C' denotes a constant that does not depend on E, j,n. Then it is summable in j by the
finite first moment assumption. On the other hand, the estimate

“}{(Ej*_zanaj)__11(127n7j)

1
) | < [ e s
0

and Eq. (3.70]) leads to, for 0 < |2]| <1

HH(EJrz,n,j) — H(E,n, j)
z

af*ZwH < GVl + Wl + 1Visal),

which is thus also summable in j. Therefore, the Lebesgue dominated convergence theorem
implies that G(z) — 0 as z — 0, (recall @2 (j) is continuous on C* and H(z,n, j) is differen-
tiable from above). Now by the Gronwall lemma applied to Eq. (see, Lemma[5.4) and
Eq. , one has

~E+z ~F o0
"~ ()| < CIG() e (C > J(II‘GII+II‘G+1II+HWjH> — 0,
j=n+1
as z — 0. This implies the desired result. O

Remark 3.20. Recall that (see Proposition [3.4]) by definition ui(n) = X 2)"@Z (n), so that
Proposz'tz'on implies that the map z — uZ (n) is continuously differentiable from above on
C\ {2, -2} for n € N. Moreover, Eq. (3.1) implies that

A = 1) = (B = Vi)ub(n) = Apyru(n + 1),

which along with the above allows to prove that z — u7.(n) is continuously differentiable from
above on C\ {2,—-2} for alln € Z. In a similar way one proves that the map z — u® (n) is
continuously differentiable from above on C\ {—2,2} for all n € Z. The above results imply
that the map (—2,2) 5 E — uiout(n) s continuous differentiable. In the same manner one
can prove that the map z — u?i(n) is continuous differentiable from below, and then conclude
that the map (—2,2) 3 E — u¥,,(n) is continuous differentiable.
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3.4 Bound states

This section examines the behavior of the function z +— det(M3) at z = E, where E € R\
[—2,2] is an eigenvalue of the operator H. The main result (see Proposition establishes
that the number of zeros of the analytic function z — det(M%) on C\ [-2,2], counted with
multiplicities, is equal to the number of eigenvalues of H, also counted with multiplicities.

Proposition 3.21. For z € C\ [—2,2], the following identity holds true:

dim(Ker(H — 2)) = dim(Ker(M7)). (3.75)
Moreover, N7 restricted to Ker(M?) is a bijection between Ker(M?) and Ker(M7).
Proof. Let us prove for M7 and the result for MZ is obtained in a similar fashion. Set

S, ={peCr:uipe*(Z,C"}, S ={peCr:u’¢e*Z,C")},

then the function 7' : S, — Ker(H — E) defined by T(¢) = ui ¢ is linear and injective
(because the columns of w7 are linearly independent by Remark and these columns are
precisely solutions to the eigenvalue problem). Let u € Ker(H — E), then there exist ¢ € C*
such that u(n) = u% (n)¢ (indeed, write u = u% ¢ + w7 ¢ again by Remark [1.9 and notice that
wZiip # 0 implies that lim, ;. ||w? (n)y|| = oo - see Eq. (3.28)). Thus 7" is surjective, and it
is consequently an isomorphism.

Next we prove that S = Ker(M;) which implies (3.75)) (similarly, one proves that S_ =
Ker(M?)). Let us take ¢ € Ker(M7) and multiply (3.51)) by ¢ so that

ul ¢ = u> No. (3.76)
This implies that u ¢ € L*(Z,C") and therefore ¢ € S, which implies that Ker(M?) C S;.
The other contention is proved by taking ¢ € S, and multiplying (3.51]) by ¢. Then
ui ¢ = w2 Mo+ uZ Nig.

Since uZ ¢ € L*(Z,C"Y), it follows (using the asymptotic behavior of Jost solutions to compute
the second term on the right of the next equation) that

lim w?(n)Mi¢ = l_i}r_n ui (n)o —uZ(n)Nig = 0.

n——oo

The asymptotic behavior of Jost solutions implies that M7 ¢ = 0 (since otherwise one would
have lim,,_,_o, ||w? (n) M ¢|| = 00). The arguments above imply the first part of the state-
ment.

Next, let us prove that NilKer(Mz
¢ € Ker(M?). Eq. (3.51)) implies that
u® ¢ = ui NZ¢,

) is a bijection between Ker(M?) and Ker(M?7). Take

and using the asymptotic behavior of Jost solutions (see Eq. ([1.28))) one concludes that
u’N?¢ € L*(Z,C").
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With help of Eq. (3.51)) for u (i.e. uiN?¢ = w>MiN?¢p + u> N;NZ¢ ), one deduces
as before (using a blow up argument) that N?¢ € Ker(M?). This implies that N? maps
Ker(M?) into Ker(M7). Moreover, Eq. (3.51]) and the above equations imply that

uZ¢ =uiNZ¢p =u>NiNZ¢p.

Multiplying by A(z)"™ and taking the limit n — —oo in this identity (see also Eq. (1.28)), it
follows that
¢ = NIN?¢.

In a similar fashion, one proves that if ¢ € Ker(M7) then N7¢ € Ker(M?) and
¢ = NZNi¢.

Then the restriction of N7 to Ker(M7) is the inverse of N* |Ker ( concluding the proof.0

M2y
Proposition 3.22. The set of eigenvalues of H is a finite set contained in (—oo, —2)U(2, 00).

Proof. Since H is self-adjoint, its spectrum is contained in the real line. Let EF € R an
eigenvalue of H and suppose that u is an eigenvector of H corresponding to F, i.e. Hu = Fu.
Let us assume first that E € (—2,2), Remark implies that u can be written in the form

_ . E E
U = u—l—,outa + u—i—,inB?
for some «a, 3 € C. As u is square integrable, one has

lim u(n) = 0.
n—oo

Eqs. (T31), ([33) yield that
lim A(E)"a+ ME) ™8 =0,

n—oo

which is only possible when @ = 3 = 0 (recall |\(E)| = 1, A(E)? # 1) and hence u = 0.
Consequently all eigenvalues must lie on (—oo, —2] U [2, 00). It remains to rule out the points
{—2,2}. We analyze only z = 2, since the analysis for z = —2 is the same. The proof in this
case is similar, but Remark is not valid anymore because u? ,,,, = u7 ;, (recall \(2) = 1.)
The columns of u3 ,,, do not generate all solutions. Nevertheless, in Definition in we
introduce another solution v} such that the columns of (uiout, vy) generate all solutions.
Now, following the line-of-argument for the case E € (—2,2), one concludes that 2 is not an
eigenvalue.

Proposition implies that £ € R\ [-2,2] is an eigenvalue of H if and only if the
function z — det(M7F) has a zero at E. Since this function is analytic on C\ [-2,2], we

conclude that H has only a finite number of eigenvalues in (—oo, —2) U (2, 00).
[l
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Proposition [3.21| claims that the number of zeros, counted without multiplicity, of the
function z — det(M7) on C\ [—2,2] is equal to the number of eigenvalues of H, counted
without multiplicity. Proposition below proves that they are also the same if counted
with multiplicity. For the proof, the following technical statement is needed which is a discrete
version of a result from [3] that was already used in [§].

Lemma 3.23. Let E € R\ [-2,2], an eigenvalue of H. Let a € Ker(M¥). The following
equation holds true:

d
(Nfa)*al\/[f 0= —vE||ufa]? (3.77)

Proof. Let z € C\ [-2,2] and recall that the Jost solution u? satisfies the generalized
eigenvalue equations Hu? = zu?, namely

Appui(n+ 1)+ Ayui (n — 1) + Byud (n) = 2uf (n), Vn € Z. (3.78)

Taking derivative w.r.t. z in E, one obtains

AppriZ (n+1) + Ai2(n — 1) + By (n) = Eal(n) + u”(n), (3.79)
where 4, is given by ', (n) = d%uj(n)‘ . Taking adjoints and evaluating in z = F in (3.78)
leads to -
E * E * E * _ E *
uy(n+1)" A, +uff(n—1)"A, +ui(n)" B, = Eul(n)". (3.80)

Multiplying (3.79) on the left by u%(n)* and (3-80]) on the right by 4% (n) and subtracting the

resulting equations, one obtains
uf(n)* Appri(n+1) —ul(n+ 1)* A, 102 (n) + u (n)*Ail (n — 1)—uf(n — 1)* 4,05 (n)
(3.81)
= uP(n)ul (n).
Recalling the definition of the Wronskian
WE, i) () = uE(n + 1) Ay it (n) — ()" Ay i (n 4 1),
one can rewrite the last equation as
Multiplying this equation by N¥« on the right and by (Nfa)* on the left implies that
(NEa)y* W, i) (n — 1) = W2, 4} (n))NEa = (u”(n)a) u”(n)a, (3.82)

where Eq. (3.51)) was used to exchange u¥(n)NFfa by uf(n)a (recall that a € Ker(ME)).
Since a € Ker(M¥), one has that u®a € L*(Z,C) (by using that u”(n)Nfa = u®(n)a and
the asymptotic properties of Jost solutions). Now take the sum in both sides of the Eq. (3.82))

to get:
Y stn=1)=s(n) =) (uE(n)a)yuf(n)a = |u’al?

nel neZ
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where s(n) := (NZa) W (ul’, i) (n)NFa, n € Z. Note that the Lh.s. of the equation is a
telescoping series. Thus
lim s(n) — lim s(n) = |[u”al? (3.83)

n——00 n—-+o0o

Computing @ (n) = nA(E)""'a¥(n) + A(E)" <4z (n)|.— and noticing that
iaz = goo(N (CLXL)
dz 45 Uy ) )

see Proposition [3.19] one obtains that

u®(n), ¥ (n) — 0,n — +oo. (3.84)

Thus
s(n) -0 asn — +oo.

Using the definition of the Wronskian (see Eq. (2.26))) and the general fact that - f(2)* =

z2=20
(L£f(z)] ), one obtains the following (for every n € Z):
2=2%0
_W<u+7 ) o—E = W(”Eu E)( ) + W<u+7 )(n)7 (385)
recall 4% is given by uZ(n) = d%uz_ (n)‘ . The following computation now uses again Eqg.

(3:51) in order to replace u¥(n)N¥a byzaﬁ(n)oz (recall that o € Ker(MF)) and Eq. (3.85)

s(n) = (NZa) W if)(n) NP = Wl NP, i) (n)NFa = W(uPa, i) (n)NPa

— W, ) )N = o (W i) n) = LW 0)| ) NPa =
= —aW(@E, u?)(n)a — a*(— d —W(Z,u?)|  )*Nfa
dz o z=F -

Arguing as in (3.84), one gets u”(n),u”(n) — 0, n — —oo. Taking the limit (n — —o0) in
the last equation leads to

d _
E Z z .
s(n)* = —(N”a)* de(qu,u,) sy —oo. (3.86)
Egs. (3.83) and (3.86) and the fact that s(n) — 0, n — +o00, show that
d _
—(NFa)*EW(ui,uz_) a = [[ufal? (3.87)
Using Eq. (3.56]) we obtain
d z _ d z E E d
M=o Z:EW(u+, By 40 7 W(uZ,u?) L (3.88)
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Then, due to « € Ker(M%) = KerW(u¥, u”),

d z * d z z
(NEa)* dzM e vE(NEa) EW(u%uf) it (3.89)
Combining Egs. (3.89) and ({3.87)), the result follows. O

Proposition 3.24. Suppose that E € R\ [—2,2] is an eigenvalue of H. Let us set np =
dim(Ker(M?)) = dim(Ker(H — E)). Then there exists a complex number cg € C\ {0} such
that

det(M?) = (z — E)"®(cp + O(|z — E|)),  z— E.
Proof. Let {uy,...,u,,} be a basis of Ker(M?¥). Since NJ_E‘KGI"(ME) : Ker(M%) — Ker(MF)

is an isomorphism (see Proposition (3.21)), it follows that {Nu, ..., N¥u,,} is a basis of
Ker(M¥) = Ran(MPF)*, the latter due to Eq. (3.58). Next let {vn,+1,...,v.} be an or-
thonormal basis of Ran(MF) and {u,,1,...,ur} such that MPu; = v;. Then the sets
{NEuy, .. NEup vy sy v} and {ug, o, Uppy Ui, -, ug b are basis of CF. We denote
by Uy, Vi and Vi, V5 the matrices such that

Uy = (ur..ug), Uy = (ur...un,,), Vi = (N¥uy..NFu,, Upgy VL), Vo= (NPuy..NFu,,).

\ 0 0
VIM_EU1:<O 1).

We let 4, B, C, D denote the matrices satisfying

A B
z:Elj1 a (é D> ’

U,. Lemma [3.23) shows that A is positive, indeed if ¢ € C"# \ {0}

d
VFi—M?
Yz

where A = V;%Mi

z=F

d
. E * z
Us6 = (NFUg)" - M

~ d
¢"Ad = (Vag)" M= U2 = —vP|[uUz0|* > 0.

z= z=

Note that the last identity used —v > 0 for £ € R\ [-2,2] and that the columns of U, are
linearly independent, this implies that Us¢ # 0. The fact that |[uZUs¢|* # 0 follows from
Eq. (1.28), which implies that if z # 0 then A(E)"u”(n)z — x # 0 as n — —oco. With the
help of Taylor’s theorem and analyticity, it follows that

0 0

Vl*MiUl - (O 1> +( E)Vvl dd U1+O((Z— )2)

(z—E)A  (:—E)B (3.90)

:((Z—E)é 1+(z—E)l5)+O((Z_E)2) as z — E.
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Using the Schur formula (see Proposition for the determinant in Eq. one gets
det(Vy MZU,) = det(1 + (2 — BE)D + O((z — E)?))-
det((z — BYA + (2 — E)>B(1 + o(1))C + O((z — E)?))
=det(1+4 (2 — E)D + O((z — E)?))det((z — E)(A+ O(z — E)))
= (2= E)"g(2),

where g(z) = det(1+ (2 — E)D + O(z — E)?) det(A+ O(z — E)). From the last equation and
the fact that g(E) = det(A) # 0 the desired result follows. O

3.5 Half-bound states

This section analyzes the behavior of the function z — det(M7) as z — £2. All results are
presented for the case z — 2, but they also hold for z — —2; the corresponding proofs are
essentially the same. Throughout this section, we denote

Ji = dim Ker(W(u? ,u?)).

At first look, this definition may appear to differ from the one given in Theorem|[I.15 However,
as will be verified in Lemma [3.33] (see also Definition [3.28)), these two definitions coincide.
This section provides a brief overview of the analysis, presenting only the key results necessary
to describe the behavior of the determinant near the spectral edge. A more detailed treatment
will be given in Section [3.6

From the definition of % , we know that u% (j) — 1 as j — oo. Therefore, for sufficiently large
j, the matrix u3 (j) is invertible. To simplify the notation, we assume that u? (1) is already
invertible. This assumption introduces no loss of generality, since one can always translate
the origin accordingly.

Proposition 3.25. There exist invertible matrices P,Q € C**L and matriz valued functions

A(z), B(z),C(z), D(z), for z € C\ {2} sufficiently close to 2, such that

P W e i (1) M2 (1)Q = (éﬁii 52’3) (3.91)
where
A(2) = (1=A(2))A+o([1=A(2)]), B(z)=o0(1), C(2)=0(1-A(2)]), D(z)= DJE??SZ))-

In the previous equations, A is a matriz of size J,” X J,' (and this determines the dimen-
sions of the other matrices involved). Moreover, A and and D are invertible matrices. The
invertibility of u®. (1) for z close to 2 follows from the invertibility of u3 (1) and Eq. (3.14).

In Section we present a proof of Proposition m (see Proposition and Equa-
tion (3.151f)). This proposition is a key step to show that the limits

T2 .= lim T?
+ z2—2 +

exist. It also implies the next proposition, which serves as a preparation for the proof of
Levinson’s theorem.
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Proposition 3.26. There is a constant ¢ € C\ {0} such that
det(M3) = (Mz) — 1)J:’L(c+ o(1)), z—2, zecC.
Proof. Using Egs. (3.56) and (3.91) one has for z € C that

det(M2) = (v°)" det (38 522) (a+o(1)), (3.93)

where a = det(—PQ)™" # 0, and Eq. (3.14) was used. Using Schur formula for the determi-
nant (see Proposition [5.9) and Eq. (3.92), it follows that

Alz) B(2)\ _ A MA Lol AN = () 1V (bt
det(c(z) D(Z))det(DJro(l))det((l A=) A+o(1 = A=) = (Az) - 1) (b+(?)(19)£

where b is a non-zero constant. Using Egs. (3.93)), (3.94) and (2.13), the required result
O

follows.

Remark 3.27. Using Eq. (3.58) and Proposition one gets a similar result for M? in a
neighborhood of z =2 in C:

det(M?) = (A(z) — 1) (e + o(1)). (3.95)
The corresponding result in a neighborhood of z = —2 in C reads as:

det(M?) = (A(2) + 1)"» ~5(d + o(1)), (3.96)
where d € C\ {0}. o

3.6 Band edge limit

The scattering matrix (see Definition is well-defined for energies £ € (—2,2). However,
at the band edges ' = £2, it exhibits singularities. These singularities depend on the decay
properties of the potential V = H — H,,.

In particular, if the potential has a finite first moment, the limiting behavior of the scattering
matrix at the band edges is related to the existence of bounded solutions to the generalized
eigenvalue equation

(tgu)(n) = Fu(n), E =42,

commonly referred to as half-bound states.
This behavior is reflected in Equation (3.56). If the matrix W(u?,u3) is invertible (generic
case), then

(M7)™' =0 as z—2,

since (v*)™! — 0 as z — 2.

However, if the matrix W(u?,u?) is not invertible (exceptional case), then (M)~ develops
a singularity at z = 2. This singularity is governed by the singular part of W(u? , u? ), namely
its kernel:

Ker (W(u”,u3)).
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Its turns out that this kernel corresponds to the space of initial conditions of the half-bound
states. In this case, one must use local estimates at £ = 2 on particular solutions to the
eigenvalue equation to extract the singularity induced by the singular part of W(u? ,u?).
The main difficulty in analyzing the limit at the band edge, as opposed to the case of bound
states (Section [3.4)), is that the function

z
z = M7

is not differentiable at z = 2. Therefore, it is necessary to first derive local estimates for so-
lutions with prescribed initial conditions, and then translate these estimates into information
about the Wronskian:

W(uZ, i),

which ultimately governs the behavior of the scattering matrix near the band edge. We start
with the description of the space Ker(W(u?,u?))).

3.6.1 Half-bound states

In this section we study the singular part of the matrix W(u2 , u% ), namely Ker(W(u?,u?)).
The main result (see Lemma is that this space corresponds to the space of initial
conditions of bounded solutions to the generalized eigenvalue equation. These solutions play
a fundamental role in the limit of the scattering matrix as z tends to 2. Through all this
section we assume that the potential V has finite first moment (see Def. [L.4)).

Definition 3.28. We introduce the notations
N = Ker(W(u?,u?)), L :=KerW(u2,u?)). (3.97)
The generic case is referred as N = {0}, otherwise one speaks of the exceptional case.

Lemma 3.29. Letu € (CL)Z be a solution of the eigenvalue equation Tgu = 2u. The following
items are equivalent:

(i) u is o(n) for n — +oc.
(i) w is bounded as n tends to +oc.
(7ii) u converges as n tends to +oo.
Moreover, u is o(1) for n — +o0, if and only if u = 0.

Proof. 1t follows from Equations (1.28)) and (1.29) that the columns of u% and v} form a basis
of all solutions. Then, there are a, 3 € C" such that

.2 2
u=via+ulp.

Due to the asymptotic behavior of ’1}3_ at +o0o each of the items is equivalent to o = 0, then
the asympotic behavior of u2 yields the desired result. O]
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Remark 3.30. The previous lemma remains valid if we replace +00 by —o0.

Lemma 3.31. The following formula holds true

o0

Ww?,ul) == > (rvul)(j). (3.98)

j=—o00

Proof. Tt follows from Lemma [3.4] that

B =1+ Y (n—rud)i).  nel

n—1

) =1- 3 (- j)nad)(j), neZ

j=—00

(3.99)

By the first finite moment assumption |jV;| tends to zero as j tends to minus infinity, also
there is a constant C such that |u3 (j)] < C|j|, for j < 0, (see Lemma [3.12)), it follows that
(recall V,, = A, — 1)

W(u?,u2)(n) — Wo(u?,u?)(n) =

u? (n) 2

u? (n+1)"(nVy11) +n —uZ(n)*((n+ 1)Vn+1)w (3.100)

— 0, n - —o0.
+1

Now for n € Z we have

Wo(u? ,u2)(n) = (1 - Z (n+1 —J)(Tvua)(j)*) (1 + Z (n —j)(Tvui)(j)>

j=—o0 j=n+1
- (1 -Y —j)(wu%)(j)*) (1 £ - j)(rvub(j))
== > (vud)(i) = 3 (wad)) 3 (= )t )6) + o).

Here, we used that u%(£7) is bounded for j € N and that limy, 00 0o [71(IV; 1+ [[W;]]) +

j==o0

> e lAIUIVSIE+ [[W5]]) = 0. Taking the limit n — —oo and using Eq. (3.100) we obtain the
desired result. O

Lemma 3.32. The next equations hold true:
ui(n) = —[n|(W(uZ,u3) +o(1)),  n— —occ.

u® (n) = n(W(u2,u?) + o(1)), n — +00.
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Proof. 1t was proved in Lemma that

W u}) = = Y (vud) (), (3.101)
j=—00
and, similarly we deduce that
Wi, u?) = > (rvu?)(j). (3.102)
Jj=—00
Equation implies that
Wn+1) —ui(n) = Y (n+1-i)mud)(i)— Y (n—j)(rved)()
j=n+2 j=n+1
= 3 (vd)()
j=n+1
— W) = 3 () ())
Jj=—00

Thus, u(n+ 1) —ui(n) - —W(u?,u2), as n — —oo (recall that |u%(n)] < Cln| due to
Equation (3.43))). This implies that

0
1 1 .
m(qu(n) —u%(0)) = In| 'Zlui(] +1) —ul(j) = W, ul), n — —o0
j=n—
and, therefore,
u? (n) s o

+ W(uZ,u?) n — —oo

Id
This proves the first equality. The proof of the second is similar. n

The next result establishes a connection between the subspace A/ and £ introduced in
Definition B.28 and the half-bound states.

Lemma 3.33 (Half-Bound States). The next equations hold true:

= {¢ € C" : W€ is bounded}, L ={x € C*:u*x is bounded}. (3.103)
Moreover, since W(u?,u%)* = =W(ui,u*) by definition, it follows that
N = (W2, u2)CH)*, L= W2 u2)CH)*, (3.104)

and, therefore, dim(N') = dim(L).
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Proof. Take & € N, then Lemmas [3.29) and [3.32 yield that u¢ is bounded. Now taking
¢ € CF such that u%¢ is bounded, Lemma |3.32| implies that

uf (n)¢

_ _ 2 2
0= nl_l)r_noo = W(u, u? €.
Therefore the first equality follows. The proof of the second equality is similar. m

Definition 3.34. In Lemma [3.33, a characterization of N and L in terms of half-bound
states is presented, in particular we prove that (ui(j)g)jez is bounded, for every & € N (i.e.,
it is a half-bound state). For & € N, let us define

oo

re= (6= 3 dmvu)()e). (3.105)
Lemma 3.35. For every £ € N,
[{= lim_ u? (n)é. (3.106)

Proof. Let £ € N = Ker(W(u?,u?)), we compute using Lemma and Equation ([3.18):

E-uimE= D (G- n)(vid)(5)
=Y (e —n Y (vud)(5)E
j=n+1 Jj=n+1
— Z jlrvud) ()€ +n (W(uQ,ui) + Z (Tvui)(3)> §
Jj=n+1 Jj=—00
=Y ma)E S ()G
j=n+1 j=—00

Notice that u3 (j)¢ is bounded because { € N (see Lemma . Then, the assumption of a
finite first moment implies that the first term in the last equation converges, while the second
term tends to zero as n — —oo. Using this above, taking limit in the last equation and using
definition of I' (see Definition , we complete the proof. O

Lemma 3.36. T is a linear isomorphism from N to L.

Proof. Taking £ € N and x = I'¢, it follows from Lemma and Equation (|1.28) that

lim w2 (n)é —u?(n)x = 0.

n——oo
Then, Remark implies that

u (n)é = u*(n)x, n € Z. (3.107)



We deduce that u? y is bounded and, therefore, ¥ € £ and it follows that TN C L. Let
X € £ and £ = lim,,_, u? (n)x. As above, we obtain that u2 (n) = u?(n)y for n € Z and,
therefore, I'¢ = y. This proves the subjectivity and as £ and N have the same dimension,
that I' is bijective. O

Remark 3.37. It follows from (3.107)) that

(3.108)

whenever u? (n)~! exists.

3.6.2 Local estimates for solutions

This section is devoted to deriving technical estimates on the solutions of the eigenvalue
equation close to z = E. This estimates will be instrumental in our subsequent analysis of
the Wronskian. The main results of this section are the estimates obtained in Lemmas [3.41
3.42] see also Def. [3.40] We recall the solutions s, ¢ given in Def. we also recall the
solutions W* with particular initial condition at n = 1,0, see Lemma [3.10, From now on, we
consider a disc centered in 2 with radius 1/2,

D(2;1/2) :={z€C:|z—2| <1/2}.
Proposition 3.38. For all z € D(2;1/2) the following holds true

e Foralln e€Z

[5°(0) = ") ey, 1E0) O oy
o S ORI, e < Ol (3109)

e For alln,m € Z with m/n > 1 we have

[s5.(m) — s*(m) — s,(m) + s*(m)|

n-m||A(z)|7m. )
INz) — 1 < Cln-ml[A(2)] (3.110)

Where C' denotes a constant that does not depend on n,m, z.

Proof. We start with the proof of the L.H.S of Eq. (3.109). Suppose that n > 0, using Eq.
(3-9) we obtain (recall |A(2)| < 1)

_ _nln_l)\ZQj—l N
% AT jz )E(i)—1 tn (A)(z)—1 (3.111)

Then we obtain
% < AEITAR) + 1 Z] +n(n — DIXz) + 1A=)[". (3.112)
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The above equation implies the desired, for n < 0 is analogues. Now we prove the R.H.S. of
Eq. (3.109). Suppose that n > 0. Taking Eq. (3.4), (note that ¢*(n) = 1) we obtain

*(n) — CQ(n) B 1 Az)" =1 )\(Z)—n—i—l(l —A\2)™)
Az) —1 “M@+1(A@y_1+ NOES )- (3.113)

Taking modulus in the above equation and using the general fact a”—b" = (a—b)(>27—y a/b"1~7)
we obtain the desired. Now we prove Eq. (3.110]). Suppose that m > n > 0, Eq. (3.3) implies
that

so(m) = Az)"s*(m) — A(2)"s*(n). (3.114)

n

Then we have (recall s%(m) =m —n)

sZ(m) — s*(m) — s2(m) + s2(m)  A(2)"s*(m) — A(2)™s*(n) — s*(m) +n

n n

S NGO
s (m)(A(z)" —1)  s*(n) = A(z)"s*(n)
-1t -1 (3.115)
o AT =1 5 T A" m 5 (n) — s*(n)
B VP P R Ol v w w2 Vo puy

Taking modulus in the previous equation and using Eqs. (3.6)), (3.109) and the general fact
a” —b" = (a— b)(zy;ol a’b"177) we obtain the desired (recall [\(z)| < 1 and |m| > |n]). O

Proposition 3.39. Let V* solution of Eq. (3.1) with fized initial conditions at 0 and 1, let
us say V*(0) = a, V*(1) = b. Then one has for alln € Z,
U#(n) — U2(n)
Az)—1

—0, z— 2. (3.116)

Proof. We note that (recall A\(z) + 1/A(2) = 2)

z—=2  Mz)—1 1/AMz)—1
Mz) =1 Az)—1 Az)—1

0. (3.117)

Lemma implies that the function z — W¥#(n) is analytic. Then, the followin limit exists

d U (n) =) ANz)—1 . UEF(n)—P3(n)A(z) -1
dz\ll (n) z=2 ,lzl—% z—2 Az)—1 ) Az)—1 z—2 (3.118)
Egs. (3.117) and (3.118) imply the desired. H

Of particular importance for our analysis are the solutions with tinitial condition a = u3 (0), b =
2
u? (1).

Definition 3.40. For all z € D(2;1/2), the solution described in Lemma with a = u?(0)
and b = u2 (1) is denoted by ©F € (CF*L)Z.
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Notice that © = w%. In this case, we have that (see Eq. [3.18] recall s;j(n) = n — j and

Ui,o =1)
b—a = (1) = w3 (0) = > (v ) () = D () (1)62()):
Let us set -
d(n) =3 (1700 (1)O%(5):

It follows from Egs. (3.41)) and (3.42)) that for every n € N,

An®7(n) =s*(n)d(n) + *(n)a — (7 s7(n)") ()" (©7(5) — ©%(4))

—

Y (50 — () ()" O),
and for every n € Z~ U {0}
An107(n) = s*(n) (b — a) + ¢*(n)a + Z T 8 7)) 0%(4),
Jj=n+1

As usual we are denoting s7(n) to the sequence j — s7(n), then (see Eq. (1.10))

(v (s%(n) = s7(n))")(5)"
= (5%(n) = 551 ()W + (s°(n) = 55(n))V; + (s%(n) — 541 () W11,

(3.119)

(3.120)

(3.121)

(3.122)

We provide some technical estimates for the solutions ©% for values of z close to 2. These

estimates later allow us to derive bounds for the coefficients M7 when z is near 2.

Lemma 3.41 (Regularity 1). Suppose that V has finite first moment. Then, there is a

constant C' € R independent of n and z such that, for all z € D(2;1/2),

H 0% (n) — ©%(n)
NSRS

< Cn|A(z)|™", Vn € N.

Proof. Tt follows from (3.120]), that

A,0%(n) — A,0%*(n) =(5°(n) — s*(n))d(n) + (c*(n) — c*(n))a

- jh;s%(m*)u)*(@w) - 0%(j))
£ 3 (570 = 570 = )"+ 52()") () €°()

(3.123)

(3.124)



Equation (3.124)), Prop. [3.38, and finite first moment assumption (which in particular imply
that nd(n) is uniformly bounded, see Def.(1.4))) give us

[A(z)["
(3.126)

62(;22)_—6? H<c[1+]§;j IVl 10+ W) '“J”’H &7())— ')

n

here we use that ©2(j) = u3 (j) is uniformly bounded for j > 0 (which is a consequence of
the definition of the Jost solution at stake). Equation (3.208]) and Gronwall’s Lemma (see
Lemma combined with the finite first moment assumption imply (3.123)). O]

If the potential V' has finite first moment. Lemma (with ©? playing the role of ¥?)
implies that the series

o0 [e.e] o0

> (mOG) = > (vud)(G) = Y (Vi + Wi+ Wi (), (3.127)

j=—o0 j=—c0 j=—o0

converges to a matrix in C/*#. This matrix plays an important role in the proofs as it is
connected to the Wronskian of u% and u?, see Lemma [3.31] In Lemma (see Definition
3.28), we prove that for every vector £ that belongs to its kernel, the sequence (u?(7)§);ez is
bounded. The corresponding states (u?(j)§);ez are called half-bound states.

Lemma 3.42 (Regularity 2). Suppose that V' has finite first moment. Let & belong to the
kernel of (3.127)). There is a constant C' € R, independent of n and z, such that, for all
z € D(2,1/2),

H—A(Z)l_ T (©7(n) - @2(n))€H < Cln|A=)",  YneZ u{o}. (3.128)

Proof. In this case, (see Equations (3.119)), (3.38)), (3.40) and recall that £ belongs to the

kernel of ([3.127)))

1

(b—a)é =D (fud )(NO’(E == D (rpul 0)()O*(H)E. (3.129)

=0 j=—00
Hence let us set

d_(n) == ) (ryu} ) ()O*().

j=—o00

Eq. (3.127) and Lemma imply that £ € Ker(W(u?,u?)) = N (see Def. [3.28), then

Lemma|3.33|implies u% { = ©%¢ is bounded, this together with finite first moment assumption
on the potencial imply

nd—(m)| < > LIV + W51+ Wi DI ()N < oo (3.130)

j=—00
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It follows from Eq. (3.121)) and (3.129) that for every n € Z~ U {0}

An107(n)€ =5*(n)d-(n)¢ + *(n af+Z 755 () GV (5)(O°(j) — ©2(j))E  (3.131)
+ ) () = 5 () 6) O

Then, we have that

'A(Z)’_n RE >1 —1] 1(s*(n) = $*(n))d_(n)e]

<

[P e - e

+[[(e*(n) = “(n))ag]| + Z (7 57 (n)") (5)(O7(7) — ©*(7))&

j=n+1

£ 30 0 ()" = 5° ()" 4+ ()" = £2(m)") ()" O (el . (3.132)

j=n+1

Bounding the first summand on the right is bounded using the second estimate from ((3.109))
and (3.130)), the second summand with (3.109)) and the fourth summand with (3.110)) together

with the finite first moment assumption (recall ©*¢ is bounded), one deduces

AT

]

©%(n) - @2(71)
A(z) —

[1+ Z AW+ W5l =+ V3D

j=n+1 H

where we use also use Eq. (3.6). Equation (3.133) and Gronwall’s inequality (see Lemma
imply (3.12§)). O

3.6.3 Analysis of the Wronskian

It follows from and Definition that the Wronskian is tightly connected to the
scattering matrix. In particular, the invertibility of M7 is essential for its definition. Since
the purpose of this section is the analysis of the scattering matrix as z tends to 2, it is crucial
to study the behavior of W(u? ,u?) = —(v*) "' M} as z tends to 2 (the study of MZ is carried
out using ) Regularity properties of u7 as z tends to 2 are thus relevant. As stated
above, this will be deduced from the regularity results on ©%. Indeed, it turns out that these
properties of ©* allow to identify lower order terms of W (u?,u% ) with respect to [A(z) — 1|.
This holds because W(u?,u?) can be written in terms of W(©% u2) and W(u?,©%) (see
Lemma. Then, most of this section is devoted to the study of W(©%, v ) and W(u?, ©%).
The main result of this section is Prop. [3.50 which describes the local behavior of the function
W(uZ,u?) for z € C close to z = 2.

5H (3.133)

A=) H®Z(j())—92(j)§m
Mz) — ’

52



From the definition of u?%, we know that u2 (j) tends to 1 as j tends to infinity. Then, for
large enough j, u%(j) is invertible. In order to simplify notations, we assume that u? (1) is
already invertible. This does not imply any restriction because, translating the origin, we can
always take it for granted.

Assumption 3.43. We assume, without loss of generality, that u2 (1) is invertible.

Remark 3.44. From now on, we consider the function F(z) = W(u”,u%), defined on the
complex plane, extended to [—2,2] with the limit from above. Namely, for all E € [—2,2], see

Prop. and Rem.

F(E) = W(uZ 1 05 gur)- (3.134)
Lemma 3.45. For every z € C, it follows that
W2, uZ) = uZ (1)* (W2 (1)) (07, 1) + W(uZ, 07)u2 (1) ui(1). (3.135)

Proof. The result follows from an expansion of the right hand side of (3.135)) using Defini-
tion of ©* and the definition of the Wronskians, evaluated on n = 0, and the identity
(see (3.46)))

(W2(1)) " (0)" Ay = Ay (0)u (1),
Notice that, by definition, ©(j) = u2 (j), for j € {0,1}. O

Proposition 3.46. The following formula holds true
WO, ui) = (1= M2))1+ o(JA(z) — 1]), (3.136)
as z tends to 2 in C.

Proof. Rem. and the asympthotic behavior of w? (see Eq. (1.30))) imply that [A(2)|"|©%(n)|
is bounded (with respect to n, for positive n). This implies that (see Eq. ([1.28]) and recall
An+1 — 1)

W(O%,ui) = lim (A(2)"©%(n + 1)" = A(2)""'©%(n)") Ay

=(b—a)" +(1— a—Z)\ (v 07)(5)",
where in the second step we used (3.34]) and Eqgs. (3.3), (3.4). On the other hand,
D A (v(©7 = 6%) ()" = o(|A(2) — 1) (3.137)
j=1

Indeed, Equations (3.123) and the first finite moment assumption imply that the series mul-
tiplied by % is bounded by a summable function that does not depend on z, and (| m

implies that each term of the sum multiplied by O ) ; tends to zero. Hence interpreting the
series as an integral with respect to a counting measure Lebesgue’s dominated convergence
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theorem shows (8.137). Furthermore, since ©? is bounded for j > 0 (because ©2(j) = u2 (j),
for j > 1) it follows that

D AR = 1= (A=) = 1)) (vO*) ()" = o(]A(z) — 1)). (3.138)

Jj=1

Then, we obtain that

WO ui) = (b—a)" + (1= A(z))a” - Z(l +J(A2) = 1)(1vO%)(5)" + o(|A(2) — 1]).
This last equation and the fact that (see and (3.18))
(b—a) =) (rvui)(j) =Y _(vO*)()),
= = N (3.139)

a=1-2> jnvul)() =1-2 i(ve")()

imply the desired result. O]

In the following proposition, we relate the asymptotic behavior of the Wronskian to the
isomorphism defined in Definition |3.34} see also Definition [3.28

Proposition 3.47. The following formula holds true
W(uZ,0%) = W(u2,u2) + o(1), (3.140)
as z tends to 2 in C. Moreover, if £ € N, then
W (u”,0%)¢ = (1 — \(2))TE + o(JA(2) — 1)), (3.141)
as z tends to 2 in C.

Proof. Equation (|3.140f) follows from the continuity of the function z — ©%, and the fact that

©? = u2 also see Eq. (3.14). Now we prove (3.141). Rem. and the asympthotic behavior
of w? (see Eq. (1.30) imply that |A(2)|7"|©%(n)| is bounded (with respect to n, for negative

n). This implies that (see Equation (|1.28) and (3.21)), recall A(Z2)* = A\(z), for z € C\ [-2, 2]
and A\(E)* = X\(E)™! for E € [—2,2], also see Rem. |3.44))

W(u?,0%) = lim (M2)"""10%(n) — A(2) "0 (n + 1)) Anir

n——oo

=—(b—a)+ 1_ Z)\ 1y ©%)(5),

]_700
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where (3.35)) was used. Utilizing (3.116]), (3.128]) and the finite first moment assumption we
deduce that (here we use again Lebesgue’s dominated convergence theorem)

Y AR IO = 0%)(j)E = oIA(2) — 1) (3.142)

j=—o0

Since ©2(5)¢ is bounded (see Lemma [3.33)), it follows that for j <0

0

Y (@) =151 = A0 ()€ = o(IA(z) = 1). (3.143)

Jj=—00
Then

W, 090 = ~(b = a)g + 1 5 a = 3 (141 = A (WOI)E + ol|A(2) ~ L.

The desired result from this last equation and ([3.139)). Notice that we use that 1A _ (1-—

A(z)

A(z)) = o(]1 = A(2)]) , and Eq. (3.105). Also, see that by assumption (see Lemma and
Definition [3.28) 7% (1v©?)(j)¢ = 0 and recall that v = ©* . O

j=—o0

The operator uZ (1)*(u2 (1)")~! that appears in (3.137]) plays an important role because,
when z = 2, it operates on half-bound states (see Remark [3.37) and it is present in the
scattering matrix, in the limit when z tends to 2. For this reason, we also introduce a
notation for this object.

Definition 3.48. We denote
Q:=ui (1) 1u? (1) e CH*E, (3.144)

We recall the isomorphism I' : N — £ (see Def. [3.34). Notice that (see Rem. and

Lemma |3.36))

Q=T (3.145)
Definition 3.49. We denote by
Py, Pr, Py, P (3.146)
the orthogonal projections onto N', L, N+ and L* respectively.
Proposition 3.50. There exist functions X,Y : D(2;1/2) — C**E such that
WZ u) = ((1 —A(2))(Q 4+ D) Py + W2 12 ) Pye + X (2) + Y(Z)PNL)

-l (1) 7z (1), (3.147)
and X (z) = o(|A(z) — 1]) and Y (z) = o(1), as z tends to 2 in C.
Proof. The result follows from Eq. (which in paricular implies W(u® , u?) = W(u?, u? )+
o(1)), Propositions and Lemma [3.45 O
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3.6.4 Band edge limit of the scattering matrix

Let {e1, -+ ,er} be an orthonormal basis of CI such that the first d vectors form a basis of
L and the last vectors L — d from a basis of £+ = W(u?,u2)CF, see Lemma . We take
another orthonormal basis {vy, -+ ,v;} of CF such that the first d vectors form a basis of A/
and the last L — d vectors form a basis of N'*. Then define

P = (61 €y BL)*, Q = (Ul Vg == UL) . (3148)
We recall that Py and P,. are the projections onto £ and £+, respectively. Then
Pﬁ(u — A + )Py + W2, ui)PNL)PN = (1= A2)Pe(Q +T)Py  (3.149)

and P (Q*+T') Py defines a bijection between N and £ (see Lemma [3.33)): in view of Lemma
it is enough to prove that it is injective. This holds true because I' : N' — L is a bijection

and, for every £ € N, (see Equation (3.145)))

(€, PL(Q" +1)€) = (PLE, (2 4+ 1)¢) = ('€, (0 + 1))
= (AT, &) + [|IT¢|* = 1€l + [T,

Moreover,
P ((1 —AN2))(QF + D) Py + W(w2, ui)PNL)PNL = PLW(u? 1) Py (3.150)

defines a bijection between ANt and £+ (see Lemma and Definition [3.28]). It follows that
there are matrix-valued functions A(z), B(z),C(z), D(z) such that

P((1= A=) + D)Py + W2, u2) Pys + X(2) + Y () Py ) Q = (A<Z> B<Z>>

C(z) D(z)
(3.151)
and
A(z) = (1 = A2)A+o(]1 = A(2)]), B(z) = o(1), (3.152)
C(z) = O(|IL = A(2)[), D(z) =D +o(1),
where
A = [P0 +T)Py]?, D = [PpoW(u? ul) Pyl (3.153)

are invertible where [T]) denotes the matrix representation of a linear transformation 7" in
terms of the bases 6, n. Here av = {vy, ..., 04}, which is a basis of N, 8 = {ey, ...,er }, which
is a basis of £, and v = {vg;1,...,v.} and § = {egy1, ..., €q}, which are bases of N+ and £+,
respectively.
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Theorem 3.51. The transmission coefficients satisfy the following properties:
T =T? + o(1), T =T? +o(1), (3.154)

as z tends to 2 in C, where

s (24710 2 2471 0 *
T2 = Q < o o)P T (Q 0o P> . (3.155)
Moreover,
T:C' =N, Ker(T?) = W(u?,u?)CF, (3.156)
T°Cct =1, Ker(T?) = W(u?,u*)C".

The reflection coefficients satisfy the following properties:
RY = R +o(1), RF = R* 4+ 0(1), (3.157)

as E € [—2,2] tends to 2, where

R = -1+TT2, R? = —-1+T7'T° (3.158)
Moreover,
L=(1-R%)C", Ker(T?) = Ker(1 — R?%), (3.159)
N =(1- R*)C*, Ker(T?) = Ker(1 — R?).

Proof. Equation (3.152)) implies that the matrices D(z) and A(z) — B(2)D(z)"'C(z) are
invertible for z € C in a neighborhood of 2, so using the Schur complement formula, it follows

that (recall (2.13))

o1 (AR) BENT

e (o) o)

-1 1 0\ ((A(z) - B)D(z)'C(=)) 1 —B(z)D(2)™"
“0 (pphiegy 1) (19 200070) 0 )5 PR
:(21%—1 8>+0(1)’ (3.160)

where (2.13)) and (3.152) were used. The first equation in (3.155) follows from Equation
3.160), Proposition Eqgs. (3.14), (3.56) and Definition The second equation in
3.155)) is a consequence of the first equation, Definition and ((3.58)).

Due to the definition (3.148)) of P, the kernel of T is generated by {e41,---,er}, and
they are a basis of W(uQ_,ui)CL: since P is unitary, P* = P71 = (61 . -‘eL). Therefore,

10 -1 o
the kernel at stake equals the kernel of ( 0 0) (61 ceee L) . Due to the definition (3.148]) of
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@, the image of T7? is generated by {vi,--- ,vq}, and these vectors form a basis of A/. This
proves the first line in (3.156). The second one follows from the fact that 72 = (7%)* (which
can be deduced from (3.58) and (1.37)).

Next let us take small enough n such that (u? (n)) ™" exists. Then, by continuity, (u” ,,(n))™"
exists, for F in a neighborhood of 2. Using ([1.36)) leads to

Ry = —(uf 5y (n) " uf 5 (n) + (uf o (n) " oy (n) T (3.161)

—,out —,in —,out

= =1+ (ul(n)) " ul (n)T7,

as F tends to 2. Taking the limit n — —oo in the right hand side of , we arrive at the
first equation in (see also Lemma and (L.28)). The second equation is obtained
similarly. Equations follow from (3.156), (B.158) and the fact that T' is a bijection
from N onto L. O

3.7 Transformation operator

We recall the Jost solutions constructed in Section [3[ (see Lemma , where they are repre-
sented as solutions to a recurrence relation, which takes the form of a Volterra-type equation
(see Egs. , ) In this section, we present an alternative representation of the Jost
solutions as a series involving the free Jost solutions. Specifically, we construct a sequence
(K (n,m))nmez, with K(n,m) € C*** such that

wi(n) = K(n,mu? o(m), (3.162)
meZ
where
K(n,m) =0, form <n. (3.163)

This representation, along with suitable estimates for the kernel K, plays a key role in the
analysis of inverse scattering problems. In particular, we use it to derive asymptotic estimates
for the Jost solutions u? as |z| — oco. Equation (3.162) is commonly referred to as the
transformation operator representation, as the kernel K(n,m) defines an operator K in a
suitable space (see that "transforms” the free Jost solutions into the perturbed Jost
solutions:

Kuio=uy, z€C.

The method we use to obtain K proceeds as follows. First, we formally derive a partial
difference equation (see Eq. (3.166)) that K must satisfy.

Then, we derive an integral equation that is equivalent to the difference equation (see
and Eq. ) Finally, we solve the integral equation and show that the obtained solution
possesses the desired properties (see Def. and Rem. . Further, based on [27, [15]
we obtain a recurrence relation that K satisfies (see Eq. (3.197))) that allows us to obtain
some estimates on K (see Prop. . We begin by deriving the partial difference equation.
The following computations are formal. Assume that u7 admits the representation given in
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Eq. (3.162)). Since v is a solution to the generalized eigenvalue problem Eq. (3.1]), we obtain

Eui (n) = (tgui)(n) (3.164)
=Y (A K(n+1,m) + B,K(n,m) + A, K (n — 1,m))uf ,(m).

MEZ

On the other hand, uf,o is solution to the free eigenvalue equation (3.2)) then

Eui(n Z K(n,m)Eu¥ ;(m) = Z K(n,m)(uf o(m + 1) + uf o(m — 1))
—Z (n,m —1) + K(n,m + 1))uf o(m). (3.165)

By equating the coefficients in the series expansions (3.164]) and (3.165)), we obtain the fol-
lowing partial difference equation:

Ayt K(n+1,m)+ B,K(n,m)+ A, K(n—1,m)=K(n,m—1)+ K(n,m+1). (3.166)

We note that Equation (3.166|) can be seen as non-homogeneous problem of a discrete free
operator in two dimension perturbated in one dimension, we recall the definition of V =

H — Hy (see Eq. (|1.10)), then we can write Eq. (3.166|) as

K(n m—1)+Kn,m+1)—Kn+1,m)— K(n—1,m)
=WonK(n+1,m)+ V,K(n,m)+W,K(n—1,m).

(3.167)
this above leds us to the following definition.
Definition 3.52. We denote by L : (CLXL)Z ((CLXL) the linear transform given by
(Lu)(n,m) =uln,m+1)+un,m—1) —u(n+1,m) —u(n—1,m).

Also, we denote by V : (CLXL)ZQ — (CLXL)Z2,

(Vu)(n,m) = Wypu(n + 1,m) + Vyu(n,m) + Wou(n — 1,m). (3.168)
Using this above we can write Eq. as the equation

LX =VX. (3.169)

Later we will define an integral operator 7" such that Eq. (3.169)) is equivalent to the following
equation

X =uy+TVX, (3.170)

for some uq solution of the homogeneous equation Luy = 0. Moreover, we construct T in such
a way that the solution X to Eq. (3.170]) has the same asympthotic behavior of ug, namely

lim || X(n+m,n)—ug(n+m,n)|| =0, meZ.

n—-+00
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Before we give T', we need some definitions. We recall that for all m,n € Z, the function
E s sE(n)

is a matrix valued polynomial with real coefficients, which can be constructed recursively
using sZ(m) =0, sZ(m+1) =1 and s&(n+1)+sZ(n—1) = EsZ(n). Let us set a notation
for this polynomial.

Definition 3.53. We denote by P, : C — C*E | the polynomial with real coefficients given
by
P, m(2) = si(n).

Remark 3.54. The polynomials P, ,, satisfy the following recurrence equation
Pn,l,m(z) = ZPn,m(Z> - PnJrl,m(Z)' (3171)

In particular, one can see (for example by induction over n, with base induction P,y ,(z) =
—1) that form >n , P, is a polynomial of degree m —n — 1.

For every n,m € Z we can consider the operator
P,..(Hy) € B(L*(Z,C")).
Note that the following relation is satisfied
Poi1m(Ho) + Poo1m(Ho) = HoPy, i (Ho). (3.172)

Definition 3.55. Let us consider {e; : j = 1,..., L} the standard basis of C¥. We denote by
L(n,m,r,1) € CEXE| the matriz elements of the operator P, .(Hy), i.e.,

F(TL, m,r, l)i,j = <Pn,r(HO)6l€j7 5mei>L2(Z,(CL)-
Where 6, : Z. — CE*L denotes the Kronecker’s delta.

Remark 3.56. I'(n,m,r,l) is the integration kernel of the operator P, ,(Hy). Namely, if

u € L*(Z,CL), then (see Prop.
(Par(Ho)u)(m) = T(n,m,r,Du(l), m € Z. (3.173)

leZ

Now we fix (r,1) € Z x Z, to obtain the sequence, Z x Z > (n,m) > I'(n,m,r,1) € CEXE,
This sequence is a solution of the equation Lu = 0 with particular initials conditions.

Proposition 3.57. For all r,l € Z we have that
(LD(-, -, 7, 0))(n,m)

3.174

=I'n+1,mr,l)+(n—1,m,rl)—Tnm+1,rl)—T(n,m-—1r1)=0. ( )
Moreover, for all r,l € Z one has

C(r,m,r,l) =0, D(r+1,m,rl)=0d(m), meZ. (3.175)
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Proof. Note that 0,,,(n) = 0pm41(n + 1), using this we obtain
(Ho0me;)(n) = om(n+ 1)e; + dpm(n — 1)e; = (dm—1 + Om1)(n)e;. (3.176)
Then, Hydpme; = dpm—1€j + dmy1€j. Using this above, Eq. (3.172) and the fact that Hj is a
self-adjoint operator we obtain
L(n+1,m,r,Dij+Tn—1,m,70)i; = (Pay1,(Ho) + Pae1,-(Ho))dr€), 6mei)
<HO n T(H0)516j7 §mez> <6lej7 H05m€i>
= (01€), Om+1€; + Opm—16;)
=I(n,m+1,710);;+T(n,m—1,r1),;.
Using Egs. (3.177) we obtain ([3.174). The second part follows from an explicit computation
using the fact that P, ,(Hp) = 0 and P41 ,(Hy) = 1. O

Eq. (3.6) imply that for all £ € [-2,2], || Pom(E)| = sZ(m)|| < |n—m| (recall N(E)| =1).
Then, we have

(3.177)

We recall that in the set of L x L matrices, C**¥, one has the inner product
(M, N)crx. = MN™, (3.179)

where as always, N* denotes the cojugate transpose of a matrix.

mma 3.58. For all n,m,r € ZS; the sequence 7 > [—1T (TL, m,1 7l) belongs to 2( ) % )
M07€OUCI7 g L~ (7, (
HI(n,m’r’.)H 2( 7:L><[)<\/—‘,r._n‘.

Proof. Note that Definition and self-adjointness of P, ,,(Hy) implies that
L(n,m,r,Dig = Y (0u(k)es, (Pur(Ho)omes) (k) = (Pay(Ho)dme:)(1);-
keZ
Then, T'(n,m,r,-); = Pn,.(Ho)dne; € L*(Z,CF). Therefore, I'(n,m,r,-) € L*(Z,CL*L),
Moreover, Eq. (3.178|) imply
[T, m, il 2 = (| Por (Ho)omeil| 2 < [|Por (Ho)[| < |1 = m].
O

Definition 3.59. Let us take fix N € N. Consider A : [N +1,00) x Z — CE*E | such that for
allr> N +1,

A(r,) € IX(2,CH)
and such that

Z Pl A(r, )]l 12 < 00, n € [N, 00). (3.180)

r=n+1
We define the sequence TA : [N,o00) X Z — C, as follows

(TA)(n,m) = > > T(n,m,r,)A(r,l) = > (D(n,m,r,-), Alr,-)) 2zcexsy.  (3.181)
r=n+1 I€Z r=n+1
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Remark 3.60. Cauchy-Schwartz Inequality, Lemma and Hypothesis (3.180)) imply that
T A is well defined. Further, Eq. (3.173|) implies

(P (Ho)(A( => T(n,m,r,1)A(r,1);,

where here we use M; to denote the i — column of the matriz M € CH*E M; = (M, €.
Therefore,

o0

(TA)(n,m); = > (Pur(Ho)A(r,-);)(m). (3.182)

r=n-+1

Proposition 3.61. Let A : [N + 1,00)z x Z — C, such that satisfies the hypothesis of
Definition[3.59, then for allm > N + 1, m € Z, one has,

(TA)(n,m+ 1)+ (TA)(n,m—1) — (TA)(n+ 1,m) — (TA)(n — 1,m) = A(n,m).
Proof. Let n > N 4+ 1 and m € 7Z, using Equation [3.181] we obtain

(TA)(n,m+1)+(TA)(n,m—1) Z ZATZ n,m+1,r0)+T(n,m—1,r1). (3.183)

r=n+1 [€Z

Also, using Eq. (3.175) and I'(n — 1, m,n,l) = —d;(m), we obtain

(TA)(n—1,m)+ (TA)(n+1,m) = Z ZATZ (n+1,m,r,l)+T(n—1,m,r]l))

r=n+1 [€Z

+ Z A(n,D)I'(n —1,m,n,l)

lez
= > ) AT (n+1,mr 1) +T(n—1,m,r1) — A(n,m).
r=n+1 l€Z
(3.184)
Taking the difference of the Eqgs. (3.183]) and (3.184]) and using Proposition we obtain
the result. O

Using Prop. one can see that one solution to Eq. (3.170) is also one solution to Eq.

(13.169)), indeed
LX = Lug+ LTVX =V X.

Moreover, Equation [3.170| can be solved finding an inverse of the the operator I — TV, in a
proper space.

Definition 3.62. Let us denote by Dy to the linear subspace of (CE*L)IN:+XZ given by the
sequences u : [N, +00) X Z — CL*L such that

o u(n,-) € L*(Z,C*L), n > N.
® Sup,> N Ju(n, )||rz < oo
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e u(n,m)=0, m<n, n>N.
We endow Dy with the norm |lu|lpy = sup,sx [[u(n,-)|| 2.
One can see that (Dy, || - ||) is a Banach space (see Prop. [5.10).
Proposition 3.63. Let u € Dy, then TV u € Dy, where forn > N

(TVu)(n,m) = Y > T(n,m,r, ) (Vau(r, 1) + Wopqu(r + 1,1) + Wu(r — 1,1)).

r=n+1 l€Z

Then, we can consider the operator T'V : Dy — Dy. Moreover, T'V 1is bounded and

ITVlson < C Y 1rl(Wesall + Wl + 1V )- (3.185)

r=N+1

Proof. Let u € Dy, and 7,1 € Z with » > N + 1 by definition (see Eq. ([3.168)))
(Vu)(r,l) = Wopu(r + 1,1) + Vou(r, 1) + Weu(r — 1,1).
Then (Vu)(r,-) € L*(Z, CL*L). Moreover,
(V) (r, Mz < (Wil + Wl + IVa Dl [ullpy- (3.186)

Therefore, Vu satisfies the hypothesis given in Definition [3.59] then TVu is well defined (see
Rem. [3.60). Since P,,.(Hy) is a bounded operator P, ,(Ho)((Vu)(r,-);) € L*(Z,CF) and
recall that || P, .(Hy)|| < C|r —n| (see Lemma [3.58) using this and (3.186) we have that

Y P Ho)(Va)(r,)i)llze < Cllulloy Y e[ (IWera | + Wl + 1Vill) < 00. (3.187)

r=n-+1 r=n-+1

Therefore, Rem. and Prop. imply that (TVu)(n,-) € L*(Z,Ct*L) and

TV, Yille < Y I Par(H)((Va)(r))llze < Cllulloy Y Ir[(IWesal W V-

r=n+1 r=n+1
Then,

sup [(TVu)(n, )|z < Cllulloy > 1r[(IWesa |l + W]l + [V2]]) < oo

nzN r=N+1
All that remains is to prove that (TVu)(n,m) = 0 for all m < n, this together with the above
imply the result. By Rem. forr >n+1, P,.(E) is a polynomial of degree r —n — 1,
this implies that (see Proposition we can write B, ,.(Ho)((Vu)(r,-);) as

m+r—nm—1

(Pae(Ho)(Vu)(r,)))(m) = Y CF (Vu)(r, ). (3.188)

j=m—(r—n-—1)

for some C}"" € C***. If m < n we have that 7 —n+m—1 < r—1. Note that in the sum of the
RHS of Eq. (3.188), j < m+4r—n—1<r—1,thenu(r—1,j) = u(r,j) = u(r+1,j) = 0 (recall
that u € Dy). Hence, (Vu)(r,j) = 0 (see Def. [3.168). Therefore, (B, ,.(Ho)((Vu)(r,-);))(m) =
0, m < n. This, together with Rem. [3.60}, implies that (7'Vu)(n,m) =0, m < n. ]
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Remark 3.64. FEquation (3.185)) and finite first moment assumption, allow us to take N
(enough large) such that | TV ||ppy) < 1. One can verify that the function

up(n, m) = d,(m)
(where 6, denotes the Kronecker’s Delta) belongs Dy and it also satisfies
up(n,m+ 1) +up(n,m — 1) —ug(n+ 1,m) — ug(n — 1,m) = 0.
That gives us the following definition.

Definition 3.65. Let N € N, such that ||TV||p, < 1. Consider uy € Dy given by ug(n,m) =
dn(m) (see Rem. . We define K : [N, 00) x Z — CL*L qs

K :=(I—-TV) *(u) € Dy.
We extend K to all Z X Z, defying it recursively for n < N and m € Z as

Kn—1,m):=

(A) MK (nym—1)+ K(n,m+1) — Ay K(n + 1,m) — B,K(n,m)). (3.189)

Remark 3.66. By construction K satisfies the following integral equation

K(n,m) = 0,(m)+ i Zf(n,m,r, D(VK(r,)+W, 1 K(r+1,)+W,.K(r—1,1)). (3.190)

r=n+1 l€Z

Further, Proposition and Def. imply that K satisfies Fq. (3.166)). By construction
K(n,m) =0, n > N,m < n, using Eq. (3.189)) one can extend this property for all n € Z,
namely

K(n,m)=0, n€Z, m<n. (3.191)
Further, Eq. (3.190) implies that
| K (n,m) —o,(m)|| = 0, n — +o0. (3.192)

Now we obtain a recurrence expression for K.

Definition 3.67. Consider M; a sequence in CE*E we use the following notation for the
product

j=n

Remark 3.68. We denote by || - || the operator norm in CE*E. Consider M; a sequence in
CL*L ] such that |M;|| — 0. Note that

[T a+amy) -1 < JT @+1M) -1 < exp (Z ||Mj||> —1—0, j — oo, (3.193)
Jj=l+1 Jj=l+1 Jj=l+1
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where in the first inequality, we expand the product, take the difference with 1, use the property
|MN|| < ||M||||N|| and rewrite the result as the second term. The above equation shows that
the following limit exists,

: ) LxL
Tim H(l + M;) € CH<E, (3.194)
j=n

Lemma 3.69. Let K : 7 x Z — C"*L the sequence given in Definition [3.65. Consider the
following normalization (see Rem. recall A, = W, + 1 see (Def. [1.3))

K(n,m) = ﬁ A;- K(n,m). (3.195)

Jj=n+1

Then, we have that K satisfies the following properties:

K(n,n)=1, neZ. (3.196)
For every j > 0, we have
K(n,n+j+1) = K(n+1,n+j)+ Y (1=Fpp)K(m+1,m+j)—EnK(m,m+j), (3.197)
m=n-+1
where
00 o] -1 00 o] -1
En= ][] Aj-vm< 1T Aj> CFa=]] Aj-(Am)2< 1T Aj> . (3.198)
j=m+1 Jj=m+1 j=m+1 Jj=m+1

Proof. Recall K satisfies Equation (3.166)) (see Rem [3.68). If we take m = n — 1 in Eq.
(3.166)), then we obtain that (recall K(n,m) =0 if m < n)

A, K(n—1,n—1)= K(n,n). (3.199)
Eq. (3.192) imply that K(n,n) — 1, n — oo, taking n enough large we obtain A, =
K(n,n)K(n—1,n—1)"! then for all M >n

M
T4 = AvAnr - Ay = K(M,M)K(n — 1,n — 1), (3.200)

j=n

Taking limit M — +o0 (see Rem [3.68)) and recall K(M, M) — 1 we obtain Eq. (3.196]) for n
enough large. We use Eq. (3.199)) to extend it for all n € Z. For the second part, substituing

Eq. (3.195]) in Eq. (3.166)) we obtain
K(n—1,m)+ E,K(n,m)+ F,., K(n+1,m) = K(n,m —1) + K(n,m + 1) (3.201)

If we make m =n + 7, 7 > 0 we can write Eq. (3.201]) as

Kn—1n+j)—Knn+j+1)=Knn+j—1) —E,K(nn+j)—F,1Kn+1n+j)
(3.202)
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Taking the sum over n in Eq. (3.202)) (note that LHS is telescopic) and using that
lim K(n,n+j)=0, j>0,

n—-+o0o

we obtain Eq. (3.197]). O
Now we obtain bounds for K. The following is based on [27] Chapter. 10.1.
Definition 3.70. Forn € Z, and 7 > 1 we denote

C(n) =Y Vil + 14550 = 1. (3.203)
7j—1
D(n,j) = [[ 1+ C(n+m). (3.204)
m=1
Remark 3.71. One can verify using Eq. (3.203) and Eq. (3.204)) that
C(n+1)<C(n), D(n+1,7)<D(n,j), D(n,j)<Dn,j+1). (3.205)

Also one can see that,
Dn+1,j)+ D(n+1,5)C(n+1)=D(n,j+1). (3.206)
Moreover, since C(n) — 0, n — oo the limit lim j — +00D(n, j), exists (see Rem[5.68), and

D(n,j) < lim D(n,j):= D(n) (3.207)
J—r+oo
Further, the finite first moment assumption implies
> C(n) < . (3.208)
nez

Proposition 3.72. For alln € Z and 5 > 1 one has that
IK (n,n+ 5)I| < D(n, j)C(n+ [j/2] +1). (3.209)

Proof. The proof is by induction over j. Let us take j = 1, using Eq. (3.197)) (recall K(n,m) =
0, m <n and K(n,n) = 1) we obtain that for all n € Z

IK(.n+ 1)< Y Vil < D(n,1)C(n + 1)

m=n-1

Assume that for all n € Z, and r < j estimate (3.209)) holds. Let n € Z, using Eq. (3.197))

and induction hypothesis we obtain

IK(n,n+5+ 1) <Dn+1,j-1)C(n+2+[(G—1)/2))
+ Y AL, —Dm+ 1,5 - D)Cm+2+([(j —1)/2])  (3.210)

+ Vil D(m, )C(m + 1+ [5/2]).

66



Using Eqgs. (3.205)) and (3.206)) in Eq. (3.210) we obtain

1K (n,n+j+ 1)l < Cln+[(j+1)/2 + )(D(n+1,5) + D(n +1,j)C(n + 1))

3.211
=Cn+[(j+1)/2] +1)D(n,j +1). ( )
[l
Using Eqs. (3.208]), (3.207)) and (3.209)) one can see that for all n € Z,
> K (n,m)|| < D(n Zc /2] +n+1) < (3.212)
m=n-+1 j=1

Then, we obtain the following definition.

Definition 3.73 (Transformation operator). Consider u : Z — CL, such that u(n) =
O(1), n — +oo. We denote by Ku : Z — CL, the following sequence

= Z K(n,m)u(m). (3.213)

Note that Eq. (3.212) implies that Ku is well defined.

We recall the jost free solution u? 5(n) = A(2)". In particular, note that for all z € C,
u? o(n) = O(1), n — +oo. Also, we recall the jost solutions u3 (see Def. . The next
proposition gives the relation beetwen them and the transformation operator.

Proposition 3.74. For all z € C, one has that

u?(n) = (Kui )(n ZK n, m)u? o(m). (3.214)

Proof. Let z € C, let use denote u* the R.H.S. of Eq. m First, we see that u* is solution
to the eigenvalue equation (3.1). Recall that K by construction satisfies Eq. (3.166]), also
K(n,m) =0, m <n (see Rem. [3.66)) then

(tpu®)(n) = Z(AnHK(n +1,m) + B, K(n,m) + A, K(n —1,m))u? o(m)

=Y (K(n,m—1)+ K(n,m+ 1))u? o(n)
=Y K(n,m)(ui g(m+ 1) + i o(m — 1)) = 2u(n).

Now, Eqgs. (3.195)), (3.196) imply
e’} -1 o0
Az) " (n) = < 11 Aj) + ) K(n,m)A(z)" " = 1,

where we are using Eq. (3.212) (note that for n € N, D(n) < D(1)). The fact that u% and
u® are both solutions to the eigenvalue equation with the same asympthotic behavior at +oo
implies the result. O
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Remark 3.75. In a similar manner, one can prove that there exist coefficients K_(n,m)
such that for all z € C

n

u®(n) = Z K_(n,m)u® o(m).

m=—0oQ

Where, K_(n,m) =0, m >n, and

K_(n,n) =AM AL A, -

3.8 High energy limit

In this section we study the behavior of the scattering coefficient M= for |z| — oo. This
behavior is important in the proof of Levinson theorem.

Proposition 3.76. Jost solutions u? given in Def. have the following behavior as |z| —

00. (see Def.

: n, z _ -1 —1 —1 : -n, z _ A-14—-1 —1
‘zﬁlinooz ui(n) = A Ay A ‘legnooz uZ(n) = A, AT A

Proof. Tt follows from Eq. (3.214)), recall that K(n,:) € LY(N), also that for m > n, if
A(z)™™™ — 0, |z] = oo, and use dominated convergence theorem, for m = n recall that (see

Eq. (3.195) and Def. |3.67)
K(n,n) = A A Auls

Proposition 3.77 (High Energy Limit).

. z __ : -1 -1 o AT LA -1
am M= Jim Ay Ay gt Ay

1 z p— 1 71 71 .. 71 “ .. 71 71
|Zl‘1inoo MZ = Nl_lf}rloo Ay ANy Ay AT AT
Proof. Using Eq. (3.56) and evaluating the wronskian at 0 we obtain (recall A(z) — 0, |z| —

00.) -
lim M7 = lim —v*W(u”,u7 )(0)

= ‘leiinoo/\(z)ug,(l)*z‘lwi(O) — A(2)uZ(0)Ayui (1) (3.215)
= \z1|iE>noo 2A(2)(z M (1)) Ay (0),

where we use the fact that zuZ (1) converge when |z| — oo, which in particular implies that
u? (1) — 0. Note that the relation A(z)? + 1 = zA(z), in particular implies that zA(z) — 1,
using this and Prop. (recall A* = A,) in Eq. we obtain the result. The other
limit can be computed using M? = (M?)* see Eq. (3.58). O

68



3.9 Time delay
The (total) time delay is by definition the quantity

d d
ENx E —_ EN—1 E
Tr((S y=S ) det(S7) ™! det(S7)

for £ € (—2,2) (the above identity is referred to as Jacobi’s formula). This section provides
a formula for it in terms of the determinant of M* and ME.

Proposition 3.78. Let E € (—2,2). The following identity holds true:
det(8”) = det(ME) " det((ME)*)

Proof. Applying the Schur complement formula for the determinant (see Proposition [5.9)) to
the definition ([1.12)) of the scattering matrix leads to

det(S”) = det(MP) " det(MT)™" — NENE(ME)™). (3.216)

Using Eqs. (3.58]) and (3.61) one obtains that

det((ME) = NENE(ME)™) = det((1 — NENE)(ME) ™)
= det((1 + (NF)* NE)(ME) ™) (3:217)
= det((MP)"),

Equations (3.216)) and (3.217) imply the claim. O
Propositions and Rem. (also see Eq. (3.54)) imply that the function (—2,2) 3 F +—

det(S¥) is continuous differentiable. This allows us to state the next result.

Corollary 3.79. For every E € (—2,2), the following hold true:

det((ME)*) — det(Mf)’li det(MP). (3.218)

d d
E\-1 By _ Ey+y—1
det(S™) o det(S™) = det((M)") dE

dE
Proof. Using Proposition [3.78, an explicit computation gives

diE det(S) = det(M_E)—ldiE det((ME)*) — det(M_E)—QdiE det(ME) det((ME)").  (3.219)

Multiplying Eq. ([3:219) by det(S¥)™' = det(MF) det((ME)*)~" one gets the stated result.
(]

3.10 Levinson Theorem

This section is devoted to presenting a proof of Levinson’s theorem, see Theo. [1.15 To
provide a clear and detailed argument, we separate the technical components into lemmas.
The main idea is presented at the final of this section. We begin with the following lemma.
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Lemma 3.80. For every n > 0, there exists V.. C CT UC™ open set and € > 0 that satisfies,
a) [larg(A(z) F1)| —7/2| <n, z € V..
b) For every E € (2 —¢€,2), there exists 6 > 0 such that
{E+it: 0<|t|<d} CV,.
Similarly, for every E € (—2,—2 + ¢) there exists 6 > 0 such that

{E+it: 0<|t|]<d}CV_.

where —m < arg(z) < 7.

Proof. We make the proof for '4'; the other is similar. Take n > 0. Consider the following

opet set,
U:={ze€C:|larg(z)| —7/2| < n}. (3.220)

Note that the following open set,
Uy :=Dn (U +1), (3.221)

is not empty ( tan(arg(e?—1)) = sin(#)-(cos(d)—1)~1 — o0). Moreover, since A : C\[-2,2] —
D is homeomorphism, the set
V= A"(Uy), (3.222)

is an open set. Consider the point in the intersection
{20} =S'N{ze€C:arg(z—1)=7/2+n},

note that
{Z}=S'n{zeC:arg(z—1) = —71/2+1n}.

By definition, \(Z5) = A(z0) € (—2,2). Suppose that for some real r € (A(z),2) there
exist a sequence z, € C\ (V U [-2,2]), with 2, — r. Then since A : C\ [-2,2] — D, is
homeomorphism, there exists a sequence A(z,) € D\ U; such that A(z,) — 7 € S\ {2, A(20)}
this is impossible. Then V' and € = 2 — A\(z) are the desired. O

Remark 3.81. We recall that the number of zeros of the function z — det(M?) is finite
(see Props. (3.24 and |3.75). Then, we can take r > 0 and R > 0 such that, [—2,2] C
B(0;r) C B(0; R) and all the zeros of the function z — det(M?)~1 are inside of annulus the
B(0; R) \ B(0;7).

Lemma 3.82. Considerr > 0 as in Rem. |3.81]. For alln > 0, there exists € > 0 that satisfies
the following property:

For every E € (2 —¢€,2), there exist 6 > 0 such that for all 0 < b < § and all rectificable path
v :[0,1] = B(0;7) \ [~2,2], with v(0) = E — ib = ~(1) one has

dz

d
/ det (M=) "L det (M?) d= — (JiF — Lin| < 1. (3.223)
Y
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Proof. Eq. (3.95)) implies that there exists s > 0 such that

det(Mi) = (/\<Z) - 1)J’T_Lg(2), PARS B(?; S) C B(O;T),

where g is analytic on B(2;s) \ [—2,2], continuous on B(2;s) and ¢(2) # 0. An explicit
computation using the above equation shows

Nz  d()
Az) -1 g(z)’

det(Mi)—ldilz det(M?) = (J;F — L) z € B(2;5)\ [-2,2]. (3.224)

Take n > 0. Lemma [5.14] implies that there exists 0 < r; < s, such that for all rectificable
path v C B(2;r1) \ [—2,2] one has
/
/ AN
- 9(2)

If J;/ — L = 0, the result follows taking ¢ = 2 — r;. Suppose J, — L # 0. Take V and
0 < e <2—ry given in Lemma corresponding to ' = n(4(J;7 — L))™'. We check that
this € > 0 satisfies the desired property. Let E € (2 — ¢,2), in particular note E € B(2;71).
By item b) of Lemma [3.80} there exists § > 0 such that for all 0 < b < 6,

<n/2. (3.225)

E+ibE—ibeV,NB(2;r).

Take v : [0,1] — B(0;r) \ [-2,2], with v(0) = E —ib, v(1) = E + ib. Since the map
B(0;7)\ [~2,2] 3 z + det(M?)~1L det(M?) is analytic, by virtue of the Cauchy Theorem
[0,1]) C

t a4
dz
w.l.o.g. we can suppose ¥([0,1]) C B(2;r1) \ [-2,2]. Since E —ib € V, by the item a) of
Lemma (also recall (A

(E —ib)) > O) we know that
A(0) —1=XNE—ib) —1=7re” 0<0—7/2<7, (3.226)

and A\(y(1)) — 1 = re~%. Now, recall that the map X : B(2;71) \ [=2,2] = D is injective and
differentiable. Then, we have

N(2) _ l i
/,Y)\(Z) —dz= /W1 > de=2i(r = 9). (3.227)

Where in the last equality we are using the fact that Aoy —1is a path on {z € C : R(z) < 0},
such that (Aoy —1)(0) = re?, and (Aoy —1)(1) = re=®, (one could, for exaple, use Cauchy
Theorem and change the path for this other I(t) = re®, t € [0, 27 — 0], and compute explicity

the integral). Finally, using Eqs. (3.224]), (3.225)) and (3.227) together with (3.226]) we obtain

the result. O

Remark 3.83. In the same manner, a result similar to Lemma[3.89 can be obtained. Namely,
forn >0, there exists € > 0 such that for all for E € (—2,—2+ ¢€), the result of Lemma
holds by replacing J,7 with J, , and taking v(0) = E + ib = ~v(1).

Now we are ready to prove Levinson Theorem.
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Proof of Theorem [1.15 Let n > 0. Consider R,7 > 0 as in Rem. [3.81] Take ¢ > 0
described in Lemma for n/4 (also see Rem. [3.83). Let e € (2 — ¢,2), and consider § > 0
as in Lemma. @ Identities of M¥ and M¥ in terms of the wronskian (see Egs. (3.54))
together with Eq. @ and Props. , and Rem. imply that the analytic function
C\ [-2,2] 3 z = det(M?) and its derivative converge uniformly from above on compact sets
K C C*\ {-2,2} to det(MPF) and its derivative (respectively). In particular, there exists
0 < b < 0 such that

/ det(Mf)_lidet(Mf) dz—/ det(M_E)_lidet(M]_E) dE
L d dE

Ui
< - 3.228
> . 47 ( )

b
+

where L C B(0;7) \ [-2,2] is a rectificable that goes from —e + ib to e + ib. Also, using
that C\ [-2,2] 3 z — (M3)*, is an analytic function that converges uniformly over compacts
from below to (MF£)* we obtain,

_ d _ ¢ d
—/ det((MZ)*) ™' — det((MZ)* dz—i—/ det(ME)*) ™' — det(MP)* dE| < T (3.220)
b dZ dE 4

—e

where L, C B(0;7)\ [2,2] is a rectificable that goes from —e —ib to —e +ib. Now we consider
two rectificable paths, C4 C B(0;r) \ [-2,2]. Such that C% goes from e + ib to e — ib, and
C® goes from —e — ib to —e + ib. We consider the path C? := L% + C% + (—L) 4+ C*. The
Argument principle and Rem. imply (see Prop. [3.24))

d
/ +/ det(M?)™'— det(M?) dz = 2miJ,. (3.230)
Cr Cg dZ
Since the function det(M?) — ¢, ¢ # 0, |2| — oo, (see Prop. [3.77) we have that
/ det(Mf)_li det(M?) dz — 0, R — oc.
Cr dz
Taking limit R — oo in Eq. (3.230]) we obtain that,
d
/ det (M) L det(M?) dx = 2rid,, (3.231)
cb dz
Using Corollary we obtain
‘ g1 d E ' 1
det(S%) 5 det(S™) dE + 2mi(J, + §Jh — L)

= ‘/_ det((Mf)*M% det((MP)*) — / det(MEV%det(ME) 4 2mils + %Jh 5
(3.232)

—e
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Using Egs. (3.228) and (3.229), in Eq. (3.232)) and the fact that MZ = (MZ)* together with
Eq. (3:231), Eq. (3.223) and the election of € > 0 (also recall J, = J, + J; ), we obtain

‘/ det(sE)*% det(S%) dE + 27i(J, + %Jh — L)‘

d 1
< 77/2+ / det(Mf)_l—det(Mf) dZ—i—Q?Ti(Jb—i——Jh —L) (3 233)
Lb_fLﬁ_ dZ 2 :
=n/2+ —/ det(Mf)_li det(M?) dz +im(Jy, — 2L)| <.
*CE*CE_ dZ
O
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4 Wave operator and Scattering operator

In the previous section, we defined the scattering matrix as the object that maps the outgoing
waves to the incoming waves. This is commonly referred to as stationary scattering theory,
where one can derive explicit formulas for the scattering matrix in terms of the boundary
values of the resolvent.

On the other hand, in the abstract (time-dependent) framework of scattering theory, the
scattering matrix is defined via the wave operators, see Eq. (1.6).

In this section, we demonstrate the equivalence between these two definitions for Jacobi oper-
ators as given in Definition 1.1. This equivalence relies on the fact that the boundary values
of the resolvent can be expressed in terms of the Wronskian of the Jost solutions, introduced
in 1.7. We begin this section by analyzing the resolvent operator of the Hamiltonian. The
main ideas of this section are taken from [27] (Chapters 4 and 5), where the analysis of the
one-dimensional Laplacian on the half-line and the full line is presented. This section is joint
work with J. Gil, D. Terrazas, M. Ballesteros and I. Naumkin.

4.1 Limit absortion principle

The limiting absorption principle concerns the study of the limit values of the resolvent
operator as it approaches to the spectrum of the operator. Naturally, such limits do not exist
in the operator norm topology; however, they do exist when we consider a suitable weaker
topology on the space of bounded operators, equivalently, when we weight the operator.
Analyzing the boundary values of the resolvent is fundamental in stationary scattering theory,
as these values allow us to derive explicit expressions for the wave operators, and consequently
for the scattering operator and the scattering matrix. In general, the study of these limits is
quite intricate, and a variety of methods have been developed to approach them in the most
general settings.

In our specific context, we are able to represent the resolvent operator as an integral operator
whose kernel is given in terms of the Jost solutions (see Prop. 4.7). This representation
enables us to derive explicit formulas for the boundary values of the kernel in terms of the
Jost solutions (see Prop. 4.18). Then we can traslate the information of the kernel and obtain
the boundary values of the resolvent in the spectrum (see Theorem 4.17). These, in turn,
lead directly to expressions for the wave operators and the scattering operator.

We begin this section by analyzing the integral kernel of the resolvent operator.

4.1.1 Green’s function

Our approach to studying the boundary behavior of the resolvent operator involves expressing
it as an integral operator and analyzing its integral kernel, known as the Green’s function.
In particular, if the zero moment assumption (see Def. 1.4) is satisfied, i.e. it is possible
to construct a basis of solution such as the ones describe in Def. 1.7, we can express the
Green’s function using this solutions. This allows the entire analysis of the Jost solutions to
be directly transferred to the Green’s function. We begin by introducing some notation.
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Notation 4.1. We denote by {e; : j € {1,...,L}} the standard basis of C*. For j €
{1,...,L} and m € Z , we denote by 6. : Z — CF to the vector valued sequence given by
5%(”) = 5771,716]"

Here & denotes the usual Kronecker delta function. Also, we denote by 0,, : Z — CE*L | the
matrix valued function given by

Im(n) = dpmnl.

Remark 4.2. In particular, note that {62, : m € Z,j € {1,...,L}} is an orthonormal basis
of L*(Z,CL).
Definition 4.3. For z € C\ o(H), we denote by R(z) : L*(Z,C") — L*(Z,CF) the resolvent
operator, namely

R(z)=(H —2)".
Definition 4.4. For z € C\ o(H), we denote the Green’s function by

G*: 7 x 7 — C,
This function is given as usual by the matriz elements of R(z), namely,

G*(n,m);; = (R(2)82,,6.) 12 (4.1)

m?Tn

The green function plays an important role for the study of the resolvent. In particular,
it is the integration kernel of the resolvent.

Proposition 4.5. Let z € C\ ( o). For all u € L*(Z,C%) we have that
:ZGZn,mum,nEZ. (4.2)
meZ

Proof. Note that by definition one has that (u,d2)r2 = (u(n),e;)cr = u(n);. This above
implies
L L

u(n) = 3 (uln), e)ese; = S (u.62) e, (4.3)

=1 j=1
As a consequence of Remark we know that v € L*(Z,Cl) can be written as

uw=> " (u,d,)0, (4.4)

meZ i=1

Applying Eq. (£.3) to R(z)u and then Eq. (.4) we obtain

(R(z)u)(n) = Y _(R(z)u,8}) 12¢; Z< (ZZW méfn>753;> g

:ZZZ<R( )00y O 12 t Vree; = ZZZGan”u m)e; (4.5)
= Z(Gz(n’m)u(n))jej = G*(n,m)u(m)
]
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For matrix Jacobi operators just as in the scalar case, an explicit expression for the Green’s
function can be obtained. This expression is obtained by solving a difference equation. Let
m € Z, Eq. (4.1]) implies that the j — column of the matrix G*(n, m) is given by

G*(n,m); = (R(2)d],)(n).

Then G(-,m); = R(2)d), € L*(Z,CF), and satisfies the equation (7 — 2)G;(-,m) = 7. Since
the above is satisfied for each j, the matrix valued sequence n +— G?(n,m) satisfies the
equation

(1 —2)G*(-,m) = 6. (4.6)
Expanding Eq. we obtain the difference equation
A,G*(n—1,m) + B,G*(n,m) + Ap,:1G*(n+ 1,m) — 2G*(n,m) = 0p,(n), n € Z.  (4.7)

Eq. (4.7) implies that G*(-,m) satisfies Eq. (3.2)) for n > m + 1. Since the columns of the
matrix (u7 w?) (see Rem. form a basis of the space of solutions and G*(-, m) € [*[m, 00),
we have that G*(-,m)|pmt1,00) = U2 |mt1,00)05,, for some a7, € CE*F. Using the difference
equation Eq. (4.7) with n = m + 1 we obtain,

G*(n,m) = v’ (n)og,, n>m, (4.8)

m?) i

In the same manner, we obtain that
G*(n,m) =u®(n)B:, n <m, (4.9)

for some 32 € CL*L. In particular, we obtain that

u? (m)B, = G*(m,m) = ui (m)a,. (4.10)
Now, taking n = m in Eq. and using Egs. and we obtain

Apu® (m —1)B7 + BpuZ (m)Br, + Apui (m + 1)ag, — zu? (m) B, = 1.
Since u® satisfies Eq. we have
At (m = V), + But® (m)3, — 20 ()5, = —Apyti” (m + 1),

Using the two equations above we obtain

Apui(m+1)ag, — Appu (m+1)8;, =1 (4.11)

Therefore, Egs. (4.10) and (4.11)) give us the following system of equations for a7,, 57,

(AerLz%i((mn";—i— 1) Am+1u?5_<§z3+ 1)) (_ag) _ (é) (4.12)

Now, it just let to obtain an inverse of the matrix that appears in the L.H.S. of Eq. (4.12)).
Note that, in fact this is the matrix ®(u7, v )(m + 1) defined in Def. (2.28).
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Proposition 4.6. For all z € C\o(H), W(u”,u%) and W(u”.,u?) are invertible. Moreover,
we have that
_ —W(u? ,uz )t 0 s =z
z z 1 _ y Y Z Z * 7k
P(ui,u”)(m+1)"" = ( 0 Wi, ut )~! JO(u7,u)(m+1)"T

(W)
S\ W)

(4.13)

Proof. We prove that W (u” ,u%) is invertible, the other can be done in the same manner. Let
a, B € C*L (see Rem. such that

ui = ula+ wip. (4.14)

An explicit computation, using Eq. and Eq. and then taking the limit n — —o0,
shows that W(u®,w?) = A(2)~! — A(2). Using this above and Eq. one obtains that
W(uZ,ur) = (M2)"" = X2))B. Let ¢ € KerOW(u?,u?)). Then ¢ € Ker(8), this and Eq.
imply that uZ ¢ = u” ag € L?, since Hu? ¢ = zu’ ¢ and z ¢ o(H) then uZ ¢ = 0 which
implies ¢ = 0. Next we prove Eq. Using Eq. (with o =v?, 4 =v?,u=ui,v=
u?®) we obtain (recall that the wronskian does not depend on n)

TJO(uZ, u?)(m+ 1)* T O(u,u?)(m+1) = (—W(%Z,ui) W(ug,uz_))

where Eq. (3.46) was used. Using this above and the fact that the diagonal entries of the
R.H.S. of the previous equation are invertible we obtain the result. The second equality in

Eq. (4.13) follows by explicit computation using Def. and Eq. (2.35)). O
Using Egs. (4.12) and Eq. (4.13)) we obtain:

() =ottadome 7 (§) = (v i) @)

Now we can obtain an expression for the Green’s function.

Proposition 4.7. For z € C\ o(H) and n,m € Z. The Green’s functions has the following
ETPression ~ B

o S WEE ) N ), nzm

G (n,m) = { u? (m)W(ui,u?) i (m)*, n<m.

Proof. Tt follows using Eqs. (4.8)), (4.9) and Eq. (4.15)). O

Remark 4.8. For z ¢ o(H), we can use Eq. to express the Green’s function in terms
of the coefficient M3 (see Eq. (3.56) ). Namely,

. [ A (n)(ME)WE (m)*, n>m
@ n,m) = { Vi (n) (M) (m)*, n < m.

Since H is self-adjoint, we have that o(H) C R. In particular, if 2 € C* UC~, then Eq.
follows. Moreover, the Jost solutions have limit up to (—2,2) from above and below
(see Rem. and Prop. , and M¥ is invertible for E € (—2,2) (see Prop. . Then,
Eq. implies that G*(n, m) also has limit up to the boundary.

(4.16)

(4.17)
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4.1.2 Boundary values

Proposition 4.9 (Boundary values limit for the Green’s function). For all E' € (—2,2), and
n,m € Z the following limits exist

‘ _ . E E E 1, * >
GETO(n,m) .= liIrE{ G*(n,m) = { u%rouzgg/)\/)\gi%zn;%+ou§11u%zrz%2 ’ :;;:
%?:)>O —out +,in) Y— out +,in ) - 7
(4.18)
' _ B E E \-1,FE * >
GE=%(n,m) := lim G*(n,m) = { uquJ”??(g%)\/}\ng%out;:fEJ”g)—luléOuzgs;z ’ ZE:;
%z;)io —in +,0ut) Y—in +,0ut ) —=

(4.19)

Proof. Tt follows from Eq. (4.16]), using the continuity from above of the Jost solutions and

Prop. 3.6} also see Rem. Note that Prop. and Eq. (B.54)) imply that W(u” ;,,, u¥ )
and W(u? ;,,u” ) are invertible for E € (—2,2). O

Having obtained the boundary values of the Green’s function, we are now in a position to
define the operator R(E £i0) for E € (—2,2) as an integral operator with kernel GE*® (see
Proposition [4.5). Naturally, the operator R(E + i0) does not belong to B(L?). Instead, we
consider a larger operator space, in this case, we have

R(E £i0) € B(LY(Z,C"), L>(zZ,C")).
Since the Jost solutions uf ., and uf; are bounded, Proposition 4.9 implies that

sup ||GFF(n,m)]| < occ. (4.20)
nme”Z

Therefore, the operator
R(E £40) : L*(Z,C*) — L>(Z,C*"),

defined by
(R(E £i0)u)(n) := > G"**(n,m)u(m), (4.21)

is well-defined and bounded.
We now require the following uniform estimate on the Jost solutions.

Lemma 4.10. Assume that H — Hy has finite zero moment. Then, for all compact set
K Cc C\ {-2,2}, one has
sup [[A(2) i (n)]| < Ck, (4.22)

nel,zeK

where C denotes a constant that does not depend onn € Z,z € K.
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Proof. Let n € Z and z € C\ {—2,2}, Eq. (3.11) imply that

[AG) i ()] < © (1 + D I\A(Z)j‘”(Tvs.z(n)*(j))*H!M(Z)‘jUi(j)H> :

Jj=n+1

Using equation above and Lemma [5.4] we obtain that,

IAG)" U (n)]| < Cexp (C > !|>\(Z)j_"(7v8.z(n)*(j))*H) : (4.23)
Jj=n+1
Eq. (3.3) (also see Eq. (3.13))) implies that for j > n,
Sup I (s ()" (D)) Il < Cre (A7 = 1+ ([ Ajr = 2+ [1B51)), (4.24)

where C denotes a constant that does not depend on n € Z,z € K. Then, Eqgs. (4.23)),
and the finite zero moment assumption imply Eq. (4.22). H

Lemma 4.11. Assume that H — Hy has finite first moment. Let E € (—2,2) and K C
C\ {—2,2} be a compact neihborhood of E. Then, for all 1 > o« >0, and z € K, one has

sup 11+ [2) ™ (M=) T ui(n) — ME)T"uf g ()|l < C|A(2) — ME)|*, (4.25)
sup 11+ D)7 (A=) T ud(n) — ME) ™ ug i (n))I] < Cr|A(2) — ME) 7S, (4.26)

where C'i 1s a constant that does not depend on z € K,n € 7Z.

Proof. We prove Eq. (4.25)), Eq. (4.26]) follows in the same manner. Let E € (—2,2) and
n € Z, Eq. (3.11) implies that

(L+ ) (A(2) i (n) — A(E)™"uf gy (n)) = L(z,n) + R(z,n), (4.27)

where

L) = A7, 3 A2y (v s*(n)") (j)* — A(E)jfn(Tst(n)*)(j)*)\(Z)fjui(j» (4.28)

ol (1 + |n])
R(Z, n) = A;Jlrl j;l %)\(E)jn (TVSE(H)*>(3)* )\(Z)_Juj- (jk)lli‘;‘l)?_]u-i-,out(j)

(4.29)
Let us denote for j > n,

r(z,5,n) = Mzl " (rvsZ(n)) (5)" = MEY " (rvs"(n)") ()"

Consider K C C*+\ {—2,2} a compact neighborhood of E. Using Equation (3.3 and Prop.
[.5 (also see Eq. (3.13)) we obtain that for j > n+1 and z € K,

(2, 3, )l < Cr[A(z) = ME)* (1 + 25 = n))* (A7 = L[ + | A0 = L+ [[Byl]),  (4.30)
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using in Eq. (4.30) the general fact

14+2(j —n) N
STV o4 i), jeneZ
201 <o+ 5

and that a < 1, we obtain for j > n € Z and 2z € K that

|7 (2,4, n)]|

Tipane < CxAE =A@+ EDAA; =11+ 1A =11+ 1B

Using above equation, Eqgs. (4.22)), (4.28) and the first finite moment assumption we obtain
for z € K that
sug |L(z,n)|| < Ck|A(z) = A(E)|*. (4.31)
ne

Using Equation (3.3]) (also see Eq. (3.13))) and that 1 > « > 0 we obtain for j > n € Z,

(L + 15D

(1+ |n|)® H)\(E)an(TVSE(n)*)(])*H < Ckg(1+ |j‘)<“"4j — 1+ HAj+1 — 1|+ ”BjH)7

using above equation and Eq. (4.29) we obtain

IR(z )l < Cre D> will (14 1) (A=) i (5) = ME) 7l L, ), (4.32)

j=n+1
where w; = (1 + [j])(|14; — 1| + ||4j41 — 1|| + || B;]|). Taking norm in Eq. (4.27), using
Eqgs. (4.31), (4.32) and Gronwall inequality (see Prop. , together with the first moment

assumption we obtain the result. O

Remark 4.12. Taking the representation of the Green’s function in terms of the Jost solutions
(Eq. (4.16)) ), and applying Lemma we obtain that forn > m and K C C\o(H) compact

set,
IG*(n,m) || < M) 1IAC2) "l ()W (u?,u ) AGE) ™ (m)|| < Ck, (4.33)

where Ck is a constant that does not depend on z € K,n,m € Z. One can obtain the same
bound for n < m. Moreover, using Eq. (4.18) one can extend the uniform bound for compact
sets K C (C'\o(H))U(—2,2).

Remark 4.13. Let £ € (—-2,2) and K C (C\ o(H)) U (—2,2) compact neighborhood of E
such that |A\(E) — \N(2)| <1, z € K. Takingn = 1,0 in Eq. (4.25) (with a = 1) we obtain
03 (1) = uf o (D] < Cx|A(2) = ME)], [ (0) — uf 4, (0)] < Ci|A(2) = A(E)],

using Eq. ([.26) withn = 1,0, we obtain |u” (0) —u® ;, (0)] < Cx|A(Z) = A(E)!| = Ck|A(2) -

ME)| (recall \(Z)) = \(2), NE) = ME)™Y) and [uZ (1) —u?,, (1)] < Cxc|A(z) = A(E)|. Then,

V(= ui) = WuZ i, uf )l < Cr(Mz) — ME)), 2 € K. (4.34)
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Taking the representation of the Green’s function in terms of the Jost solutions (Eq. (4.16])
and Eq. (4.18)) , we obtain that for n > m € Z,

G* (n7 ) GE-‘:-Z'O (TL, m)
ME)™ = A&)"ME) "0 e (MW (U gl ) 7 AE) ™ UE 5, (m)*

(2)" ™ AE) " gy () = A(2) "G ()W (Ul ) ME) " 5, (m)" (4.35)
(2)""A(z) "uE (n )(W(u’f,in7UE,out)’l—W(ufﬂu) DAE)™uE 5, (m)"

(2)" A=) " ()W (u 1) THAE) ™l 5, (m)™ = A(2)™u? (m)").

m

= (

+ A

+ A

+ A
Applying Lemma in Bq. (4.35), also using Eq. (4.22)), Prop. (with the general fact

(14 |n)(1+|m|) > (14 |n—m|)) and Eq. (4.34) we obtain that for 1 > a >0

IG#(n,m) = G0 (n, m)|
(14 fm[)e(1 + |n))~

< Ck[ME) = A2)[%,

and we can obtain the same for n < m. In particular, for all z € K we have

z _ (YE+i0
oy 167 (0m) = GF 4,

e A Gy oy EYST I S Cr|AE) = A=) (4.36)

Note that for u € L', one has by definition R(E 4 i0)u € L* then for all v € L' the inner
product

(R(E +i0)u,v) = Y ((R(E +1i0)u)(n),v(n))ct,

nel

is well defined.

Proposition 4.14. Suppose that H — Hy has finite zero moment. Let u,v € L' C L?, then
for all E € (—2,2) one has

ll_)Hé (R(z)u,v) = (R(E £1i0)u,v). (4.37)

+3(2)>0

Proof. We prove the limit from above. Using Prop. and Def. (4.21]), we obtain

(R(2)u,v) — (R(F £+ i0)u,v) Z Z ((G*(n,m) — GFT(n,m))u(m),v(n))ce. (4.38)
neZ meZ
Using Cauchy-Schwarz inequality in Eq. (4.38) we obtain
[(R(2)u,v) = (R(E £ i0)u,0)] <> [Ju(n) [ |G*(n,m) = G¥F(n, m)|[[lu(m)]. (4.39)

nEZ meZ

Let K ¢ Ct\ {—2,2} be a compact neiborhood of E. Rem. implies that ||G*(n,m) —
GETO(n,m)|| < Ck, then Eq. ([4.39)), Dominated Lebesgue Theorem, and Prop. give us
the result. n
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Remark 4.15. Foru,v € L', using Prop. one can extend the function C* — (R(2)u,v)
from above and below to E € (—2,2). Moreover, in the same manner as in Prop. one
can prove that this extension is continuous on C*\ {—2,2}.

The next proposition is the Limit Absorption Principle. For o € RT we denote
M_o: L*(Z,C*) — L*(Z,C"), (M_qu)(n) = (14 |n])"*u(n), (4.40)
which is a bounded operator. For o > 1, let us denote

1 =1
C_, = —— <1+2 — < Q.
2 (1 + |n|)? ; |

nez

Remark 4.16. Next, we see that if « > 1 and E € (—2,2), the operator (see Eq. (4.21)))
M_,R(E +i0)M_,, € B(L?).

First, if u € L?, Cauchy-schwarz inequality implies that

>+ m]) Gy mu(m)|| < CLF sup [[GFE(n,m)| || 2.

meZ n,meL

Therefore,

> (Lt [nl) <Z(1 + Iml)_allGEﬂo(n,m)U(m)H) < €2, sup [|[GZE0(n, m)|*||ullZ.

nel, med, n,me”Z

The above equation implies that M_,R(E +i0)M_,, € B(L?*). Moreover,

IM_oR(E £i0)M_,| < C_, sup |GFE°(n,m)].

n,meZ

Theorem 4.17 (Limit Absorption Principle). Let H be a matriz-valued self-adjoint Jacobi
operator as in Def. . Further, assume that H — Hy has finite first moment (see Def. .
Take o € R with 2 > o > 1. Then, the operator valued function (see Eq. (4.40)))

C¥F 32— M_o(H — 2)"'"M_, € B(L*(Z,C")),

has limit up to (=2,2) (from above and below respectively). Moreover, for E € (=2,2) and
K Cc C*\({2,—2}Uo4(H)) compact neighboorhod of E. For all z € K, with |A\(E)—A(z)| <1
one has (see Rem. [{.16),

IM_oR(2)M_o — M_ R(E +i0)M_,| < |\(2) — ME)|* ' Ck. (4.41)

Where C is a constant that does not depend on z € K
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Proof. Let E € (—2,2), and K € C*\ ({2, -2} Uoy(H)) compact neighboorhod of E with
IA(z) = A(E)| < 1 for z € K. Let u € L?, using Cauchy-Schwarz inequality and Eq. (4.36)
we obtain that

Y (L [m]) (L + ) (G (n,m) — GFF(n,m))u(m) |

S G m) G 142
2 ) e e )

< CxCYEINE) — A2l 2.

Therefore, using Prop. (also see Rem. [4.16) and Eq. (4.42) we have
[(M_oR(2)M_o — M_oR(E + i0)M_,)ul?

<D L+ nf)* <Z(1 +[m) (G (n,m) — G, m))U(?ﬂ)H)

nez meZ

= (1+[n))~? <Z(1 +[m]) " (1 + [n]) (G (n,m) — GEF0(n, m))u(m)H>

neZ meZ

< C2,CRINE) = A=) PV a7

Equation above implies Eq. (4.41]), which in particular implies the limit from above. Limit
from below is proved in the same manner. O

4.2 Generalized Fourier transform

The wave operators can be expressed in terms of the Jost solutions via the generalized Fourier
transforms. These transforms are unitary operators that diagonalize the absolutely continuous
part of H. The idea behind constructing such unitary operators is to consider the family of
functions E_(ny
— u—,in n

(—=2,2) 3 E— U,(F) = (ufm(n)*
It turns out that the columns of the matrices U, i.e., the set {(U,); :n € Z, j € {1,...,L}},
after suitable normalization, form an eigenfunction expansion of the absolutely continuous

part H* of the operator H. This construction leads to a partial isometry

(I)Jr : L2(Z7 CL) — LQ((_27 2)7C2L)7

> eC**t neZ.

which diagonalizes the operator H on its absolutely continuous subspace.
We begin by using the well-known Stone formula to express the spectral measure of H in
terms of the boundary values of the resolvent.

Proposition 4.18 (Stone formula). Suppose that H — Hy has finite zero moment. Let Ey
the spectral measure of H. Then for all [a,b] C (=2,2) and u,v € L*(Z,CL) one has

1 b
(Eg(a,b)u,v) = 2_7rz/ (R(F+10) — R(E —i0))u,v)dE (4.43)
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Proof. By Prop. there are no point spectrum on [—2, 2], namely o,(H) C R\ [-2,2].
In particular, for all a € (=2,2), Ey({a}) = 0. Using Prop. we obtain

(Er(a, b)u, v) = QL lim < / "(R(E +ic) — R(E — i£))u dE. v>

1 €l0
1 b
=5 leligl (R(E +1ic) — R(E —ig))u,v) dE
1 b
=— [ ((R(E+1i0)— R(E —1i0))u,v) dE,
2m J,
where in the last equality we use Prop. (also see Rem. [4.15) and Lebesgue dominated
theorem. ]

Remark 4.19. Using Eq. (4.18) with n > m, and Eq. (3.54]) we obtain
(VE)—1<GE+’ZO(”’ m) o GE—iO(n m))
:u£,1n< )((ME)) ! l—?out(m)*—i_uf,out( )(ME) ! Ezn<m>*

Now, we use Eq. ([3.52) and we write in Eq .(£.44) uf ;,, in terms of uf ,,, (recall that M" is
invertible for E € (—=2,2),) then we obtain

(") UG (n,m) — GP70(n,m))

- (ulj,out(n)(Mf}) - U’Jr out( )NE<ME) )((‘]\4?)*)_111“€ out(m)* (445)

1 () (M) T (M) ) "Ml gy () = (M) THNE) " (m)).

Now, we use that S¥ (see Def. 1s unitary, see Prop. . In particular, computing the
bottom off diagonal term of SE(S¥)* we obtain

NE(ME)TH(ME)) ™ = =(ME)=H(ME))~H(NE)™. (4.46)

(4.44)

Taking adjoint in Eq. (4.46|) and using it in Eq. (4.45)) we obtain,

GO, m) — G, m) = EuE o) (M) H(ME)) ) wn
VU () (ME) L (ME)) (),

one can obtain the same for m > n. In the same manner, one obtains
GF0 i m) = G770 m) = VU () (M) M) )
+ vl () (ME)") T (M) ™ el (m)”
Rem. .19 tells us how we should normalize the Jost solution.
Remark 4.20. For E € (—2,2) by definition (see Def. , AME) e St \{1,-1} , then we
have (see Eq. (2.13))
5 1 1

VS INE) AE)Y) | amsE) <




Now, we define solutions of the generalized eigenvalue equaitons, which correspond to the
base of the eigenfunction expantion of H,

Definition 4.21 (Wave functions). For all E € (—2,2) we define the following generalized
eigenvalues of H,

VL (n) =V =iwPul L (n)(ME)TH @ (n) = V=Bl () (MY) 7" (4.49)
VE i (n) =V —ivEul 5 (n) (ME)) ™, v (n) = V—ivBud () (ME)) 7 (4.50)

Proposition 4.22. Let E € (—2,2), for all n,m € Z the following identity holds (see Def.
727

GE+iO<n7 m) - GE?iO (n7 m) = i(wﬁ,out (n)wﬁ,ouxm)* + wf,out (n)wf,out<m>*)

Proof. 1t follows from Eqs. (4.49), (4.50) and Rem. [4.19, see in particular Eqs. (4.48]) and
ED). .

Let us now introduce the generalized Fourier transforms.

Definition 4.23 (Generalized Fourier transform). For u € LY(Z,CLY), we define ®1u :
(—2,2) — C?£, the function given by (see Def. m)

. 1/1Em (n)"u(n)

(4.51)

33

VL our (1) U (n))
D _u = fouty . 4.53
(@-1)(E) W% (w (n)ulr) (459
Next, we extend &, to a unitary operator from the absolutely continuous space of H to
L2(<_272)7C2L>‘
Proposition 4.24. For all u,v € LY(Z,C") and E € (—2,2) one has

(Pott)(E), (D40)(E))ear = QLM,«R(E +i0) — R(E — i0))u, v) 2. (4.54)

Proof. We prove the '+’ the other is similar. Using Eq. (4.52)) we obtain

i 006 =5 S5 (i) (G 00)

= % Z Z <@/}3in(m)*u(m), @/Jin(n)*v(n» + <¢_€m(m)*u(m), ¢_€m(n)*v(n)>

n€Z meZ

- % DD AW ) (m)” + 4 (M), (m) Yu(m), v(n))

n€Z meZ

(4.55)

- L <Z(GEHO(n,m) - GEfO(n,m>>u<m>,v<n>> ,

211
meZ

where in the last equality we use Eq. (4.51). Eq. (4.55)) imply the result. O
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Remark 4.25. Prop. and Eq. (4.43)) imply that for all [a,b] C (=2,2) and u,v €
LYZ,CY) one has

/ (Pru)(E), (P1v)(E))c2r dE = (Ex(a,b)u,v) 2. (4.56)

In particular, taking uw =v € LY(Z,CF) in Eq. (4.56) one obtains

b
/ I(@xw)(E)[Eor dE = || Er(a, b)ullLzz)- (4.57)

By Fatou’s Lemma one obtains that

2 2+1/n
/ [(®xw)(E)|gor dE < lim inf 1(@sw)(B)lgar dE = || Er (=2, 2)ullZ.
—2

Therefore, the function E — ||(®1u)(E)|%. belongs to L'((—2,2)). Then, Lebesgue cover-
gence theorem implies

[Prullr2(-22)c2ry = |En(=2,2)ull 2z cry.- (4.58)

Using the fact that L*(Z) is dense in L*(Z), Equation ([4.58) allows us to extend the linear
function @1 : L'(Z,Cl) C L*(Z,Cl) — L*((—2,2),C?"), to a bounded operator.

Definition 4.26 (Generalized Fourier operator). (See Rem. We denote by
. € B(L*(Z,C"), L*((—2,2),C*)),
the bounded operator defined by the continuous extension of the map (see Def.
LYZ) > u s ®iu € L*((—2,2)).

Remark 4.27. The relation given by the Eq. ([4.57) can now be extended for allu € L*(Z,CF).

2
Indeed, take u, € L*(Z,CY) such that |Ju, — ul|ce FER ), Continuity of @, implies that
n—roo

2((—
LA(( _2),2),11%)

| DLy, — Piul|cer 0. Then, there exists subsequence {u,, } such that

n—oo
| P st — Pattf|cer =5 0.
n—o0
By Lebesgue dominated theorem we obtain
19 w10, 122000 — 1l 20ty | < 19ty — st 210y = 0. (4.59)

Taking limit k — oo in both size of Eq. (4.57)) we obtain the desired. This above implies that
for every U borel subset of (—2,2), and u € L*(Z,CL) one has,

(e (U)ut, ) ey = / |(@20)(E) |2 X0 (E) dE. (4.60)
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Let us denote by L*(Z),. the absolutely continuous space related to H, and by P,. the projection
on this space. Next, prove that Eg(—2,2)L*(Z) = L*(Z)4e- Ifu € Eg(—2,2)L*(Z,CL) (namely
Ey(—2,2)u = u), using Eq. (4.60) one has

(En(U)u, u)r2z) = (B (U N (=2,2))u, u) 12z =/RH(@iU)(E)||%2LXUm(—2,2)(E) dE, (4.61)

which implies that uw € L*(Z),.. Conversely, suppose u € L*(Z)qe and let us denote f, the
Radon-Nikodym derivative of the measure Er,, with respect the Lebesgue measure. Props.
and [5.29 imply that the set o(H) \ (—2,2) has Lebesque measure 0. Then,

(En(olH)\ (~2.2)u.u)n) = [ fula) de =

o(H)\(-2.2)
This implies that
lu— Eg(=2,2)u|| = (u — Eg(—2,2)u,u — Exg(—2,2)u) = (Eg(o(H) \ (—2,2))u,u) = 0.
Then Eg(—2,2)u = u, which implies the required. As a consequence we have
P,. = Ey(-2,2). (4.62)

Proposition 4.28. For compact support continuous functions f = (f1, f2) € Co((—=2,2), C?F),
the adjoint operator of ®., (®4)* : L?((—2,2),C*t) — L?(Z,C*F) is given by

1

((4)"f)(n) := Nir 721/1 in(MJL(E) + ¢¢ 10 (n) f2( E) dE. (4.63)
((2-)"f)(n) := \/2— 72¢+out< n) [1(E) +¢Z . (n) f2(E) dE. (4.64)

Moreover, the following identities hold
OL)* Oy = Ep(—2,2) = Pey, PLH = MpPy, (4.65)

(
Here P,.: L*(Z ) — L*(Z)4e, denotes the projection on the absolutely continuous space related
to H, and Mg : L*((—2,2)) — L*((—2,2)) denotes the multiplication operator, (Mgf)(E) =

Ef(E).

Proof. Let us prove the statment for the sign '+’ the other is similar. Let f € Cy((—2,2), C?£),
let us denote by Ay(n) the R.H.S. of Eq. (4.63). Let u finite supported sequence, an explicit
computation using Eq. (4.52)) shows

Z<Af<n>,u<n>>u=/2<(f1§) 7= 2 i )>dE

= (f, D) p(22)) = (1) fru)rzy = D _((24)"F)(n), u(n))er,
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where in the first equality we use that sum is finite, then it commutes with the integral. Since
the above equation satisfies for all w of finite support, then (®,)*f = Ay. Let us prove the
second part. Using Eq.(4.58)), one obtains that for all u € L*(Z)

(@404 — En(~2,2))u,u) ) = | 4ul]? = | En(=2, 2)ul]” = 0. (4.66)

Since the operator @%@, — Ey(—2,2) is self-adjoint Eq. implies that &% &, =
Ep(-2,2), Eq. implies the other equality. Finally, an explicit computation using
Eq. and the fact that (rgvyn)(n)" = Evyn(n)*, shows that for finite supported
sequences (P Hu)(E) = E(®u)(F), then by continuity and density we obtain the R.H.S. of

Eq. (4.65). O
Remark 4.29. Equation (4.65) and Prop. imply that
Ran(P,.) = Ran((®.) @) = Ran((®.)"). (4.67)
Then (®4)*®, = P, is the orthogonal projection on Ran((®1)*). Next, we see that & (P )*
is the orthogonal projection on Ran(®y). Take g € L?((—2,2),C?), and write it as g =
f + h with f € Ran(®.) and h € Ran(®i)t = Ker((®s)*). Also, write f = ®ru with
u € Ran((®4)*) = Ran(P,.) (recall Ran(®y) = Ran(P,(Py)* see Eq. [{.67). Then, using Eq.
(4.65) we have
Py(Pr)’g=0u(Ps)" f = Pu(Py) Pru=PpPpeu = Pru= f,
which establishes the statement. Therefore, ®4 is a partial isometry, that has intial space
Ker(®4)t = Ran((®+)*) and final space Ran(®).
Proposition 4.30. For all (a,b) C (—2,2) and u € L*(Z,C*) we have
(P+Er(a,b)u)(E) = X@p) (E)(Piu)(E), a.e. (4.68)
Proof. We prove it for '+ the other is similar. Let z € C*, Eq. (4.65) implies ®, (H — z) =
(Mg — 2)®,. Since z ¢ 0(Mg),o(H) then we obtain
®+RH<Z> == q)+<H - Z)_l == (ME - Z)_l(b+ - RME (Z)(I)+. (469)

Now, we use the Stone’s formula (see Prop. , we recall that H has no point spectrum in
(—2,2) which implies Ey({a}) =0, a € (—2,2),

b
¢, Fy(a,b)u =, li{g/ (Rp(x +ie) — Ry(z —ie))u dx

b
= lim <I>+/ (Ry(x + i) — Ry(z —ie))u dx
&40 o (4.70)

=lim [ (R (x +ie) — Ry (x —1€))Pu dx

el0 a
1
= S(Enp (a,6) + Enggla, b)®,u = My, , ..

where we use Eq. (4.69)) in the third equality. In the last equality, we use that the multipli-
cation operator Mg € B(L*(—2,2)) has no point spectrum and its spectral measure is given
by the multiplication operator by the characteristic function, Ey,(U) = M,,,. O
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Proposition 4.31. The following identity holds true
q)i(q)i)* = ILQ((72,2),(C2L)- (471)

Proof. Since @ is a partial isometry (see [4.29), it is enough to prove that its final space is
the whole space, namely Ran(®.) = L?((—2,2),C?F). We prove this for the sign '+’ the other
is similar. Let f = (f1, f2) € Ran(®,)*,, then for all u € L*(Z,C*) we have

0=(f, (I)+U>L2((—2,2))- (4.72)
Take u € L?(Z,CL) a sequence with compact support, and (a,b) C [-2,2]. Using Eq. (4.68))
and Eq. (4.52) we obtain

_ _ v lB) § (V0 )
(4 0,00 (B) = v (B) @ra)(B) = XL ST (Vpmn) - qa)

Substituing Fy(a,b)u in Eq. (4.72) and using Eq. (4.73]) we obtain

2

0= <f> <I>+EH(CL b) >L2( 2,2)) = /_2<f(E), ((I)+EH((1, b)u)(E))CzL dE
_ [ Xt () (2, (n) u(n)
- / <f SR Z <¢fin<n>*u<n>)>m o (4.74)
\/ﬁZ/ <¢Em Jf1(E),u(n )>(CL +<¢f7m(n)f2(E),u(n)>CL dE.

where we use that u has compact support, then the sum is finite and it comutes with the
integral. Consider 4, the Kronecker delta and {e;} the standar basis of C. Taking u = d,¢;
in Eq. (4.74) for each n € Z and j € {1,..., L}, one concludes that

0= / b VE () f1(B) + ¢F . (n) fo(E) dE,n € Z. (4.75)
Since Eq. is satisfied for all (a,b) C [—2,2] we have that for all n € Z
HE(n) :=¢%,,(n) f1(E) + ¥ 1, (n) f2(E) = 0, a.e. (4.76)
For all n € Z, let us denote
Up = {E € (=2,2): H*(n) = ¢, (n) f1i(E) + ¥ ;,(n) f2( E) # 0}.

We know that U := |J,c; Un has Lebesgue measure zero. Take E € (—2,2) \ U, then

HF(n) = 0,n € Z. An explicit computation using Eq. (#.50) and Eqgs. (3.49), (3.54) shows
that

0 =W(UE gy, H") = V =ivPW(u¥ 0, v 0 ) (ME)) T FU(E) = =/ —ivPVP fi1(E). (4.77)

Eq. (4.77) implies that fi(E) = 0. Then, f; = 0, a.e. In the same manner, one proves that
f2 =0, a.e., which implies that f = 0. Therefore, Ran(®, ) = L*((—2,2), C?L). O
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In summary, the operator @ is a partial isometry with initial space the absolutely continuous
space asociated to H, and final space L*((—2,2), C?L'). Moreover, it satisfies

O H(PL) = Mg. (4.78)
In particular, we conclude

oac(H) = [-2,2].
4.3 Wave operator

Let H be a Jacobi operator as defined in Definition [I.1} In this section, we prove that, under
the assumption of a finite first moment, the wave operators associated with the pair (H, Hy)
exist, where Hy is the discrete Laplacian (see Deﬁnition. Moreover, we provide an explicit
expression for these wave operators in terms of the unitary operators introduced in Section [.2]
(see Definition [4.26)).

We begin with a brief review of the fundamental concepts of scattering theory.

Definition 4.32. Let (H, Hy) be two self-adjoint operators defined on a Hilbert space. We
say that the wave operators of the pair (H, Hy) exist if the following limit exist

Wi(H, Hy) == s — lim e"Hte~"Hot p0 (4.79)

t—=+

Where P2, denotes the orthogonal projection on the absolutely continuous space HE related
to Hy. In this case, we call Wi(H, Hy) the wave operators.

Definition 4.33. Let (H, Hy) be two self-adjoint operators defined on a Hilbert space H.
Assume that the wave operators exist. We say that the wave operators are complete if

Ran(W.(H, Hy)) = Hae,
where Hq. denotes the absolutely continuous space related to H.

Now we prove the main result of this section. We recall the partial isometries defined in

Section [4.2| (see Def. |4.26)
®y € B(L*(Z,Ch), L*((—2,2),C*)).

In the particular case H — Hy = 0, using Eqgs. (4.49), [4.50) (ME = 0 if V = 0 see (3.54))).
For all u € L'(Z,C*) we have

(@0 0(E) = @0s)(E) = 5 5 (N Dly). (4.50)

which is the unitary operator given in Def. (see Eq. (2.24)), &g = ®¢ - = Py . We need
the following lemmata.
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Lemma 4.34. Let g € Cy((—2,2),CL) be a continuous function with compact support. For
all t € RY, consider the following sequence

I(t,n) = /_22 ME) e Flg(E) dE, n € ZT U {0}.

Then,
D It n)|E =0, t = +oo.

n=0

We have the same result for n € Z~ and the limit t — —oo.
Proof. An explicit computation using Equation (2.12) (also see Eq. (2.13)) implies

d

nfztE' —n —itE d .
SEAE) e = A(B) e (—n)\(E) dE)\(E)—zt)

(4.81)
= —iNE) e " (—niv” +1).

Recall that for £ € (—2,2), —ivf > 0 (see Rem. [4.20)), then for all t € RT and n € Z* we
have —niv® +t > 0. Moreover, since ¢ has compact support we can take

= inf{—iv? : E € supp(g)} > 0.

Using integration by parts and Eq. (4.81]) we obtain we obtain

I(t,n) = / g (M(E) e Pt _wlE) g

dE —invP +t
—2 mf/ + (4.82)
/2 )\(E)—n —iEt d Zg(‘E) dE
= — e — [ S A—
5 dE \ —invE +t ’
For t > 1, we have | —inv® +t| = —invP +t > en+t¢ > c¢+1, n € ZTU{0}. Then, we obtain
(recall g has compact support on (—2,2) and v¥ € C°°(-2,2))
1
4.83
H (—muE—i-t)H len + t|7 (4.83)

where C' is a constant that does not depend on E,n,t. Using Eq. (4.83) in Eq. (4.82)) (also
recall that |[A\(E)| = 1) we obtain

1
I(t,n <(C—— 4.84
I m)les < Oy (4.8
Eq. (4.84) together dominated Lebesgue theorem imply the result. O]

Lemma 4.35. Consider f € C([-2,2],CF) a continuous function, and r : [-2,2] x Z —
C*L K € L*(Z,R) such that

lr(E,n)|| < K(n), E €[-2,2].
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Let,
I(t,n) ::/_ "Fr(BE,n)f(E) dE. (4.85)

2
Then,
H[(lf, n)HLZ(Z) — 0, |t| — Fo00.

Proof. For each n € Z, Riemann-Lebesgue lemma, see Prop. [5.8] implies ||I(¢,n)|| — 0, [¢] —
oo. Since ||[I(t,n)||* < K(n)* € L'(Z,R) then Lebesgue convergece theorem imply the result.
0

Proposition 4.36. Let H be a matriz valued self-adjoint Jacobi operator as in Def. [I.1]
Assume that V.= H — Hy has finite first moment (see Def. . Then the wave operators
WL(H, Hy) exist and are complete. Moreover, the wave operators are given by the expression

(see Def. and Def.
W, (H, Ho) = 1 ®0, W_(H, Hp) = P~ Py. (4.86)

Proof. Since ®. is a partial isometry with inital space L?(Z, C*) and final space the absolutely
continuous space related with H, and ®, is unitary, it is enough to prove that the limit in
Eq. is given by the R.H.S. of Eq. . Namely, it is enough to prove that for all
u € L*(Z,CL) we have

lim ||(efe ot P — () ®p)ul|12(z) = 0. (4.87)

We prove Eq. (4.87)) for the sign '+’ the other one is similar. Equation (4.78]) implies that
fort € R ‘ '
O e H (P ) = e ME, (4.88)

Multiplying by (®,)* to the left in both sides of Eq. (4.88)), using that (®,)*®, = P,. and
Ran((®4)*) = L*(Z)4 (see Rem. and the fact that e let L[?(Z),. invariant, we
obtain

e (D, ) = (B )reME, (4.89)

Using Eq. , and the fact that e’* is unitary, also recall that H; is absolutely continuous
(see Prop. [2.2) we obtain
lete P u — (@) Boul| 2z) = [le” M u — e (D) Doul| 12z
— ||e~iHoty, — (q)+>*e—iMth)0u||L2(Z)
= [[(®o) e ME Pyu — (D))" e ME Dgul| 2z
= [|((®0)* = (®4)*)e” ME Boul L2z

Let us prove that Eq. (#.90]) tends to 0 for u € ®;*(Cy(—2,2)), since this space is dense in
L*(Z), this will imply the result.

Let u € By (Co((—2,2),C?)), let us say (fi, f») = Bou, using Bq. (63) (also see Eq. (50))

we obtain

(4.90)

(((@)" — (@4)")e™ M @ou) (n) = Li(t,n) + Ly(t,n), (4.91)
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where

Li(t,n) \/_ , \/ —ivE(A n(n)((MJr)*)’ e " f1(E) dE o
Bt = —= [ VEEOE) " ) (ME)) e () d
Let n < 0. Eq. imply that
u? . (n) = ME)" +1%(n). (4.93)
where .
rf(n) = ((4n) ™" = HME)" — (A,) Z v (s7(n)")(5)"uE 1, (7)- (4.94)
Then, we can write [1(t,n) as
L(t,n) \/ﬁ/—z )leT L = (ME)) )V =P fi(E) dE o
1 ? —iEt, E E Ey+y—1 |
“ae LT (n)V —wP(MZ)") ) f1(E) dE

Eqs. (4.22) implies that ufm(j) is uniformly bounded with respect j € Z,E € supp(fi)
(recall [N(E) =1]|, E € (—2,2) ). Eq. (3.3) (also see Eq. (3.13))) imply that for £ € supp(f1)
(recall v¥ € C*(—2,2)) we have

Iy (7)) G)* (1 < CUA; = L1+ 1Bl + [l Az ]).

where C'is a constant that does not depend on E € supp(fi),n € Z,j € Z. Then, applying
this bounds to Eq. (4.94)) we obtain

Irf () < C (II(An)‘1 — 1+ i 1A; = T+ 1B + ||Aj+1||> = K(n). (4.96)

j=—0c0

where C'is a constant that does not depend on E € supp(f1),n € Z. Note that the assumption
og finite first moment (see Eq. (1.4))) implies that K € L'(Z~ U {0},R) c L*(Z~ U {0}).
Lemma applied to the first summand of the R.H.S. of Eq. (4.95) and Lemma applied

to the second summand imply that
|11 (t, )| L2z-uoy — 0, t — 400, (4.97)
Now, for n > 0 we use Eq. (3.53]) and Egs. (3.22)), (3.11)) to write

uf g () ((ME)) 7 =l g (n) +ulf 5 (n) LE((MF))

-n1E Eyx\—1 E (4'98)
= ME)" + ME) " LE(MEYy) ! 4+ 1P (n).
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where

B(n) = (Agp = DE)" + ME)"LE(ME)) )

[e.9]

AL D () )G) (w0 () + uf ()L (ME)) ).

j=n+1

(4.99)

In the same manner as before, one can prove that ||[r¥(n)|| < CK(n), n € Z*, where K €
L*(Z") and C' is a constant that does not depend on E € supp(f1), n € Z. Using Eq. (4.99)
we write [1(¢,n) for n > 0 as

Li(t,n) =— L ME) e  FILE(MEY) ' —ivE f1(E) dE
_L ? o it E \/mﬁ

Lemma applied to the first summand of the R.H.S. of Eq. (4.100) and Lemma m
applied to the second summand imply that

(4.100)

I1(t, 2@+ = 0, t = +o0. (4.101)

Egs. (4.97) and (4.101)) imply |[11(t, )|/ z2z) = 0, t = 400. In the sale manner, one proves
that || I5(t, )|/ z2(z) — 0, t = 4o00. This above, together with Eq. ( and Eq. ( - 4.90) imply
the result. O

4.4 Scattering operator and scattering matrix

In this section, we prove that the scattering matrix (see Definition [1.12)) defined via the
stationary approach coincides with the one obtained through the general (time-dependent)
approach.

Definition 4.37. If the wave operators exist and are complete. We define the scattering
operator as follows

S(H, Ho) := W, (H, Hy)*W_(H, Hy).

We recall the definition of the scattering matrix in terms of our incoming and outgoing
solutions (see Def. [1.12)). S¥ € C2*2L is the unitary matrix that satisfies the equation

(ul—c,in _u£,2n> = (uf,out - —out) SE (4102)

Taking adjoint in Eq. (4.102) we obtain

<_uE,g‘n(n)**) — (SF)* ( UEEut(??z)> nez. (4.103)

u+,z’n (n> _uf,out

Before proving the main result of this section we obtain some identites that we need later.
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Proposition 4.38. For all E € (—2,2) the following identity holds,

(ﬂgf Agf) s (((M%)*)l ((Mig)*)l> _ ((1) _01) (sF ((1) _01)_ o

Proof. Let E € (—2,2). Since S¥ is unitary (see Prop. [3.16)), using Def. one can compute
the off diagonal terms of S¥(S¥)* (which are zero) and obtain

—(ME)TH(ME))THNE)T = NE(ME)=H(ME)) ™

E(afE\=1(( 1 fEV)—1 Br—1 By By (4.105)
—NY(MY) T ((ME)) ™ = (MZ)™ ((MZ)") 7 (NZ)*
Using Def. and Eq. we obtain
ME 0\ op 1 MENE(ME)
(6 ate) s = (amve(arsy M) 10
_ < 1 —((Mf)*)‘l(Nf)*(ME)*)
—((ME)) Y (NE)(MZ) 1 '

Multiplying Eq. ([.106)) to the right by the diagonal matrix, diag(((ME£)*)~1, (ME)*)~!) we
obtain the result. O

Proposition 4.39. The following relation between the generalized solutions defined in Def.
21| and Scattering matriz holds

5# (i) = (Sl e a0

Proof. By definition (see Def. we can write
(Zfiiigm =V <(<M%)*>_l ((M{g)*)l) (Zgﬁﬁi) ! (4.108)
B e (o B

Using Eqs. (4.108]), (4.104)) and Eq. (4.103)) we obtain
Mf 0 E ¢£,out(n)* _ S ) 1 0 EN\x uf,out(n)*
(5 are) s (i) = v (o ) o (L
E *
— _,L'VE (U’E,'m<n)*> ,
“+m(”)
the last equation together with Eq. (4.109) give us the result. [

Now we consider the multiplication operator by SF.
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Definition 4.40. Let Mgr : L*((—2,2),C*) — L%*((—2,2),C?L), the multiplition operator
given by
(Mgs f)(E) = S"f(E).

We recall the generalized Fourier operators defined in Def. [4.26]

Proposition 4.41. The following relation holds true,
Mge®_ =, . (4.110)

Proof. Let u compact supported sequence, using Def. and Eq. (4.107) we obtain

(MSE(I)_'LL)(E> = SE((I)_u)(E) — L‘S‘E Z (wf,out(n)*u<n))

\/% wg out (n)*u(n)
B (VY out (n)> (wEm n)*u(”)> (4.111)
271' Z S (¢E out * (n \/% Z ¢+ zn(n)*u(n)
_ (®0)(E)
The above relation can be extended by density to all L?(Z, CF). O

Remark 4.42. Let H be a matriz valued self-adjoint Jacobi operator as in Def. [1.1. Assume
that V.= H — Hy has finite first moment (see Def. . By Prop. the wave operators

exist and are complete. Then we can consider the scattering operator (see Def. ,
S(H, Ho) := W, (H, Ho)"W_(H, Hy).

Moreover, recall that the unitary operator ®q (see Def. diagonalizes Hy. Then, it diag-
onalizes S(H, Hy) as well. Namely, there exists S : (—2,2) — C**2L measurable function
such that

OyS(H, Hy)(Po)* = Ms. (4.112)

The following proposition shows that the scattering matrix SE, defined as the object that
map outgoing solutions to incoming ones (see Def. |1.12)) is in fact the diagonalization of the
scattering operator S (see Eq. (112)).

Proposition 4.43. Consider the matriz valued functions ST, S (see Def. and Eq.

(E112)), then

SE =S(E), ae. Ec(-2,2). (4.113)
Proof. Using Eq.(4.110) and Eq. (4.71]) we obtain Mgr = & (P_)*. Using this above together

with Eq. (4.112)) and Eq. (4.86) we obtain

MS - (I)()S(H, H0)<(I)0)* — (I)0W+(H, Ho)*W,(H, H0)<®0)* — (I)Jr(q),)* — MsE.

This implies the result. [
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5 Appendix

In this section, we present technical results. For the sake of completeness, we include their
proofs. Some of them are referenced in the bibliography, where the reader can find a complete
proof.

Theorem 5.1 (Volterra Equation). Let g € L®(N,C'*E) and K(n,m) € CY*L for each
m,n € N. Consider the Volterra sum equation

f(n)=g(n)+ Z K(n,m)f(m), n € N. (5.1)

m=n-+1

and suppose there is a sequence M € L*(N,R) such that |K(n,m)|| < M(m) for each m >
n € N. Then, Equation has a unique solution f € L®(N,CL*L). Moreover, if g*(n)
and K*(n,m) depend continuously (resp. analytically) on a parameter z € U (open or close
set) (for every n), and for every compact set C' C U, one has {sup,cc |M?(m)|}men € L*(N),
and g*(n) is uniformly bounded with respect to n € N and z € C, then f*(n) is continuous
(resp. analytic) and uniformly bounded with respect n € N and z € C.

Proof. This is a matrix valued version of Lemma 7.8 [27]. For each & € N, if one finds
a solution f € [*°(N N [k,00), M), then it can be extended to a solution in [*°(N, M) by
defining recursively f(n) = g(n)+> o_, . K(n,m)f(m) for each n < k. Since M € I'(N,R),
there exists & € N such that 3>, | M(m) < 1/2. Then, w.l.o.g., we can assume that k = 0,
i.e., > o, M(m) < 1/2. Then let us introduce the operator T": [*(N, M) — [*(N, M) by

o

(TH)n)= > K(n,m)f(m)
m=n+1
which is well-defined because
S Kmm)fm)l < Y 1K@ m)[[fm)]] < 1/2f]l-
m=n-+1 m=n-+1

Moreover, the last equation also implies that 7" is bounded and ||T|| < 1/2, therefore I — T is
invertible and f := (I — T')~'g is a solution to the equation on [*°(N, CL*L).

Now we assume that g(n) = ¢*(n) and K(n,m) = K*(n,m) depend continuously (resp.
holomorphically) on a parameter z € U (open or closed set) (for every n), for every compact
set C C U, {sup,cc |[M*(m)|}men € LY(N), and ¢*(n) is uniformly bounded with respect to n
and z. Let us take a compact set C' C U. Since the series (T'g%)(n) = > ~_ ., K*(n,m)g*(m)
converges uniformly on C, (T'¢g%)(n) is then continuous (holomorphic) on C for each n € N
and it is uniformly bounded with respect to n and z € . Repeating the argument, one
obtains that the same holds true for T7g*, for every natural number j. Using that | T7¢|| <
(1/2)7 sup,, .{llg(n)|I}, it follows that the series f*(n) = 372 (T7g)*(n) converges uniformly
on C and is uniformly bounded with respect n € N and z € C'. This implies that the map
z +— f#(n) is continuous (holomorphic) on compact sets. Then it is continuous (holomorphic)

on U. O
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Lemma 5.2 (Variation of parameters). Let F : (CE*E)2 — (CE*E)Z be a function. Consider
the following difference equation

A, X(n—1)4+ B, X(n) + Ap1 X(n+1) = (F(X))(n), (5.2)
where A,, B, € C**L for each n € Z with A,, invertible. Consider the free equation
A X(n—1)4+ B, X(n)+ A1 X(n+1) =0, (5.3)
For alln € Z, let us denote s, the solution to Fq. such that
sm(m) =0, su(m+1)=A~L.

Fiz C, D € C*L | consider U the solution to the free equation with intial conditions U(0) = C,
U(l) = D. Then, S is a solution to Equation (5.2), with initial conditions S(0) = C,
S(1) = D, if and only if satisfies the sum equation

S(0) = Un) + Y s (FS)(), n2 1 (5.9
and forn € Z~ U {0}
S = U = Y s (FE)G), 0 <0 (55)

where we identify 22:1 aj = 0.
Proof. For u € (C1*E)% we denote
(tu)(n) = Apu(n — 1) + Bou(n) + Appu(n + 1).
7/

We consider the linear function L : (CI*1)% — (CL*L)Z

isj(n)u(j), n > 1.
Z sj(n)u(j

j=n+1

(Lu)(n) =
(Lu)(n) = — ), n<0.
In particular, note that (Lu)(0) = (Lu)(1) = 0. An explicit computation using that s,(n —
1) = —A; ! and 7s; = 0 (making the cases n € {—1,0, 1} separately) shows that
(1o Lu)(n) = An(Lu)(n — 1) + B,(Lu)(n) + Api1(Lu)(n 4+ 1) = u(n). (5.6)

Suppose that S satisfies Eqs. (5.4), (5.5). In particular S = U + L o F(S), then Eq. (5.6)
implies (recall TU = 0) 78 = 7U + 7(L o F(S)) = 7o L(F(S)) = F(S), then S satisfies Eq.
(5.2)). Conversely, suppose that S satisfies Eq. (5.2) and S(0) = C, S(1) = D. In particular,

7S = F(S). (5.7)
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Consider Uy := S— L(F(5)), we note that Uy is a solution of Eq. (5.3). Indeed, Egs. and
(5.7) imply 7Uy = 7S — TL(F(S)) = F(S) — F(S) = 0. Besides, Uy(0) = S(0) = C = U(0)
and Up(1) = S(1) = D = U(1). Since U and Uy are both solutions of Eq. with same
initial conditions they are equal. Therefore, S = Uy + L(F'(S)) = U + L(F(S)). O

Proposition 5.3. (Integration by parts) Consider T the difference expression given by
(tu)(n) = Apu(n — 1) + Byu(n) + Apqu(n + 1),
with A, B, self-adjoint matrices. Recall that for matriz valued sequence we have
W (u,v)(n) = u(n+ 1)"A,v(n) —u(n)*Appv(n + 1).

The following identity holds true,

Proof. Explicit computation shows,
(tu)* v —u*(Tv) = d-W,(u,v) (5.8)
Recall that (d_v)(n) = v(n) —v(n —1). Finally, a telescopic argument implies the result. [

Lemma 5.4 (Gronwall lemma). Let v a real positive number and (wy)nen, (Un)nen Teal pos-
itive sequences such that

o0
ij<oo, u, < K, néeN,
j=1

for some K € R and
u, < a+ Z Wi, (5.9)

j=n+1
Then for alln € N, it follows that

U, < aexp ( i wj> .
Jj=n+1
Proof. Let us define the functions W, U : R — [0, 00) by setting
Ulj=n,—n+1) = Un, Wli=n,—n+1) = Wn, n €N,
and both U and W vanish on [0, 00). For every t € [-n, —n + 1), one has that

oo —n t

j=n+1
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For the rest of the proof, one argues as in the proof of the Gronwall lemma for the continuous
case. We provide a few lines with the key steps, for the convenience of the reader. Let us

define V(1) = e I"=W [* _WU. It is clear that LV (t) = e  "<"W®)[U(t) — [ _WU] <
ae e VW (t), for every t ¢ —N'U {0}. Integrating, one gets

V(t) < /t ae” W (s) = a(1 — e‘fioow).

This implies that
t
/ WU < aeﬁww -,

which together with implies u, = U(—n) < ael-=W = qeXizn i O
Proposition 5.5. Let w,y € C with |w|,|y| < 1. Forn >0, and 1 > a > 0 one has

w" = y"* < 2fw —y|*|n|*. (5.11)
Proof. Using that |w™ — y"| < |w|™ + |y|™ < 2, we obtain

n—1

w"—y"| = [w"—y" [ =y < 2 (!w —yl> !w!””!y\j) < 2Jw—y|*|n|*. (5.12)
=0

]

Proposition 5.6 (Stone’s formula). Let H be a Hilbert space and H : D(H) C H — H be
a self-adjoint operator. Consider Ey the spectral measure of H. Then for all h € D(H) and
(a,b) C R one has

%(EH[a, b + En(a, b))k = lim 2i / (R(z + i) — Rz — ie))h dz. (5.13)

Here, for z ¢ o(H), R(z) = (H — 2)~! denotes the resolvent operator.
Proof. see VII.13 in [25] O

Proposition 5.7. Let Hi,Hy Hilbert spaces, and T’ : Hy — Hy a bounded linear operator with
T* : Hy — H; its adjoint. Then Ran(T*T) = Ran(T™).

Proof. The contention C is clear. Take u € Ran(T™), then v = T*z with z € H,. Since
H, = Ran(T) @ Ran(T)*, there exist w € Ran(T), y € Ran(T)* = Ker(T*) with = w + y.
Then, u = Tz = T*w + T*y = T*w € Ran(T*T). O

Proposition 5.8 (Riemann-Lebesgue Lemma). For all f € L*(R), one has

/e“‘”f(a:) dz = 0, [t] = +oo.
R
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Proof. Let (a,b) C R, and x(q4) the charasteristic function asociated to (a,b). Then
ith ita

/ " X (ap () dx = ,—te — 0, |t| — £o0. (5.14)
R i

The above equation implies that for every simple function s € L*(R), the limit holds. Take
f € LY(R), and let € > 0. Consider s € L'(R) simple function such that || f — s||z, < £/2 and
take 7" such that if [t| > T, | [ e"s(x) dx| < &/2. Then, for |t| > T we have

/Remf(:x) dx

< |If = s —1—/6”%(&:) dr < e.
R

]

A B

Proposition 5.9 (Schur formula for the determinant). Let M = ( c D

) be a block matrix

with square matrices A and D. If D is invertible then
det(M) = det(D)det(A — BD~'C).

Proposition 5.10. Let H be a Hilbert space and consider D the linear subspace of HE, given
by the functions u : Z* — H such that satisfy

e u(n,-) € L*(Z,H).
o sup,c lun, sz < o0
o u(n,m) =0, m<n.

Also, consider the function ||.|| : D — R, given by

[ul| = sup [lu(n, )| .
nez

Then (D, || - ||) is a Banach space. Recall that here

lallfe = lu@)

ne’l

Proof. Tt is clear that (D, || - ||) is a normed linear space. Now we see that it is complete. Let
(u,)ren be a Cauchy sequence in D. Note that this implies that for each n € Z the sequence
(ur(n, ))ren is a Cauchy sequence in L?(Z,H), which is a Banach space. Then, for each n € Z
there is v,, € L*(Z,H) such that

lim [Ju,(n,) — v,z = 0. (5.15)
r—00
Note that Eq. (5.15)) and the fact that u,(n,m) = 0,m < n imply that if m < n then
[on(m) 3 = [lon(m) = ur(n,m)lls < flun(n,-) = vnllz = 0, 7 = o0
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Therefore,
vp(m) =0 m<n. (5.16)

Also, since (u,.) is a Cauchy sequence, there exist N € N, such that for all r > N
llur(n, ) —un(n, )|z <1, n €Z. (5.17)
Now, since uy € D then there is a constant Cy such that
lun(n, )2z < Cn, n € Z. (5.18)
Eqgs. and imply that for all » > N
[ur(n, )|z < flun(n, )l + [lur(n, -) = un(n, )| < Cx + 1, n € Z.
Taking limit as » — +o00 in above equation, we obtain that
|vnllzz < Cny +1, n € Z. (5.19)

Now we define u(n,m) := v,(m), then by definition and Eqs. (5.16)), (5.19) we have that
u € D. Finally, we prove that uw, — u, r — 400. Let € > 0, since u, is a Cauchy sequence
there are N € N such that for all r,s > N

lur(n,+) — us(n, )2 < €/2, n € Z. (5.20)
For n € Z we know by definition and Eq. (5.15|) that there are L,, > N such that

llur, (n, ) —u(n, )2 < €/2. (5.21)

Then Eqgs. (5.20)) and (5.21)) imply that for all » > N and n € Z we have that

[ur(n, ) —u(n, )2 < llur(n,-) —ur, (n, )|z + |luc, (n, ) —uln, )2 <e
Since the above equation is true for all n € Z, we have that for all »r > N

[ — ul = sup [lur(n,.) —u(n, )|z < e
nel

Therefore, the sequence u, converge to u € D. O

Proposition 5.11. Let {e; : j = 1,...,L} be the standar basis of C* and &; : Z — CL*E
the Kronecker’s delta. Consider T € B(L*(Z,C¥)) a bounded operator, and let

G(TL, m)m = <T(5m6j7 5n6i>L2(Z,(CL)'
Then, for all u € L*(Z,C*) we have that

(Tu)(n) = > G(n,m)u(m), n € Z. (5.22)

meZ
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Proof. Note that by definition one has that (u,d,e;)r2 = (u(n),e;)cr = u(n);. This above
implies

L L
u(n) = Z( ). €i)cLe; = Z ") 126 (5.23)
i=1 j=1
Since {d,,e; : m € Z, j € 1,...,L} is an orthonormal basis of C**¥, then we have that

Tu € L*(Z,C") can be written as

u = Z Z (w, 07 ) 267 (5.24)

meZ j=1

where the limit is taken in L?. Applying Eq. (5.23), Eq. (5.24) we obtain

(Tu)(n) =Y (Tu,6})ee; = Z< (ZZ u, 87 Lg(sg@) ,5;> e

ZZ Z(T% 0 ) o (W, O ) p2ei = ZZZT n,m)igu(m)e;  (5.25)
= > > (Gm)u(n)ie; = Y Gln,m)u(m

meZ i=1 meZL

Proposition 5.12. Let (u,)%%, be a sequence such that u, € L*(Z,C¥). Suppose that

oo
Z w2 < 00.
r=1

Then, for allm € Z, > 2 u,(m) exist. Besides, there exist u € L*(Z,C?) such that

M
lim E U —ul|
M—oo

r=1 L2

and we have that

= Zur(m)

Proof. Note that for all m € Z, ||u.(m)||ct < ||u,||z2, then

Z [ur(m)ljce < Z [l 2 < oo
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Therefore, > > u,(m) € C* exist. Now, since the sequence (u,)>; is norm-summable then

is summable in L? so there exist u € L? such that

M
r=1 L2
Finally, note that
M M
Zur(m)—u(m) < Zur—u — 0, M — oc.
r=1 cL r=1 L2

O

Proposition 5.13. Consider the space of vector valued sequence (C*)%. Let T : (CF)% —

(CE)Z be a second order difference linear transform, namely,
(Tw)(n) = Cpporu(n — 1) + Gy pu(n) + Cpppu(n + 1).
form some C,,,, € CE*L. Let P: C — C be a polynomial of degree d, let us say
P(z) = Agz" + -+ Ayz + Ap.
Then the operator P(T), defined as
P(T) = AT+ -+ AT + Ay,

1s a difference linear transform of order at most 2d, namely

n-+d

(P(T)u)(n) = ) Cyulj), ue (CH?

j=n—d

for some CF; € CH*E,

(5.26)

Proof. We prove the result for the polynomial P(z) = z% and the rest is clear. The proof is
by induction over d. The result is clear for d = 1 (by definition of T'). Now suppose that T

is a difference operator of order 2d, namely

n+d

(T)(n) = Y Oy julj), u e (CHP,

j=n—d

for some Cr(ij € CE*L, Then, Eq. (5.27) and definition of T imply that

(T u)(n) = (T%(Tw))(n) = Z Ca i(Tu)(j)
= Z Ci(Ciiau(i = 1) + Cyu(f) + Cjnu(j + 1)).

If we set
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d+1 . (d
C . Cnm_dcnfd,nfdfl'

nn—d—1 "7
d+1 ._ d
i Cn,nfd T Cn,nfdJrlC?"b—d-ﬁ-l,N—d + Cnmfdcn—d,n—d-

d+1 ._ d d
Crntd = Cnnpa1Cntd—1n+d + Oy dCOntdnsd-

d+1 . d
Cn,n+d+1 T Cn,n+d0n+d,n+d+1‘

Then by Eq. (5.28) we have that

ntd+1
(T u)(n) = Y Curlu(j).
j=n—d—1
This finish the induction and then the proof. ]

Lemma 5.14. Let U be an open conected set with U compact. Consider a continuous function
g : U — C, analytic on U and such that g(z9) # 0, for some zy € U. Then, for each n > 0,
there exist v > 0, such that for all all v C B(zo;7) NU rectificable path, it follows that

/
/ 9,
v 9(2)
Proof. Since g(z9) # 0, we can assume w.l.o.g. that $(g(z0)) = ¢ > 0 (we multiply everything
by a constant complex number). We set

<.

log : C\ [-00,0] = C

an analytic branch of logarithm. By the continuity of g, there exist D compact neighborhood
of zo such that g(DNU) C {z € C: R(z) > ¢/2}. Then, the function

logog: DNU — C

is uniformly continuous, and analytic on U N D. Take n > 0, by the uniformly continuity
there exists r > 0 with B(zo;7) C D and such that, |logog(b) —logog(a)| < n for a,b € DNU
with |a — b| < 2r. Take 7 : [0, 1] — B(zo;7) N U, rectificable path we compute

/’ygg/((j)) dz = [y(log 09)/ — lOg og(ry(l)) _ log 09(7(0)).

The desired result is consequence from the fact that [y(1)—~(0)] < |y(1)—zo|+|7(0)—z0| < 2r,
and the election of 7. O
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